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MHoro u3 MaTeMaTHKH HE OCTAeTCA B IaMIATH,
HO KoTJ]a IoHMelb e¢, TOora JerKo

NIpH cy4ae BCIIOMHHTH 3a0b1Toe»

M.B. OcTporpaackuit

OOurue yxazaHus 1o caMOCTOSTeILHOH paboTe

OcHoBHO# (opMoli 00ydeHHs CTYAEHTa — 3a09HHKA ABIAETCA CAMOCTOS-
TeabHas pabora. M3ydeHue BRICHICH MaTeMAaTHKH OCHOBaHO HAa MaTepHaiax,
OpPEeOCTaBIsgEMbIX Ha JEKUHAX M IPAKTHYECKHX 3aHATUAX, NPOBOIUMEIX BO
BpeMs ceccil. JIOMONHHTEIbHbIE CBEAEHHA CTYAEHT MOXET IOUEPIHYTh B
y4eOHOH U clelHanbHOH IMTepaType, Ha COOTBeTCTBYIOMHX WEB-cTpanunax B
ceth MHTEpHET U pyruX HHPOPMALIHOHHEIX HOCHTENAX.

IlonpobHEIe peKOMEHAAMHN 10 OPTaHW3aNUH CaMOCTOATENLHOH paboThi
CTYIESHT MOXET MOJYyYUTh BO BpEMs CecCHi Ha YCTAaHOBOYHBIX H OO30PHBIX
JICKIUAX M NPAKTHYECKHX 3aHATHAX, 4 TAKXKE HA MHAMBUIYaNbHBIX KOHCYJIbTa-
IHAX, PETYIAPHO IPOBOUMEIX B YIeOHOM 3aBEJICHHM B TEUEHHE BCETO y4eOHO-
ro roja, JUCTaHIIMOHHO, [I0 HHTEpHETY, Ha calTax 3a04HO-BEYCPHETO (aKyib-
teta MPHUTY w/nnu no sneKTpoHHOHR Mepenncke ¢ IpenoaaBaresieM.

HroroBoii ¢popMoii oTdeTa 0 caMOCTOSTENBHOM paboTe ABIAETCS BHIION-
HEHHE JBYX KOHTPOJBHBIX paboT, Ope[CTaBIECHHRIX B JaHHOH METOAMYKE B CO-
OTBETCTBHHU ¢ paboyuM [UIAHOM IO MaTeMaTHKEe AJis CTYNEHTOB BTOPOTO Kypca,
KOTOpbI€ JODKHBI OBITh CAAHBl Ha IPOBEPKY HPeroAaBaTesio 0 Hayaia WiH BO
BpeMS 3K3aMEHAIHOHHOM CECCHHA.

Ilpn moarotoBke K 9K3aMCHALMOHHOM CECCHH PEKOMEHIYESTCS O3HaKO-
MHTbCS ¢ 00pa3iiaMi OHJIETOB O JHUCLHMILIHHE «MaTeMaTHKay, peaiaraeMbIX
BO BpeMsi CIIauM 3a46Ta CTYyHEHTaM 2-TO KYpCa TEXHHYECKHX CIEIHATIBHOCTEH,

TIPUBENEHHBIMA B KOHIIE METOAMYECKHX YKa3aHHI.



IIpasuia opopMieHus ¥ 3AMTUTHI KOHTPOJILHBIX padoT

INepen HayanoM ceccuu B COOTBETCTBHH ¢ y4eOHO# IporpaMMoit cTyneH-
TaMm BTOPOro Kypca HEOOXOAHWMO BBIIONHHTE IBE KOHTPOJBHBIE paboTHI 110 Ma-
TeMaTHKe. 3aaHus BHIOHPAIOTCA M3 JaHHOM METOIMYKH IO HHIHBHAYAJILHOMY
BApHAHTY, HOMEP KoToporo paeed (10 — n), ecnu dpaMuims CTYASHTA HAYHHA-
etca ¢ 6ykBel U3 nepBoil 4actu andasura (ot A xo JI) unu (20 — n), ecnm da-
MUIMsS HauuHaeTcs ¢ OykBbl M3 BTOpOM uacTu andasuta (ot M go ),
re n — nocieRHAA uppa HoMepa 3a4ETHOM KHDKKH CTy/IEHTa.

Ha turymsHOM aucre pabotel ykaszmBaiotcs @, H. O., HazBanue auciu-
TUTHHBI, HOMEP KOHTPOJIbHOH paboTsl, mmbp CrenuHalbHOCTH (TpyIna), HOMEp
3a4&THOH KHIDKKH, B KOHIIE CTABHTCS JIM4HAS POCHHCH CTYAEHTA. PaboTsi momk-
HbI 0pOpMIIATHCS B PYKOITHCHOM BapHaHTE, PELICHUs 33/1a4 CIIeAyeT Pacioiarath
B MOPSA/IKE HOMEPOB, YKa3aHHLIX B 3aJaHUAX, COXPAHIA HOMepa 3a/1a4. Y CJIOBUS
3amaHuil HEOOXOAUMO MEPENHCHIBATE TIOJHOCTHIO, PEIEHHA OMUCHIBATE T10POO-
HO W SICHO, conposmk,aaﬂ €ro npu HeoOXoAUMOCTH TabIMIIAMH H PHCYHKaMH,
OCTaBJIAAA OIS | ITPOOENb OCie KaXKIOH 3a/1auu J/is 3aMEYaHHH pelieH3eHTa.

Tlocne ycHeumHOH 3alUTHI CAMOCTOSTENHHO PEHIEHHBIX M TIPABHIBHO
ohOpMITEHHEIX KOHTPONBHBIX 3aJaHUI CTYIEHT HOMYCKAeTCs K cAa4e TEKYIIEro
3auéTa Wik 9x3aMeHa. ECH cTyleHT He CMOT MOYYHTh TTIOJIOXKUTEIBHYIO OLEHKY
CBOWX 3HAHUI, OH JIOJDKEH 3aHOBO IIPEACTABNATE KOHTPONBHBIE PAGOTHL BO BpeMst
crenyromeii nepecnaun ceccud. Ilepecaaua qpyroMy IpenojgaBaTento, He IpH-
HHUMaBILIeMy 3a4€T WK 3K3aMeEH B Ballleil rpyIme BO BpEMS CECCHH, IIPOU3BOMIAT-
Csl TOJIBKO ﬁpn HaJIM4MH paspemieHus 3aBenyioutero kadeapoi OO wiu agmu-
HHMCTpALMH [IeKaHaTa, 3aBEPEHHOTO MOITHCHIO OTBETCTBEHHOTO JIMIA Ha WHIHBH-

JyaabHOM 3K3aMEHALIMOHHOM JHCTKE, TOMYYEHHOM y crienpanucta no YMP.



KonTposbHasi paora Ne 3
JuddepeHnuaabHbie ypaBHEHHsI

3apaua 1. Haiitn gactHoe pemieHue Au¢QepeHIMalbHOIO YPaBHEHHU

HEPBOTo MOpANKa.

(x2 —1)y’+2xy2 =0. y(ﬁ):l. 11. x’ -;-xy' =y y(1)=0.

o

' 1 y_y+l

— = . O=O. . = ’ 1=0'

2. Y- ygr = ¥(0) 12 y== (1)

3 (xy’—y)arctg%=x. W)=0. 13. y'+y=cosx, y(O):—;—,
2

4 yhydetxdy=0.  H(1)=1. 14 y:i”z, »(0)=1.
+Xx

5. Y +ycosx=cosx. y(0)=1. 15. xy’—%l=x, y(1)=0.

X

6. y’ — x2y = xy,3 y(0)= 2. 16. yigx+y=3, y %) =3.
7. Yetgr+y=2. yO)=-t. 17, B -Shrr20t=05(/2)=-1

g Ycosx—ysinx=2x. ¥(0)=0. 18. y’—2%=—x2, ¥(0)=

I A 2
o, br-3o yrzom=o.  HO)=1 19. ¥ 1”0 y0)=0.

10. sin y cos xdy = cos y sin xdXx. y(0)=%. 20. y,+1=sm_x, y(Ejzl'

3apaua 2. Haiitn oOmee pemenne nuddepeHIHaTbHOTO YpaBHEHHS
BBICIIETO OPAIKA, ZOIYCKAIOLIee IOHMKEHHE TIOPSIKa.

1. y"=sindx+x. 11.  y"=x"+3x+1.



10.

y" =cos 2x+ x°.

” 1

=———1+6.
sin” 5x

y
Y =e* +5x.
y"'=%cos2x+§.
y"=2x" +e*.
y" =2sin5x+3.
Y =4 +5x+3.

Y™ =2x" +4e™.

1
"= +5,
Y cos’ 4x

12.

13.

14.

15.

16.
17.

18.
19.

20.

Y =5x"+4x+1.
y" = Lnxrar.

3
y" =5cos6x+e”".
y"=8x" +2x* +7.
Y =577 +2x%.
y"=T7cos5x+2.
y" =2sin(4x+2)+2x".
y" =4dcos(3x +1)+2x.

y =%e7"” +8x% +3.

3amaua 3. Haittn yacTHOE pelleHue JHHEHHOT0 HeoJHOpoaHoro audde-

PCHUHAAIBHOIO YPAaBHECHHUA C IMOCTOSAHHBIMH KOB(b(l)PIHPIeHTaMPI CO crenuansHON

IIpaBO#i YaCThIO.

1.

V' —4y' +4y =2e*,

y"+6y +9y=10sinx,
y'+y=4e”,

Y -6y +9y =9x* —12x+2,
y"—y' =-5¢ *(sin x + cosx),
y"+9y =36¢>,

Yy 43y +2y=2e>,

Yy =5y +6y=(12x-7) ",

Y 4y +y=2x"+3,

0, y'(0)=0.
=0, y'(0)=o.

4, y(0)=-3
= y(0)=3
=4, y'(0)=5
=2, y(0)=6
)=1 y(0)=-1
=0, y(0)=0.
=0, y(0)=-2



10. y"+y=2cosx, y(0)=1, ¥(0)=0.

11. y"+y=2(1-x) y(0)=2, y(0)=-2.
12. y'+y'=e, y(0)=1, Y(0)=-1.
13. y"—y=4e", y(0)=4, y(0)=-3.
14. y"+4y=sinx, , y(0)=1, y(0)=1.
15. y"+10y'—11y = xe*, ¥(0)=1, y(0)=0.
16. y"+4y +5y=3x>+1, y(0)=2, y(0)=0.
17. y"+9y'=sin3x, ¥(0)=0, y(0)=0.
18. y"—10y' +25y=3x+3, y(0)=1, y()=2.
19. y"-2y =x%, y(0)=1, y(0)=0.
20. y"+2y'—15y =2sin4x, ¥(0)=0, y(0)=0.

KpaTHble H KpHBOJIHHEHHbBIE HHTEIPAJIbI

3anaua 4. Vi3MeHUTE MOPSIOK HHTETPHPOBAHUS B IBOHHOM MHTErpaie.

Crenatb uepTéx 001aCTH MHTETPUPOBAHMA.

1. fdx_ Tf(x’}’)d)‘ ] - 11, j.dxsf‘:f(x,y)dy.
4 2-y 1 2y+6
9. jd}’ jf(x,y)dx. 12. Idy jf(x,y)dx.
0 ly+l 0 8y?
P
1 4yt 4 5
3. j.dy If(x,y)dx. 13. Idx J-f(va’)dy
2 yie2 N
4. [y [flxyhx 14, Jay [£(eyhx.
S 0 42y



Zy+a 2+4x2

5. Jav ey 15. jdx If X,y )dy.
3 Vass? 0o 8

6. Jax [flxyhay. 16. [dv [f(x.y)ar0.
0 Jo,t -1 4y-4
4 8-—3? 6 2-x

7. fdy [rixy)i0. 17. {dx sz(x,y)dy
0 2 T
2 oy 2243

8. ofdylff (. y)es0. 18. jdx If(x M.

9. jdxj;f(x,y)a’y. 19. Idx If(x,y)dy
o 8y 4 it

10. [dy [flxyx. 20, Jar [yl
O 2y ° %J}

3anaua 5. BeruucauTh ABOHHOM HHTErpan jj flx, y)dxdy . Crenars gepréx
D

06nacTH HHTETPUPOBAHHA.

1. .U rae obnacte D orpanyadeHa TMHAAMH:
4+

y=x, x=2, y=0.

2. ﬂ- dxdy rae obnacte D orpaHudeHa THHUAAMYE;
Bx+2y’
y=-1, x+y=2 x=1, x=2.

3. x2 rae obnacts D orpannueHa THHAIMMU:
[ = dxdy,

0y x=2, y=x, xy=1.

4. _[ _[ cos(x+ y)dxdy, rae obaacts D orpanniena THHHAME:
D

x=0, y=7, y=nx



.U iz dxdy, rie obnacte D orpannyeHa JHHAAMU:
1
y=x, y=9x, y=—.
x

H ydxdy, rae obnacth D orpanuyeHa THHHAMH:
y=\/;, y=—x, x—y=2.

{[axay, rae o6aacts D orpaHuyeHa THHAAMHE:
y=x,y=£,x+2y=6.

4
H ydxdy rae obaacte D orpaHuyueHa THHHSAMH:
1+ x?
y==x, x=4/3, y=0.
x3 rae o6nacts D orpaHnyeHa THHUAME:

[J=dvdy.

DY 2
y=4, y=x7, yzj,xZO, y20.

I I yIn xdxdy, rae obnacTh D orpaHuueHa THHAAMH:
y=\/;, y=0, x=1, x=2.

J‘ J’ (x+ y2 Ydxdy, rae obnacts D orpannyueHa THHUAMH:
y=x*, y=4-3x, y=0.

J‘ I xy2 dxdy, rae obnacts D orpaHuyeHa THHUAMHE:
y* =4x, x=1.

'U xydxdy, rae obnacts D orpannvena IMHUAMA:
y =COS X, x=0,x=%, 2y ==x.

ﬂ(x N yz )dxdy, rae obnacts D orpaHnueHa TMHUAMA:
y=x, y=4-3x, y=0.

J-J- dxdy rae obnacte D orpanuueHa JTMHUAMU:

DX + y

y=x=3, x=1, 3y+5x=25, y=0.

10



16. J]'(x — y)dxdy, rae obnacts D OrpaHHHCHA THHHAMH:
D
y=x3, y=x, x=3.

17. dxdy rae obnacts D orpanutieta ITHHHAMU:
Xy p

7
pl+x

y=l, x=2y, x=0.

2
2 .
18. I I xy’dxdy, rae obnacte D orpannveHa NHHUAMHE:
D
x=2, y* =8x.
19. _[ I x(y = Ddxdy, rae obnacts D orpaHuueHa IMHUAMY:
D
x=y"+1, y=1 x=0, y=0.
20. ﬂ dxdy rae o6nacTs D orpanuyeHa THHUAMHA:
px+3

y-x=1, y=3-x.

3agaua 6. Beraucauts 06bEM Tea, OTPaHUIEHHOTO 3aJaHHBIMU HOBEPX-

HocTsAMH. Crienarh 4epTEX.

2y =x, 2+ 24 Zy, z=1-2*, 3x+y=6,

1. 4 2 4 1. y_0, y=0, z=0.
z=0.

) X+y+27=6,x"+y>=9, 2 z=4-x-y, x2+y*=9,
x=0,y=0,z=0. " z=0.

, 2=5-2y%x+3y=6, 3 y+z=2 x> +y> =4,
x=0,y=0,z=0. T z=0.

4 z=x>+y i x+y=3, 14 4z=y% 2x-y=0,
x=0,y=0,z=0. ) x+y=9, z=0.

, x+2yre-6=0, s z2=4y, x+y=4,
x=0,y=0,z =0. ) x:O’ Z:O,
4 2 = ’£+1+£:1 =2—-X—- = 2

. A =xgrory=h 16.22xy,yx,

z=0. z=0.

11



10.

~3

o0

2

z=1-y, x=y%, 7. Xy =lz=3-x-y,
x=2y?+1, z=0. " z=0.

z=1-x% y=0, 18 y=x2z=2-x-y,
y=3-x,2z=0. " y=0,z=0.

2=0, z=x, y=0, 19 z=1+y",x+y=1,
y=4 x=425-y". " x=0,y=0,z=0.
x2+y2=9, z=9—y2, 20 z=x2,x+y=2,

z=0. " y=0,z=0.

3anaua 7. BerauciauTs KpUBONMHEHHBIH HHTerpai. Crenarb 4epTéx.

I(xy - l)dx +x* ydy Brons nyru napaGonsl 4x + y* =4 or A(I,O) no B(0,2)
L

I (x Poy? )dx +xydy ot A(L1) xo B(O,Z) BJIOJIb IPSIMOH, IIPOXOJsIIei Jepes
L

3TH TOYKH.

_[ydx+xdy, rae L — uacts okpyxHocT X = Rcost,y = Rsint or ¢, =0 no
L

>

1=
I 2xydx +x’dy snons xpusoii y =x2 ot A00) no B(L1)
L

J'2xydx +x°dy spons muHmn y=xor A(0,0) 1o B(L,1)
L

<

. . X
I xdy, tae L — 0Opa3oBaHHEIH OCAMH KOOPAHHAT U OPAMOH > + 3= 1 B no-
L

JIOXKHUTCJILHOM HaIllpaBJICHHUH.

j2xydx +x’dy Bons kpuBoit y2 = x ot A(0,0) no B(L1)
L

[(x+3y)dx+(y +3x)dy Broms npamoti y=2x~1 or A(L1) noB(2.3)
i

12



9.

10.

I1.

12.

13.

14.

15.

16.

17.

18.

19.

20.

2 3
I x“ydx + x°dy, rie L — obnacTs, OrpaHHueHHas TMHHAMH ¥~ = x,x° =y
L

(npoTHB X0a 4acoBO# CcTpeNnKH).

J(x+ y)dx +(x~ y)dy no npamo#, coequusomeii Touxn 0(00) u M(z,7).
L

j2xdy —3ydx, rae L — koHTYp Ipeyronbhnxa C BEpIIHHAMH A7(1,2), B(3)1),
L

C(Z,S) npoberaeMblit NPOTHB X0/ja YaCOBOH CTPEIIKH.
2
Iydx - ()’ +x )dy, L — nyra mapa6ombl y = 2x — X, PACHONOKEHHAs HAJ|
L
oceto OX u npoGeraeMas 1mo XoAy YacoBOM CTPEIKH.

(x+ y)dx+(x - y)dy mo mapa6one y = x—z, or touxu A(0,0) no B(7, 7).
r
L

[(x+ y)dx+(x— y)dy no nomanoii oM, Tae 0(0,0), P(70), M(z.7)

L

[lx=y)dx+(x+y)*dy no nomaroit 0B, tre 0(00), A20), B4.2)
L

| Y+t dx—izdy, rnie L — otpesox AB or touxn A(l,2) 1o B(2,4).
L Y y ,

f(xz - )’)dx+(y2 —X)dy, e L — oTpe3ok AB OT TOUKH A(0,0) 710 B(2,4).

L

_[ 2xdy + ydx BoNB 1apabobl x = y* OT TOUKH A(l,l) a0 B(4,2).
L

j‘ dx _dy BIIOJIb BIUIHICA X =ACOSt, y =asint, o6Xoms ero NpoTHB YacoBOI
LY X

CTPEJIKH.

I(x Py+ 2)51’( + ydy, rae L - otpesok AB ot Touxn A(1,2) n0 B(2,6)
L

13



KontpoabHas pab6ora Ne 4
Paper

3anaua 8. Hccnempobath Ha CXOQUMOCTH YHCIOBOH pAn ¢ IOMOUIBKO A0~

CTaTOYHBIX NPH3HAKOB CXOJIHUMOCTH.

1. iM . Y=

o 32n o 10371—1
2. 5

~ Jan+1 12 o

&1 (3n+1)
3 ;(2n-1)2' 13 =R A

0 3" O 4"
4

; n+3 14 ;(2“1)('

el 1 0 3'!
3 ;5n2+1 15 zl:w/;

=( 2n+1Y S 1
6 ;(3n5+2)' 16 ,,Z:‘ 4n+7

m5n < 2 n
L = 17 n:1(5n+2J

* 1 - n!
8 §(3n+2)" 8 ,,Z=:'32"

— Sn+1l © 1(4Y
% 23y o 55

= (n+1) 1
10. . 20.

; 5 ,.Z=1 Sn—1
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3apava 9. Haiiti 061acTh CXOJMMOCTH CTEIIEHHOTO PAAIA.

0
2o W 2y

= X
2. ;4”_1 - 12. Z}—_W_)nnn'
D) . 13. g(znz—l)x".

4 Yy 4. Y=

=n +3 , S X
5. ) 7 x" 15. Z(n+1)s"'

6 > 16. i( x ¥

o —(2n+1

> x"\n’ -4 : & xnt +5
7.3 T 17. > R

n=] n=1

> x a 5’lxﬂ
8 2y 18 20ne3)

o 2n—1xn @ (n + l)xn
9, §(4n_3)2. 19. ;(3,12“).
@ xn o) 6n xn
10. . 20. .
» ,,z=, n9”® ma3n+2

3anaqa 10. Berancnauts npuOmpkEHHO onpee/EHHBIA MHTETpal ¢ TOY-

HocThio £ = 0,001.

0 2 0 2
.5 In{l—
1. j sin —zx—dx 11 j X .
-0,4 -0.5
% sin2x %2 sin 0,6 xdx
2. [ —Zdx . [7=
-0,25 x ] X
™ 1-cos3x o dx
I 3. |[—
A|/3 X 0 8+ X
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0

4. I cOS 4—xzdx

-0,75 3
¢ 10x?
5. _(;Lcos 3 dx.
6 ‘]m(1—2x3 kix
T e x .
(1]
7. Ie‘s"zdx.
-0,2
6,16
8. Ie"/;dx.
00 xz
9, in —dx.
_{)sm <
10 Iarctgxzdx.

-0,5

15.

16.

17.

18.

19.

20.

0
J-xe'zxzdx.

-0,5

1
j cos@dx.
0

3agaua 11. C moMompio pasinoxeHds: B psij HAWTH HPUOIHAKEHHO YacT-

HOe pemeHne audepeHIHATFHOTO YpaBHEHH! (ONPEISIUTE AT OTIHYIHBIX OT

HYJISL WICHOB Pa3NOkKeHHs).

1.y =cosx+)’, y(0)=1.

2. y=y+y,, . ¥0)=3
3.y =sinx+y?, y0)=1.
4. y=x"+y% »0)=2.
5. y'=2¢ +xy, y(0)=0.
6. Yy =e +y% y(0)=0.
7. y'=2¢ —xy, y(0)=0.
8. y=e+y, y(0)=4.

9. y=sinx+05y>, 0)=L

10. y'=x?+x+y%, y(0)=5.

16

11.
12.
13.
14.
15.
16.
17.
18.
19.
20.

yr=x2_y2,
yl=x2 +y3’
y'=xy+e,

y’=x2+x+y2,

y'=xy+y’,
y =x+2y%,
Yy =y+x2,
y=yi+x,
v =y+xe’,
y' =2x+cosy,



Teopus BeposiTHOCTE}H

3anaua 12. Permrs 33,1a40 Ha BRIYHCIICHHE BEPOSTHOCTH CITy4aitHbIX COOBITHIA.

1. a) Habupas Homep TenedoHa, aboHeHT 3a0BLI TIEpBEIE TPU IUGPEL, U,
MIOMHS JIUIIb, YTO 3TH UHGPHI Pa3nuyHbl, Habpan ux Haynady. HaiTu
BEpPOATHOCTH TOTO, YTO HaOpaHBI HyXHBbIE HUPBL.

6) Monery Gpocatot 5 pa3s. Haiiti BeposTHOCTB TOrO, 4TO «repb» Bbina-
JleT: a) MeHee 2 pas; 0) He MeHee 2 pas.

2. a) B uexe paboraror 6 MyxuuH U 4 xeHIUHEL 1o TabenbHEIM HOMEpaM
Hayna4dy otobpaHo 7 yenoBek. HalTi BeposSTHOCTH TOTO, YTO CpEIH
0TOOpaHHBIX JHI] OKOKYTCA 3 HKEHIUHEL.

6) CobwrTiie B ipou3oiinér B cirydae, eciii coOBITHE 4 HACTYIIHT HE MEHEe
4 pa3. HaiiTi BepoaTHOCTb HaCTyIUICHHs coObITHA B, eciiu OyJeT mpo-
H3BEJEHO 5 He3aBUCHMBIX HCIBITaHUH, B KOXKIOM U3 KOTOPHIX BEpOSAT-
HOCTb HacTyIUieHus coOptus A pasHa 0,8.

3. a) B rpynne 12 cTyneHTOB, cpeid KOTOPBIX 8 oTnMYHUKOB. [1o crmcky
Hayzady otobpaHo 9 cryneHToB. HaiiTu BepOsSTHOCTE TOTO, YTO CpEeAn
0TOOpaHHBIX CTYJCHTOB 5 OTIMYHHKOB.

6) HaiiTi BepoaTHOCTE TOrO, UTO COOBITHE A IPON30MAET HE MEHee 2 pa3 B
4 HEe3aBUCHMBIX UCIBITAHUAX, €CJIH BEPOATHOCTh HACTYIUICHHS COOBITHSA
A B oHOM HcnblTanuA paBHa 0,6.

4. a) CoOpanue, Ha KOTOPOM IIPHUCYTCTBYET 25 YeIOBEK, B TOM YHCIIE 5 JKEeH-
vH, BeIOHpaeT generaumro u3 3 genosek. CuMTast, YT0O KaxIplii U3 Mpu-
CYTCTBYIOIIMX C OJJMHAKOBO#H BEPOATHOCTBIO MOXKeET ObITh H30paH. Halitn
BEPOSTHOCTH TOTO, YTO B ACETaImIo BOHAYT 2 )KEHMMHLI ¥ | MyXunHa.

6) BeposTHOCTB HaCTyTUICHHA COOBITHA 4 X0T# ObI OZMH Pa3 pU TPEX

ucnbeiTanusax pasxa 0,936. HaiiTu BeposTHOCTb HacTYILIEHHS COOBITHS
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A TIpH OTHOM HCIIHITAHHH.

. a) Ha monke paccragistor Hayaady 10 kaur. Halith BeposTHOCTE TOTO,
4T0 3 onpenenéHHpIe KHATH OKaXKYTCA pﬂIlOM:

6) BeposTHOCTE nopakeHus LM X0Ts OBl OJ[HOH MyJeil IpH 4 He3aBHCH-
MEIX BEICTpenax paBHa 0,59. KaxoBa BepOATHOCTE HOPAXKEHHA LETH
[pH OAHOM BEICTpEnE?

. a) Bpocarot 4 urpanpurie kocti. HajiTi BeposTHOCTB TOro, 4TO Ha BCEX
BBINIaZET OJJMHAKOBOE KOJIMYECTRO OYKOB.

6) [IycTh BEpOATHOCTE TOTO, YTO HayAady B3ATas A€Talb HECTaHIapTHAd,
paBHa 0,1. HaiiTi BeposATHOCTE TOTO, UTO CpeAU B3ATHIX Hayaady S5 Je-
Tanei He 6osiee 2 HECTaHAAPTHEIX.

. a) I'pynna u3 10 MyxuuH 1 10 xKeHIIAH fenuTcs caydaliHeIM 06pa3oM Ha
IBe paBHbIE yacTi. HaliTi BEpOSTHOCTb TOTO, YTO B KaXIOH 4acTH
MYX4HH H XKEHIIMH OIHHAKOBO.

6) IIycTh BEPOATHOCTH TOTO, YTO TEJIEBU30p NOTPeOYET peMOHTa B Tede-
HHe TapaHTHRHOTO cpokKa, paBHa 0,2. HaliTh BepOATHOCTE TOTO, HTO B
TEYEeHHE FAPaHTHIHOTO CPOKa U3 6 TeNeBU3OPOB: a) He 6onee OHOro
norpedyeT peMonTa; 6) X0Ts OBI OIHH He TOTPeOyeT peMOHTA.

. a) B 3ane 50 mecr. Haiiti BeposTHOCTS TOTO, 4T0 M3 10 YenoBek S 3aiiMyT
ONpenenéHHbIe MEeCTa, CIIH MECTa 3aHHMAIOTC MMH CITyHaiHBIM 00pasoM.

6) BeposaTHocTs BRIMTpaTh HO JoTepeiiHoMy Ounery pasua 1/7. Haiitu
BEpPOATHOCTh BHIHTPAaTh HE MEHEE YeM O JBYM OHJIETaM M3 IIECTH.

. a) [ npou3BOACTBEHHOM NpakTuky Ha 30 cTyIeHTOB NpeacTaBieHo 15 Mect

B Pazanu, 8 — B TamboBe u 7 — B Boponexe. KakoBa BeposTHOCTB TOTO, YUTO

JIBa OTIPEZIENEHHEBIX CTYACHTA NOMIAAYT Ha MPAKTHKY B OJHH TOpox?

6) BepoarHocTs monagaHus IpH KaxxoM BeicTpene paBua 0,4. Haiitu Be-
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10.

11

12

13.

POATHOCTE pa3pylieHus 00BEKTa, ECIH IS ATOr0 HEOOXOAUMO HE Me-
Hee TpEX MOHaJaHui, a caenano 15 BEICTPENoB.

a) B maptuu u3 10 usnenuii umeercsa 4 GpaxoBaHabix. Hayran BeIOu-
patot 5 u3aenuii. ONpenennuTs BEPOATHOCTH TOTO, YTO CPERH ITHX 5
u3nenuit 3 GpakoBaHHBIX.

6) HaiiTu BeposATHOCTB TOr'0, UTO B CEMbE, UIMEIOIEN 6 AeTeil, He MeHee
msyx nesouek. Ilpennonaraercs, 4To BEPOSTHOCTH POXKIEHUS MAJIbYH-
Ka M ICBOYKH OAWHAKOBBIE.

a) Tpu cTpenxa CTpemstioT 1o nenu. BeposTHOCTS Nonafadus ANs NEPBOro
crpenka passa 0,75; s sToporo — 0,8; ams tpetsero — 0,9. Haiitu Be-
POSATHOCTH TOTO, YTO: 1) BCE TPH CTpeJIKa NONanyT B LElb; 2) BCE TPoe
IIPOMaxHYTCH; 3) TONBKO OIMH CTPENIOK MOMANET B 1eNb; 4) X0Ts ObI
OIIMH CTPENIOK nonaﬁéT B I{€TIb.

6) BeposTHOCTS NOMBNCHUS COOBITHA A IPY OJHOM WCTBITaHuy pasna 0,1.
Haittu BEpOATHOCTH TOTO, YTO NPH TPEX HEIABHCUMBIX UCTIHITAHHIX
OHO HOsBUTCS: 1) HE MeHee ABYX pa3; 2) XoTs Obl OJIMH pas.

a) B nepeoM smuke 6 Genbix U 4 4épHBIX MIapa, BO BTOpoM — 7 Genbix u 3
y€pHBIX. M3 Kax1oro AIMuKa Hayra g BEIOHpaloT 10 OQHOMY mapy. He-
MY paBHAa BEPOSATHOCTD TOTO, YTO MIaphl pa3HOTo HBeTa?l

6) UrpansHyio kocts noxOpacsiBarot 3 pa3a. Haitti BeposTHOCTH TOTO,
YTO ABXKIEI MOSBHTCA YHCIIO OYKOB, KPAaTHOE TPEM.

a) Hé JBYX CTaHKaxX OpOW3BOAATCH OJUHAKOBBIE JeTam. BeposTHOCTH
TOrO, 4TO JETalb CTaHIapTHAs, JUI IEpPBOTo cTaHka pasHa 0,8, nis
Broporo — 0,9. IIpon3BoaUTENLHOCTS BTOPOTrO CTaHKa BTpoe Oolblie,
4eM nepBoro. HaiiTi BeposTHOCTB TOTO, 4TO B3siTas HayAady JAeTalb
OKaXETCS CTaHIAPTHOM.

6) CobbiTHe B nOABHTCA B CiIydae, ecli CoObITHE A TOSABUTCA HE MEHee

4eThIpéX pa3s. HaliTi BepoATHOCTB TOro, 4TO HACTYNHT coOBITHE B, ecnu
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14.

15.

16.

17.

6yﬂ€T MPOMU3BCIACHO ILITh HE3aBUCHMBIX PICHLITaHPIﬁ, B K&XXJIOM H3 KO-

TOPHIX BEPOATHOCTH MOABIEHUS coObITHA A4 paBHa 0,5.

a) Ha naTu xapToukax HanmMCcaHO 0 OAHOHN umbpe n3 Habopa 1,2, 3,4, 5.
Hayran BeIGHpaioT oqHY 3a ApYToH JBe kapTouku. KakoBa BEpOSTHOCTD
TOrO, YTO YMUCIIO HA BTOpOii kapTouke Oyner Oomnbilie, 4eM Ha HepBOi?

0) Ciy4aiiHo BCTpEeUeHHOE JIMII0 MOXKET 0Ka3aThCs, C BEPOATHOCTHIO
p = 0,2, 6proneroM, ¢ p = 0,3 — 61oHIMHOM, ¢ p = 0,4 — MIaTEHOM H
¢ p = 0,1 — peoxuM. KakoBa BEpOsSTHOCTB TOTO, YTO CPERM TPEX CIIy-
4yaiiHO BCTPEUCHHBIX NHIL: 1) HE MeHee ABYX OpIOHETOB; 2) onHH GJIOH-
JIMH | /1Ba MIaTeHa; 3) X0Ts Obl OZMH PHIKHM.

a) W3 maptuu, B koropoii 20 aeraneii 6e3 nedexroB u S ¢ ,ue(beKTaMn, 6e-
pyT Hayzmauy 3 neranu. UeMy paBHa BEpOSTHOCTH TOTO, 4TO: 1) Bee TpH
neranu 6e3 nedexTos; 2) o KpaiHe Mepe ofiHa AeTais 6e3 nedekros?

6) BepositHOCTB X0T GBI OXHOTO ITONAIaHKA [IPHU JIBYX BRICTpEJIax paBHA
0,99. HaliT BeposATHOCTD TPEX MONafaHUH NIPH YETHIPEX BEICTPENAX.

a) CnoBo «xaperay, cOCTaBIEHHOE U3 OyKB-KyOHKOB, pacCHIIIaHO Ha OT-
JienpHble OYKBEL, KOTOPBIE 3aTeM CJIOXKEHH! B kopoOke. U3 kopobku
HayTaJ H3BJIEKaoT OYKBbI OZHY 3a Jpyrod. KakoBa BeposTHOCTH MOIY-
YHTH MPH TAKOM H3BJIEYEHHH CIOBO «KapeTay?

6) B xBapTHpe qermpé JNEKTPONIAMIIOUKH. [[7id KaKAOH NaMIIOYKH Bepo-
STHOCTB TOTO, YTO OHAa OCTAHETCA HEUCIIPABHOH B T€UeHHE rojia, paBHa
5/6. KakoBa BEpOATHOCTDH TOTO, YTO B TEYEHHUE I'0Jja NPUAETCS 3aMEHHUTD
HE MeHee [I0JI0BHHEI JIAMIIOUeK?

a) Sk copepxur 10 neranei, cpeny KOTOphiX 3 cTaHaapTHEIX. HalTi
BEPOATHOCTB TOTO, YTO U3 Hay/jady OTOOpaHHBIX 5 neraneit okaxeTcs
He OoJiee OTHON CTaHIApTHOM.

6) B smixKe HMEETCs 110 OJUHAKOBOMY HHCITy A€Tajlei, H3rOTOBICHHBIX

sapogamu Ne 1 u Ne 2. HalTy BEpOATHOCTB TOTO, YTO Cpe/iH IISATH
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HayJady OTOOpaHHBEIX JeTaNeH u3roToBeHs! 3aBooM Ne 1: 1) age ne-

Tanu; 2) MeHee ABYX Hetalied; 3) Gonee ABYX neTaleH.

18. a) BpollleHb! 1Ba ONHHAKOBBIX HI'DAIBHBIX Kybuka. Hatitu BeposaTHOCTB
TOrO, 4TO HH(pa 6 HOABATCA XOTH OBl HA OTHOM TPaHH.

6) [TycTb BEpOATHOCTH TOTO, UTO TEJIEBHU3OP NOTPeOYET PEMOHTA B Teve-
HHe TapaHTHHHOTO cpoka, paBHa 0,2. Haiitn BepoATHOCTH TOTO, YTO B
TeueHUe rapaHTHHHOTO CpPOKa U3 TPEX TesieBH30pOB: 1) He 6onee oaHo-
ro moTpeGyeT peEMOHTa; 2) X0T4 OBl OMHH He NOTPeOyeT peMOHTA.

19. a) Jlna nopaxkeHHA LEIH JOCTATOYHO [IOMANAHHUA XOTA OBl OHOTO CHAPA-
na. [lpousBeneHo Ba 3aima U3 IBYX opyauil. Hality BeposaTHOCTH no-
paxeHHUs LeNH, €CIIH BEPOATHOCTH [TONAJaHUs B 1I€JIb IPH OJJHOM BBI-
cTpelie U3 nepBoro opyaus pasxa 0,3. a u3 sroporo — 0,4.

6) B amuke nexar HECKOJBKO TEICST OJIMHAKOBBIX Npenoxpanureneit. Io-
JIOBMHA U3 HUX H3TrOTOBJIEHA I 3aBoZ0M, ocTansHble — I 3aBogoM.
Haypauy BeiHynM nsTh npezioxpanureneil. UeMy paBHa BEpOSTHOCTD
TOTO, 4TO | 3aBOZIOM M3 HUX U3TOTOBICHBL: 1) KBa MpenoxpaHuTens; 2)
MeHee IBYX mpefioxpanuteneit; 3) 6onee 1ByxX npenoxpaHuTeneii?

20. a) B ypue nexwut 12 Gesinix 1 8 kpacHsIX mapos. Beinyau 8 mapos. Kako-
Ba BEPOSATHOCTH TOTO, 9TO: 1) TpH U3 HHUX KpacHBIE; 2) KpaCHBIX IapoB
BBIHYTO He Oonee Tpex?

6) Otrzxen TeXHUYECKOTO KOHTPO/A [IPOBEPSET H3AECAMA HA CTAaHAAPTHOCTD.
BéponTHOCTL TOTO, YTO M3JeTHe HecTaHIapTHO, paBHo 0,1. Haiitu Be-
POATHOCTB TOTO, YTO: 1) 13 TPEX MMPOBEPEHHBIX H3ZEIHH TOILKO OHO
HECTaHAApTHOE; 2) HECTAHJAPTHEIM OYIET TONBKO TPEThE MO MOPAAKY

MPOBEPECHHOC N3ACTIHE.

3apa4a 13. Cnyuaiinas pemuuuHa X HMEET PacHpENENECHHME BEPOSTHOCTEH,
npencrasnendoe tabmmieit. Haitru yskumio pactipenenenns F (x). IToctpouts MHO-

royromeHHK pacnpenenenssi. Haitru M (X), D (X), o (X) ciy4aitHo# BemIHHbL X.
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x, |01[02]03]04]05 X, 102]04[07/08]| 1
P 03] ? [02]015[025 P [01]015[02][015] ?
12.
X, 021040708 1 x, |1 ]2(3]4]5s
P |01]015] 2 |02]03 P 1025 2 103]02]0,1
» 13.
X 1-1]lo0o]1]2]3 X, | 1]2]3]4]5
P lo1| 2 025]02]03 P 01]01][02]015] ?
14.
X |12 [3]4]5 X, |-1]o|1]2]3
P |01015/025| ? |03 P |2 (02,02]03|02
15.
X, [01]02]03]04]05 X, |o1]02]03|04]05
P {02]025]015] 2 |03 P 01015 2 [02]03
16.
X |1 ]213]4]s5 X1 1]l23]4]5
P | 2]02]03015|025 P (03] 2 [005]015]04
17.
X, |01/02]|03]04]05 X, [01]02]03]|04]05
P 03] 2 [025(015]0,1 P 101]005/025/03] ?
8.
x|1]2]3]4a]s X |2l-1]o]1]2
P [02015(025(01]| 2 P 102015 2 |025]0,25
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9. 19.
X 1110 1 2 13 X, 101/02/03|041!0,5
P 101)015]02] ? |03 F (01| 7 |005|0404
10. 20.
X. |101,02]03]04]05 X 1 2 3 4 5
F 1?7 1025/015!0,1}0,3 F 10,15/015|0,15] ? 10,2

3agaua 14. Cnyuaiinas BennuuHa X 3agaHa GYHKUMEH pacipeneneHus

F. Hajitn mmotHocTh pacupenenenus Bepostrocteil f(X), matemaTHueckoe

oxumanue M(X) u qucnepeuro D(X) cyuaiinoi BenaduHb! X .

1. F(X)=
2. F(X)=
3. F(X)=
4. F(X)y=

0, x<0;
x%0<x<h

1, x>1.

x<1

—-x
, I<x<2;

x>2.

0, x<0
%, 0<x<1;

1, x>1.

0, x<0;

3x? + 2x, O<x$§;

1
x> —.

L
3

0,

x<1,;

11. F(X)= xT_l 1<x<3;

12. F(X)=1(x-2), 2<x<3;
17

13.

14.

23

17

0,

F(X)=

F(X)=

x>3.

x<2;

x> 3.




oo

10.

0,

x<2;

F(X)=«§—1,2<x$4;

F(X)=

F(X) =4

F(X)=

19

01

x>4,

x<0;

F(X)=12sinx, oéxs%;

F(X)=

15.

16.

17.

18.

19.

20.

24

0, x<-1
F(X)= 2x+§,—1<xsl;
4 4 3
1, x}l.
0, x<g£2
F(X)=405x, 2<x<4;
1, x>4.
0, x50
F(X)= sinx,0<x5~’25;
1, x>£.
2
0, x<0;
F(X)= sin2x,0<x$%;
1, x>£.
4
0, Cx<10
1, 1
F(X)=4—x"—=x, 1<x<2;
2 2
1, x>2.
0, xsﬁ;
6
F(X)=<—cos3x, E<x$£;
6 3

la

T
xX>—.
3



PexoMeHAAIHH MO BHINOJTHEHHIO KOHTPOJILHBIX paﬁoT

Konrpoannas paGora Ne 3

dugppepenyuanvnsie ypasnenusn

Judpepenyunanvuvie ypagnenun 1-20 nopaoka

Tun

Bun ypaBHeHuUs

XapakTepHble IPH3HAKA
yPaBHEHHS

Meron pemenus

ypaBHEHHUS

Koadduumente! npu

O61ee pemeHue:

udpdepenmmanax dx U dy f Pi(x) dx +
Vpasmenuec | Pi(x)Q (3)dx npexcTaBiarT coboi Py(x)
pasziensio- + P, (x)Q2(y) dy = 0 | npousBenieHus AByx N Q:(») d
LIMMHUCS TIe- byHKLMit, oaHa H3 KOTO- 0.0y 4
pEMEHHBIMH y =fi(x) L) PHIX 3aBUCHT TOJIBKO OT =C
T[IepeMeHHOi X, a ipyras , dy
TONBKO OT EPEMEHHOH =ix
IToacraHoBka:
P (x,y)dx +Q (x,y)dy =0 P(x. ) nQ (x, y)- Yo yy=u-x
OnnoponHoe L (X) OIHOPOAHbIE QYHKITHH x
Y Ees OJHOrO MOPSIKA y=uwxtu
dy = xdu + udx
Jlepas uacTh ypasuenus | OOllee pemenye:
SABJIACTCH JIMHEHHOM KOM- |V =
OHHaIEit HICKOMOM (I q(x)-
Jluneiinoe y +p®x)y=q(x) |dyuxummu eé npousson- | e/ P@dxgy 4
HOH, npasast yacTh ABIA- | (). ¢~/ POAx
eTcs yHKuUMeH He3aBH- | [JoacTAHOBKA:
CHMO¥H NepEeMeHHOMH y=uv
Ot1nuuaercs oT JTHHEHHO-
IO YpaBHEHUs TEM, YTO B
y+p&)y=q&)y" ypap TopcTanoska:
Bepuyanu MPABOH YaCTH €CTh MHO-
. neERn+0,n+1 y=uv
XHUTENb — CTEllEHb HCKO-
Mo# QyHKIHH
Ypaeuenus, donyckarouiue noHUMceHue NOPAOKA
Tun
Meron pemenns
YPaBHEHHS
™ = f ) Tlopsn0K ypaBHeHHs IOHIKAETCs ITyTEM IIOCIEI0BATENLHOTO
=f(x
Y HHTETPHPOBAHHA N Pa3
yu = f (x' yl) yy - t, p =t (x)’ yn = tl
" 7 ’ " dp
=0y y=p, p=p0) y'=pp=py
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Jluneiinsie 00nopoonsie ougdhepenyuanvrsie ypagrenus 6mopozo nopaoxa
€ ROCMOAHHBIMU KOIDPuyuenmamu

y" +p-y +qy =0, p 4 q - HEKOTOpbIE YHCIIA.
k? + p- k + g = 0 — XapaKTepUCTHUECKOE YPABHCHHE

Hpu pemenny xapaKTepHCTHIECKOTO yPaBHEHHA BO3SMOXHBI CICRYIOIIHE

CIIyJamu:
YaCTHEIC
JHUCKPMMHHAHT KODHH  _ fro— obiiee peLeHue
= pki(x)
D>0 ky # ks, ;’1 = zkz(x) y = C,efa® 4 ¢ eket®)
2 =
— Ski(x)
= ek
D=0 k1 =k2 )):: =xek2(x) y= (C1+c2x),ek1(x)
D<0 ki =a+pi = e(a+Bi)rx = e?*((C C.si
k, = a — i Y, = e@fix y = e (Cicosfx + Cysinfix)

Juneiinste Heoonopoonsie oudpghepenyuansvrbie ypasHeHuUs 6Mopozo NOPAOKA
€ ROCMOARKBIMU KOIPDuyuenmamu u npagoii 4acmovio CREYUAILHOZ0 6UOA

y'4+p-y' +qy =f (x), p ¥ g — HEKOTOPHIE UKCHA.
¥ = Youu + Yuacru — OO1LIEE penIeHHE.
Caywqaii 1. TIpaBas yacTh ypaBHEHHS HMEET BUL
f (x) =B, (x):e**, aeR, B, (x)-MHOTOWIEH CTENEHH N.
B 3T0M Cydae 4acTHOE peleHue
Yaacrn = X7+ Q () - €,

TA€ I — YUCJIO, NNOKA3BIBAIOIICE, CKOJILKO pa3 @ ABJUICTCS KOPHEM XapaKTCpUCTH-

yeckoro ypasaenus k? +p-k+q = 0;
Q, (x) — MHOTrOWIEH CTENEHH N, 3aNHCAHHBIH C HEONMpeJeNEHHBIMH KO9p-

¢unueHTaMA.
Cayuait 2. [IpaBas qyacth ypaBHEHUS UMEET BUJ

f (x) = e*™*(B, (x) cosfx + Qp, (x) sinfix),
2oe P, (x), Q (x) — MHOTOWIEHHI CTENIEHH N H M COOTBETCTBEHHO;

a, f — neACTBUTENbHbIE YACHa.
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B 3TOM Cilydae 4aCTHOE PEIICHHE:
Yaaery = X7+ e (M (x)cosBx + N, (x)sinfx),
20e r — YHCTO, PaBHOE KPaTHOCTH & + i KaK KOpHS XapaKTePHCTHYECKOTO
ypasuenus k’+p-k+q=0,
M, (x)u N (x) — MHOTOUIEHBI CTENeHH | ¢ HEONpPeRenéHHBIMU Ko duIH-
EHTaMH,

[ — HamBBHICIIAA cTENEHb MHOTOWIEHOB P, (x), Q,, (x),l = max (n, m).

3axaua 1. Pemints nuddepenimansbioe ypaBHEHNE IePBOTO NOPSIKA:
x(]— y‘?)dx+ y(I—xZ)dy =0.
Pemenue. 310 ypaBHEHHE C Pa3fesiONIMMHCA TEpeMeHHbIMA. Pa3rennm
o0e yacTH ypaBHEHHA Ha (1 -y? X] —xz). Ilomydum ypaBHEHHE ¢ pa3ieN&HHBI-

MH [IEPEMCHHBIMH!

X y
——dx+ dy=0.
1-x2 1-y? Y

Harerpupys o6e 4acTH ypaBHeHHS
X Y
X s [ ay=]o,
jl _ x2 jl _ yz y J
nojgy4dacMm BLIpa)KCHI/Ie
[ 2 1 2 _
—Eln,l—x ’—Elnll—y |=c.

Tak kax C — HeolpeHe/ieHHas ITOCTOAHHAA, KOTOPasi MOXKET TPUHHUMATH
JoBble nefcTBUTENbHbIE 3HAYCHHA, TO AA YXOOCTRA NPE0OPa3OBAHUS 3aMAILEM

€€ B ToH xe opMe, UTO U TIEpBOOOPa3HEIE:

—llnlc, c20.
2

Bripaxenue B nesoM 6yaeT HMETh CIEIYIOIHI BHI:

—%]nll—le—%lnll—yzl=—%]n|cl =
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2 .2
2=1n|c|:> ! x2=c.
1-y 1-y

1-x

2 1-y?

2
Ll=x =—%1n[c| = In

Hrak, o0nmM peitieHineM JaHHOTO ypaBHEHH ABIIETCS (YHKIHS

1-x

=c.
l—y2

[IposepumM, UMeeT M AAHHOE ypaBHEHHE ocobbie pemienus. [Ipu nenenun
Ha (1- y*)(1-x?) MBI Moriu morepats pemenns y=1, y=-1 x=1, x=-1,
HO OHHM cogepxarcs B o0ieM HHTerpate (Wix B o0IEM peIleHUH), €U MO/~

craBuTh 3HaueHue ¢ =0. CnenosarentHo, 0co0OBIX peHIeHHﬁ JaHHOC ypaBHE-

HHUE HC AMCCT.

3anaua 2. Pemuts quddepennnansHoe ypapHeHHe

fe)

Pemenne. Paspewins 1aHHOE ypaBHEHHE OTHOCUTENLHO ', MBI OMYdHM

oJHopoHOe TupdhepeHInaNbHOE YpaBHEHHE EPBOTO MOPAAKA:

y'= Nrvm 2
x x
Onropoubie ypaBHEHHNS PEINAIOTCA € HOMOIIBIO I0ICTAHOBKH

Z=u,u=u(x),To ecTh y=ux, y=u'x+u.
x

[locne OACTAHOBKA Y U Y' B YPABHEHHE IOTYYUM
ux+u=u(l+hnu),

ux+u=u+uhu,

ux=ulnu,
xd—uzulnu,
dx
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xdu=ulnudx

du dx
PasjenuM nepeMeHHbie Ha xun u = 0 M NOIy4YuM =—.
ulnu  x
TipounTerpupyeM o0e 4acTH ypaBHEHHS —
POHHTETPHPY yp Iu s I

orciona In|ln u| = In|x] +In ¢, Tak kax In|x +In ¢ = In|cxd, o

y _
|]n u[ cx, Torna U = e~ 3amennm U = ; H HOTYYHM ; =e

CrneioBaTelbHO, 0011Ee PELIEHHE NMEET BUI: y = xe™

3anaua 3. Haiiti obmiee pemenvie ypabHenus Xy — y = X,

Pewrenne. JlanHoe ypaBHeHHE SABIIAETCA NHHEHHBIM, TAK KaK OHO COAEp-
KHT HCKOMYIO GYHKIIMIO y M € TIPOH3BOXHYIO Y B HEPBOii CTENIEHH U HE CO-
JIEPKUT UX [IPOU3BEIICHUNA.
ITpumeHsieM HOACTAHOBKY Y =uv, i€ ¥4 U V — HEKOTOPBIE HEU3BECTHEIE
GYHKIUHM apTYMEHTa X.
Ecm y=uv, 10 y' = (uv)’ =u'v+uV' 7 JAHHOE yPaBHEHNE IPUMET BHJ
xuvxuy —uwv=x" wmm vio —u)+xy = x> 1)
Tak xak uckoMas GyHKIHS y TpeICTaBIeHa B BUAE MPOU3BEACHHUA IBYX
APYTHX HEM3BECTHRIX (QYHKIWMH, TO ONHY U3 HAX MOXHO BIOPATH IIPOM3BOIBHO.
BribepeM GyHKIHIO ¥ Tak, 4TOOHI BHIpOKEHHE, CTOSIIEE B KPYIJIBIX CKOOKax
NeBoH yacTH paseHcTBa (1), oOpamaiock B HylIb, T. €. BbiOepeM QYHKIHIO U Tak,
4YTOOBI HIMENIO MECTO PABEHCTBO:
xu'—u=0. 2)
ITpu TakoM BriGope (yHKIHH 4 ypaBHeHHe (1) IpUMET BHA:
V' =x° wma wv' = x°. ?3)
Vpasuenue (2) ecTb ypaBHeHHE C Pa3leHASIOUMMUACH NEPEMECHHEIMU OT-

-HOCHTENBHO U | x. PemumM 310 YPaBHCHHE!
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=£; In|=Inx; u=x.
x

x—-u=0; —=—;
dx dx x

YT06B! paBeHCTBO (2) UMENO MECTO, JOCTATOYHO HAHTH OHO Kakoe-1H60

du du _u_ du
u

4aCTHOE PELICHHE, YAOBIETBOPSAIOIIEE 3TOMY ypasHeHH0. IlodroMy i mpo-
CTOTHI [IPH MHTErPUPOBAHUH ITOTO YPaBHEHHA HAaXOAHM TO YaCTHOE PEIIECHHE,
KOTOPO€ COOTBETCTBYET 3HAUCHHIO MPOU3BONbHOM noctoanuoi C =0. [Toacra-
BUB B (3) HalifieHHOE BRIPAXKEHHE [UIA U, IOTYIHM:
2 dv
w=x";v=x; sz; dv = xdx.

2 2
Wnrerpupys, moiaydaem v = % +C. Torma y=x( % +C) — obmee pe-

LICHHE JAHHOTO YPaBHCHMA.

3anaua 4. Haiitu obuee pemenne anddepeHIdaabHOr0 ypaBHEHH

BBICHICT'O NOPAAKa JOMYCKAIOIICE ITOHMKCHHE ITOpALKa
y" =5sin8x + 2x* - 3.
Pemenne. JlanHoe ypaBHEHHe OyleT pemathcs TPEXKPATHBIM HHTETpH-

poBanueM. IIpounterpupyeM obe 4acTu ypaBHEHHS

y” = I(S sin 8x + 2x2 — 3)dx = —gCOS 8x+ % x3 —3x+ €1, CIIEJIOBATENLHO,

”

y =——5-0088x+2x3 —3x+cy.
8 3

Hpounrerpupyem ewmg pa3 oGe 4aCTH ypaBHEHHUS:

5 2 5 . 2x* _x?

'= {(-=cos8x+=x" —3x+c))dx=——sin8x+="—-3= + +c5.
yj(s 3 x+a) 6a NOXTFL T Tartae
Tlocne NoHMXkEHUS MOPAAKA HOTYIUIH

, 5 . 2 x* _x?
Yy =——sin8x+—-—-3= +cx+c>.
64 3 4 2

U tpernit pa3 NOHH3UM NOPALOK, IPOHHTETPHPOBAB YPaBHEHHE
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5 . 1 4 3 2
= [(——sin8x+—x" ——x“+cx+cy)dx =
Y ( 64 6 2x ax+cz)

5 1x° 33 x?
=——CO88x+—————+4c]—+Crx+c3.
2

Wrak, obuiee pemenne aubdepeHIHaIBHOTO YpaBHEHHS TPETHEro MOPsAKa, J10-

MYCKAIOWIEro MIOHIKEHHE TOPAAKA, HMEET BULL
5 1 1 c
y=—cos8x+——x> —= x>+ L2 +cyx+c3.
512 30 2 2
3ampaya 5. Halitn uactHOe pemenue ypasHenus Y +16y =0, ynosne-
TBOpSIIOIIEE HA4abHBLIM yeiosuam Y 77)=-1, y'(7)=0.
Pewrenue. JlaHHOe ypaBHEHHE SABJSETCS OZHOPOIHBIM JIMHEHHBIM ypaB-

mHenvieM. JIIsi HaXOXAEHMA Yy COCTABMM XapaKTEPMCTHYECKOE YypaBHEHME
k*+16 =0, umeromee KoMIUtekcHble Kopuu & =4i, k; =—4i. B stom ciyqae
obI1ee pelieHHe 0HOPOIHOTO YPABHEHHS HIIIEM B BHIIE:
y=e"( C, cos Px+ C, sin fix), 4)
TA€ a+ i — KOMIUIEKCHBIE KODHH XapaKTEPHCTHYECKOro ypasHenus. Iloacra-
suB B (4) @ =0, f=4 umeem:
' y=C cos4x+C, sindx.
JUIs HAXOXIEHHS 9aCTHOTO PElIEHHs 3 OJHOPOAHOro IubdepeHnnas-
HOTO YPaBHEHHUS HAXOMHM y'
y' =(C, +4Cyx )cos4x+( B—-4Ax)sindx.

C =-1

Hcnonp3ys HauanbHbIE YCIOBHA, TIOTYIHM CHCTEMY: ,
) C, +4C,r =0

orkyma C; =-1, C, =4L.
4

_ |
Cnenorarensuo, ¥ =—cosdx+ o sin4x €CTh UCKOMOE HYaCTHOE PeLICHHE
74
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nansoro nuddepeHHAIbHOIO YPaBHEHUA.

3anayga 6. Haiitu obiee pelieHye ypaBHEHUS

y"+4y' +13y=3sin2x—2cos2x.

Pemenne. O0uiee penieHne y JaHHOTO ypaBHEHHS PaBHO CyMMe OOIIero
peIleHus V,;, ONHOPONHOTO YpaBHEHHS W KaKOro-IHGO 4acTHOTO PEIICHHsS Y
JaHHOTO YPABHEHHUS, T. €.

V=YootV

JUid  HaxOXueHHs V,;, COCTaBAM XaPaKTEPHCTHYECKOE YPaBHEHHE
k*+4k+13=0 , MMeroNtee KOMILIeKCHble Kopuu k) =—-2+3i, k, =-2-3i. B
3TOM citydae o0lee pelicHUe OTHOPOAHOrO YPABHEHHS HIIEM B BHIE:

Voon =€ ( C, cos fx+C, sin fix ), )
Tl€ o+ fi — KOMIUIEKCHBIE KOPHH XapaKTEPHUCTHUECKOTO ypaBHeHus. IloacTa-
BuB B (5) @ =2, B =3umeem:
Yoou =€ 2(C, cos3x+C, sin3x).

JUis HaXOXIeHHSA YAaCTHOrO PEICHHS 3 HEOAHOPOHOTO updepenim-
aJbHOTO YpaBHEHHA BOCHOJB3YeMCS CIEAYIOLIEH TEOPEMOi: €l TIpaBas 9acTh
HEOZHOPOIHOTO ypaBHenusa ecth ¢ynkums f(x)=e™(C, cos fx+C, sin fx )u
YHCNIA o+ fi HE SBIAIOTCA KOPHAMH XapaKTEPUCTHYECKOTO ypaénem«m, TO Cy-
wecTByer wactHoe pewenne y=e™(Acos fr+Bsinfr). Ecna we uncna
a+ fi ABIAKOTCA KOPHAMH XapaKTEPHCTHYECKOTO YPABHEHHS, TO CYLIECTBYET
YACTHOE PEIEHHE:

y = xe™( Acos fx+ Bsin fix).
Tpumensa 5ty Teopemy npu & =0, B =2 umeem:
Yy=Acos2x+Bsin2x.

IuddepeHnupys 3T0 paBeHCTBO, HAXOTHM y':
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¥y =-2Asin2x+2Bcos2x.

Juddepenuupys nocneqHee paBeHCTBO, HAXOAUM § :
y"=-4Acos2x—4Bsin2x.

[lonCTaBHB B HCXO/IHOE YPABHEHHE BBIPAKEHUA JUIA Y, Y H §' , IOTYYHM:
(9B —8A)sin2x+{9A+8B )cos2x =3sin2x—-2cos2x,

OTKYIa A——-L—1r3 ——li
y 145" 145

- 4 11
CaenoBarensHo, y = —Izgcos 2x+ 145 sin2x €CTb 4aCTHOE pelieHHue He-

onHOopoaHOTO MU dHepeHINanBHOTO YpaBHEHHA.
Hckomoe ob1mee pelieHHue JaHHOTO AU GEPEHIHATEHOTO YPaBHEHHUS 38-

IIWIIEM B BHIC

y= e 2% C cos3x+C, sin3x)—£c0s 2x+i1—sin 2x.
145 145

3agaua 7. Haiitn uactHoe perienue quddhepeHIuansHOTO ypaBHEHAs
Y =7y +6y=(x—2)e" yO)=1, y'(0)=3.
Pemnrenue. 3ammiieM COOTBETCTBYOIIEE OMHOPOHOE YPaBHEHHE:
Yy —7y +6y=0.
XapaKTepHCTHYECKOE YPABHEHHE UMEET BUA:
A2 —74+6=0.

KOpHH 3TOTO ypaBHEHUS A, =1 U A, = 6 SBIAIOTCA ACHCTBHTENILHBIMU
HECOBNAJAIOMMMHE YHCIAMHU: TI03TOMY ofliee pemenne OIHOPOJHOTO ypaBHe-
HHSl IMEET BHI

Yo = c1e* +cre%*.
Janee HaiieM 4aCTHOE PEILEHHE AHHOTO HEONHOPOIHOIO YPaBHEHHS HO

ero npasoii actu f(x) = B (x)e™ =(x—2)e™. Jlna naHHOH crenyansHoi

TIpaBOii 4YaCTH YacTHHIM pelieHHeM Oynet GpyHKIMs BUAa: —)—z =(Ax + B)exxk.
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Tak kak KOpE€Hb XapaKTECPUCTHIYCCKOT0 YpPaBHCHHA 4, =1 COBIAIAET C

k03¢ purHenToM crenenn e'™

, To k=1 1 9acTHOE peuieHne NPHMET BHL!
; = (Ax+ B)e* x = (Ax?> + Bx)e”™.
TloacTasmsas GYHKIMIO y W ee IPOM3BOTHEIE
' =(Ax? + 2Ax+ Bx + B)e*,
V" =(Ax> +4Ax+ Bx+2A +2B)e*
B JJAHHOE HEOJHOPOJHOE YpaBHEHHE, MIOJIYYHM PABEHCTBO!
e*(-10Ax+2A~5B) =" (x—2).
Cokpatum ofe qactv Ha e” =0 U npupaBHiIeM KO()(PHIUMEHTH Mpy

OJIMHAKOBBIX CTEMICHAX X B JIEBOH H r[paBoﬁ JacTaX, ITOTTYIYUM

x'|1=-104 A=—L,
10

CnemoBaTensHo,

y= Ly +—?—x e”.
10 25
O61ee pellleHne HEOQHOPOIHOTO YPRBHEHUS HMEET BUAL

- 1 » 9
=y +y=cie* +ce® vt —— 3P+ x|
Y=Yoty=0q 2 ( 10 5 )

Haﬁ)ICM YaCTHOC PCUICHHE, HCITI0JIb3YA 3a1aHHOE HAYAJIBHOES YCIIOBHE
y(O) =1,
(4] + Cy = 1.

JduddepeHupupysa GyHKUHIO y , TOTYyIHM

Y = cie* +6c,¢5* + e* ——l—x2+-ix+2 .
10 25 25

Hcnone3ys HadallbHOE YCIIOBHE y'(0) = 3, HMEEM ¢| +6¢, + %5 =3.
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3anwiueM cucTeMy muia onpenenenus Cy» Co o

cp+cy =1, c =1—c,, c =8%25
— 66 =4
€1 +6c; = 45’ Scz = %5’ C2 =4%25-

I/ITaK, YacTHOC pCHICHUE UMECT BHA:

_ B84 x A ex xf_ L 2,9 .
125 125 10 25

KpaTHble H KpHBOJIMHeHBIE HHTErpaibl
Kpammnvie unmezpansi

PaccMoTpuM Ha IUTOCKOCTH HEKOTOPYIO 3aMKHYTYIO KPHBYIO, YPaBHCHHE
KoTopoii f (x, y) = 0. COBOKYIIHOCT BCEX TOYEK, NEXKAUTHX BHYTPH KPHBOH U Ha
camoii KpUBOH Ha30BeM 3aMKHYyTOH obnacteio A. Ecii BEIOpaTh TOUKH 00nacTH
0e3 yueTa TOUEK, JieXalUX Ha KpUBOH, 00nacTe OyleT Ha3hIBacTCs HE3aMKHY-
TO# 00IacThIO A.

C reoMeTpuieckoi TOYKH 3peHHs A — IIOMWaab GUIryphl, OTPaHHUSHHON
KOHTYpOM.

Pazobbem obnacte A Ha n HACTHHHEIX 0§naCTeﬁ CETKOW NpPAMBIX, OTCTO-

SIHHX APYT OT OpyTa [0 OCH X Ha pacCTosHUE Ax;, 4 110 ocH y — Ha Ay; .

HonyqaeM, YTO TIOLaAb S AEIUTCA Ha SJIEMEHTAapHbIE NTPAMOYTOJIBHUKH,

MIOIAAN KOTOPHIX paBHEI §; = Ax; - Ay; .
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B Kka10# 4aCTH4HOM 061aCTH BO3LMEM IIPOU3BONBHYIO TOUKY P (X; yi) U

COCTaBHMM HHTETPAIBHYIO CYMMY

if(x;,yi)'si,

i=1
rae f — QYHKUUA HelpephIBHAs M OJJHO3HAYHAS JUIf BCEX TOYEK obnacTu A.
Ecnu 6ecKoHEYHO yBeIHIHMBAThL KOJMYECTBO YaCTUYHBIX obnacreii A;, To-
/12, OMEBHIHO, IUIOM@Ab KaX/I0T0 YaCTHYHOTO Y4acTKa S; CTPEMHTCA K HYJIIO.

Ecmu npu cTpeMieHHH K Hymio ara pasOuenus ofnacty A MHTErpalb-

i=n
HBIC CYMMBEI Z f ( X5 yi) . Si HMEIOT KOHEYHBIH npenes, To 3TOT NpeAEI Ha3bIBa~

i=1

eTC 080UHbIM UHMezpanom oT GYHKIHUHU f (X, y) o obmactu A.
PE;Zﬂx.-,y.-)S.» = Hf(x,y)dxdy.
i=1 A

C y4eToM Toro, 4to S; = Ax; - Ay; monmyJdaeM:
i=n i=n i=n
Zf(xi’yi)si = sz(‘xi’yi)AyiAxi‘
i=l i=l i=l
B npuBeneHHON BEHINIE 3aIMCH UMEIOTCA /(BAa 3HAKa X, TaK KaK CYMMHPO-
BaHHE IPOU3BOIUTCA 10 ABYM IIEPEMEHHBIM X H .

Jenenue o6iactiH MHTErpHPOBAaHMSA NPOU3BOJILHO, NMOTOMY IPOH3BOJIEH

1 BEIOOp Touek P;. Cunras Bce [UIOMATH S; ONHHAKOBBIME, NoNy4aeM (GopMyIy:
[[£Ceyydyde=tim 373" fx,y)ayhx.
A A

Ay—0

Buiuucnenue osoiinozo unmezpana.

Ecau ¢yHkums f (x, y) HelpephIBHA B 3aMKHYTOH 001acTé A, OrpaHHYEH-
HOM MMHMAMH X = a, x = b, (a < b), y = @ (x), y = y(x), rle @ U | — HelpepbIB-

Hele QYHKUHH U @ < W, TOTAa
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b w(x) b yx
[[feyasy= || [foxydy lde=[ax [£xy)dy.
A a\ g(x) a  @(x)

3amena nepemenHsix 8 060UHOM unmezpaie. PaccMoTpuM IBOHHOH HH-

terpan supa || F(x, y)dydx, rae nepemMenHas x n3MeHsAeTCA B IPEAENax OT @ 10
p ) pene
A

b, a nepeMenHas y — ot @, (x) 10 ¢ (x). IMycte x =f(u, v);y = ¢ (u, v).

v, Q,(v)
[[FCeydydx= fav [F(f )00 }i-du.
A Vi 8w
g 7
Bripaxcenue %?%fu_aa_f% = g_z) % =|i| na3ssiBaercs onpederumenem Hxobu
ou Ov

Wi axobuanom GyHKIMHA f(u, v) 1 @ (4, v).

'y eomMempuuecKue u ¢u3uuecxue RPUNOHCEHUA KPDAMHBIX UHMEZPAI068

1. Breumncnenue mioniane B JEKapTOBHIX KOOPAMHATAX.
Berurcnenue ronaned B HONMAPHBIX KOOpAWHATAX.

Brruncienne 066eMOB Tel.

Lol

BrluncrieHue mionaau KpUBoH MOBEPXHOCTH.
BrruncieHre MOMEHTOB MHEPLMH TUIOMIANeH IIOCKUX PUryp.

Briumciiense HEHTPOB TAKECTH IUIoHIagel MIOckuX Guryp.

N w»

KoopauHats! leHTpa TSHKECTH TENa.

8. MomenTbI MHEPI[H TeJIa OTHOCHTEBHO OCEH KOOPIMHAT.

9. MoMeHTBI HHEPIIHH TeJIa OTHOCUTEIEHO KOOPIWUHATHEIX MIOCKOCTEH.
10.MomeHT HHEpIMH TeIa OTHOCHTENLHO Hayalla KOOpAWHAT.

11.Briyncriesne MacChl HEOTHOPOAHOTO TENA.
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Kpusonuneiinsie unmezpaist

PaccMoTpum B nipocTpancTBe XYZ kpuByio AB, B KaXI0H TOUKE KOTOPOH
onpezenena npoussoabHas Gynkuus f (X, y,2).

Pa306beM kpuBYIO Ha KOHETHOE UHCIIO OTPE3KOB H PACCMOTPHM HPOU3BE-
JeHNe 3HaueHns QYHKIHA B KAKI0H ToUKe pa3sOHeHUs HA JJIHHY COOTBETCTBY-
routero otpeska f(x;,¥;,z;)As; }

CrnoxHB Bce TIOJIyYSHHBIE TAKMM 00pa30M NPOHU3BEACHUS, TOJYYHM TaK

Ha3BIBACMYIO UHmezpanbHyo cyMMmy GOyHKOUH f (X, Y, z) Z": f(x,y,,2,)As,.

i=t
Ji7s1 BEIMHCIIEHHS KPUBOJIIMHEHHOTO HHTErpana o JUIMHe IyrH Hajo
OIIPEICNTUTH €T0 CBA3b C OOBIKHOBEHHBIM OIIpeeICHHEIM HHTEIPAIOM.
ITycTs xpuBas AB 3amana nmapaMeTpH4ecKH YPaBHEHMSAMH X = X (1), y = ¥ (1), Z
=z (1), a St < f rae GyHKUMH X, y, 7 — HEOPEPHIBHO AHbdepeHIHpyeMbIe
¢byHKIMK mapaMeTpa f, Ipu4eM Todke 4 COOTBETCTBYET ¢ = @, a TOUKE B COOT-
BercTRyeT ¢ = f. @yHKuuA f (x, y, z) — HEIPepHIBHA Ha Beel kpusoif AB.

KpuBOJIHHEHHbBIA HHTErpa 0 JiMHe JyTH AB Gyznet HaxoauTscs mo Gopmysre

B
[£@xy.2ds = [£x0, 50, 2ONF* O + Y0 + 2 )ar.
AB a

Ecnu urTerprpoBanne IpOH3BOANTCS N0 JUIHHE IUIOCKOH KPHBOH, 3aaH-

Ho#i ypaBHenneMm Yy = @(x), a<x<b, To nonyuaem:

b
[y ds = [ £ (x @)W1+ @ (x)dx
AB a R

Ecnu 1pu cTpeMJISHHH K HYIIO [ara pa3OHeHus KpHBOil AB WHTerpaib-
HBIE CYMMBl MMEIOT KOHEYHbIH NpERel, TO 3TOT Mpeleli HA3LBACTCA KPHBOJIHU-
HeHHBIM HHTETPAJIOM IO MepeMEHHOH X OT QyBKuuH P (x, y, 7) 1o KpuBoi AB B

HAMpPaBIEHHH OT TOYKH A K Touke B.
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J‘P(x’y,z)dlell.m})zp(a’ﬂ,}/)mi
AB =

CyMMy KpHBOJMHEHRHBIX HHTETPAJIOB TAKOKEe Ha3bIBAIOT KPUBOJIUHEHHEIM HHTE-

IpajioM BTOPOTO poJa.

[P(x,y,2)dx+ Q(x, y, 2)dy + R(x, y, 2)dz
AB
B cnyqae,recnn AB — nnockas KpHBas, 3aiaHHas IapaMEeTPUIECKH, TO
B
[Pdx+Qdy + Rdz = [[Px'(t)+ Qy'(t) + RZ'(D) t .
AB a
B ciyuae, ecnii AB — ninockasi KpuBasi, 3alaHHas ypaBHEHUEM y = f(x), TO
[P(x, y)dx+Q(x, y)dy = [[P(x, f(x)+Q(x, f () f () dx.
AB : x4

3apaya 8. Bemumcauth ABOWHON  MHTErpan ¥

H(ny —3y)dxdy | ecnu o6nacts D orpannuena iu-
D

2 .
uusMa Yy =2—x°, y=2x—1. Cuenare uepréx 06-
JIACTH HHTErPUPOBAHMUA.
-Pemtenne. IToctpoum obnacte D. IlepBas nuuus —

napabosa ¢ BepmuHOi B Touke (0,2), cHMMeTpHYHas OT-

HocurensHo ocd Oy. Bropas nmuuws — npamas. Pemas

COBMECTHO ypaBHEHHs JTHHHH
— 2 =
y=2—x", y=2x-1,

HalzEéM KOOpAMHATEI ToYeK nepecedenus: A (—3; —7), B(1; 1).
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1 2-x 1
[J@xy —3)dxdy = I{zx-yz—z—h] dx = I[xyz—SyEfodx=
D -3 2x—1 ) -3

= lj[x(Z— x%)? —3(2x— 1)]dx = 1_[[x(4—4x2'+ x*)—6x+ 3]dx =
-3 -3

= 1“-[4x——4x3 +x° —6x+3]dx= 1J'[x5 —4x3—2x+3}1x=
-3 -3

x=1

6 4 2 x=1 6
=[L_4x__212_+3x} =[£6__x4_x2+3x} _

x=-3

3agaua 9. M3MeHUTE NOPAZOK WHTETPHPOBAaHHMA B ABOMHOM HHTErpale

i 2—x
I dx j f(x, y)dy . Cnenatb uepTéx 061aCTH HHTErPUPOBAHUS.

0 x

Pemenne. Uro6bl M3MEHHTH NOPSNOK HHTETpH- ¥
2h

poBaHus, COCTaBUM IT'€COMECTPHUICCKOE OIMUCAHHE obnactu

HUHTErPHPOBAHHA.

0<x<1, x<y<2-x.

4 i x
HOCTpOHM qepTe)l( COINIACHO I‘eOMe'I‘pPI‘IGCKOMy OITMCAHHUIO.

[poeunpys nauHyo o6ractb Ha ock Oy, BUINM, YTO [IPH ITOM €€ BEpXHsiA I'pa-
HHIIA COCTOHT H3 ABYX auHmit. [losToMy paszzenuM obiacTb Ha ABE YacTH, reo-
METPHYCCKOC OIMMCAHUE KOTOPLIX UMEET C.TICI[y}OH.II/Iﬁ BHIO!
H0<y<,0<x<y,
2)1<y<2,0<x<2-y,
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Tenepb 3alMCHIBaEM JAHHBII HHTETPAll ¢ H3MEHEHHBIM TIOPSIKOM HHTETPHPOBAHNUS

1 2-x 1y 2 2y
fdx [fCuy)dy = [dy[f(x.y)dx + [dy [f(x, y)dx -
4] x 0 4] 1 0

3apaua 10. Hajity xoopauHaThl HEHTpa TSXECTH OTHOPOJHOHN ILIOCKOH

(GHrypHl, OrpaHUUEHHOH THHHAMH
2
y=x",x=4,y=0.
Caenatb uepTéx 00nacTd MHTETPHPOBAHHS.

Pemenne. Heo6xonumo Bocnonb30BaTees GopMyaamu:

Boiuncnsiem Benmdusst S, S,, S, .

4 4 3|4 4
S = [dx [dy = [x'dx="| ==

0 0 0 730

4 2 42 = 4 4 S8
Sx:é“dxé[ydy=(!(_2—]0dx=6|.2 =EO=T6.

4 2 4 At 4
Sy=(!xdx(!dy=6'.x3dx=%o=7=43,

[oxcTapias HalIEHHBIE 3HAYEHHsA B GOPMYIIbI, OTydaeM

S. 3 543 2
ro=ragr gy S 44 409
s 3 S 10 3 10

3agava 11. Boruncnuth 00beM T€NA, OTPaHHICHHOTO OBEPXHOCTAMH
2 2
7"=1-y, y=x°, z20.

Caenarb yepTéx 06nacTv HHTCTPHPOBAHHA.
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Pemenue. CocTaBHM re€OMETPHYECKOE ONMCAHHE OOJIACTH HHTETPHPOBaHHA:
—1<x<1, ¥ <y<1, 0<z<f1-y.

IocTpoum UepTex COriaCHO reOMETPHUECKOMY OMHCAHHIO.

z
1

g
T Y

1
X

11 Ny 1 o1 1
V= fax fdy [dz= [dx [\1-ydy=- [dx [1-y)?d-y)=
-1 42 0 R -1 5

X X

1 37 P 37 2! El
= 2-y)7 | dx=—[|S0U-y)?| dx== [(1-x°)2dx.
_]L( ») } 11{3( %) } 3_{( )

Caenaem nozncranoBky x = sint . [lepecuntaem npeensl HHTErPAPOBAHKSA
. T
x=1, t=arcsmx=—,
2
4
x=-1t=——.
2

Toraa uHTErpan ¢ y4eToM YETHOCTH HOABIHTETPajbHOH (PYHKIMH MOXHO BBI-

YHACIIHTE CACAYIOUINM 06pa30M:

4z 3 4z Az 4z
— Ja-sin®1)2d(sint)=~ [cos’td(sint)= = [cos’tcostdt == [cos* tdt =
3 0 3 0 3 0 3 ]

T T

5 2 2 12{ 2
=if(coszt)2dt=ij(1+C082t) g2 L2cos2+cos )
3] 30\ 2 3] 4

0

IN

4
3 4 4

2
0

2 3 ~
1+2cos2t +cos” 2r dtzﬁj[_l_+lcos2t+l(l+cos4t) gt =
3ha”2 A\ 2
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z T
2

=4 1+1c052t+1+ cos4t) =
2 8

3504
0O 3\82 4 2; 32 2 4

=— —t+lsin2t+—l—sin4t
3\8 4 32

3anaqa 12. Bor4HCAHTE KPUBONHHEHHBIH HHTETPAT _[ (xy — x)dx + ——dy
0A

BJIONb IYTH napadonsl ¥ = 2\/; OT Havana KoopAuHat J0 Touku A (1;2).

Pemtenme. [loAcTaBsieM BMECTO NMEPEMEHHOM y e€ BRIPAXKEHHE HYepe3 mepe-

MEHHYIO X.
3 1 3
_[(xy x)dx+——dy I(Zx«/; x+——)dx _[(2x2—x+ xz)dx—
0OA ‘/—
1 3 s|!
:J'(é z—x)dx—z g 2| =1.
0 2 25
0
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KounTpoanHas paéora Ne 4

Paanl
Yucnogsie pAodst

CymMMa wieHoB  OeCKOHEYHOM  4HCIOBOM  MOCIEA0BATEIbHOCTH

0
Uy, Uy ;... Uy ... HA3BIBACTCHA YUCIOBHIM Pﬂ()OM uy +u, +...+u, +...= Zu" .
n=1

Yucna Uy, U, ,... HA3bIBAIOT WIEHAMH P/, a U, — OOIHM WIEHOM paia.
n
CyMMBI S, =u; +u, +...+u, = > u,, n = 1, 2, ... HasbIBAlOTCA Yacm-
k=1

HbIMU (YaCMUYHbIMY) CyMMamu PIaa.

. .
Pan w +uy+..+u,+..=> u, HA3BIBAETCH CXOOAWUMCA, €CAN CXOLUTCS
n=1 B

TOCTIEIOBATENEHOCTh €r0 YaCTHHIX CyMM. Cymma cxodawezocs psada — npenen

o
MOCHAEN0BATEILHOCTH €10 YaCTHBIX CYMM hm Sn =5,5= Z u,.

n=1
Ecmn IOCICAOBATENPHOCTE YAaCTHBIX CYMM pAlda pacXOOWuTCs, T. €. HE
HMEET npencia, Win UMECT OeCKOHEUHBI npeaen, To pAa Ha3bIBACTCA pacxo-

OAWUMCa i €My HE CTaBAT B COOTBETCTBUE HHKAKOH CYMMBIL.
Ilpusnax cpasnenus paooes c HEOMPUUAMENLHBIMYU YIECHAMU
Ecnu u, < v, pu mo00M 7, TO U3 CXOIUMOCTHU psina Zv,, CIIEYET CXO-
JUMOCTh psiia Zun, a U3 PacxoJHUMOCTH psafa Zu,, clieyeT pacXxouMOCTh
pana Zvn .

IHpusnax Jlanambepa: Ecsm cmeCTByeT npenen lim 2ot — P, TO TIpH p

n—o Yy
< 1 psg cxoautces, a opH p > 1 — pacxoautes. Ecim p = 1, To Ha Bompoc o cxo-
JUMOCTH OTBETUTDH HENb34.
Ilpusnax Kowu (paduxanvreiii npusnak): Ecnu ans pana ZM,, ¢ HEOTpH-

LATeNBHBIMU WIEHAMH CYILECTRBYET TaKO€ YHCIO <1, 4To A BCex HOCTATOUHO
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BOJBIIHX N BHITONHACTCA HEPABEHCTBO %fu, <q, TO PAX 2 M, CXOTHTCA, €CTH
XKe U1 BCeX [O0CTaTOYHO GOJNBUIMX N BBHIIONHSAETCS HEPABEHCTBO Zju, >1,T0
pSA Y u, PACKODHTCA.

Humezpanvuwiit npusnax Koww: Ecnin ¢ (X) — HenpepbIBHAs MOJI0XKH-

TenbHad GyHKUws, yObIBaIOMas Ha IPOMEXYTKe [1; ), T pax ¢ (i) +¢ (2)+

)

Ltom+ .= i¢(n) H HeCOOCTBEHHBIH HHTErpan j(p(x)dx CXOAATCSA WITH
1

n=1
pacxonsaTcs OTHOBPEMEHHO.
Ilpusnax  Jleubnuya:  Ecnmm y  3HAaKOodepedyrollerocs  psAna

Uy =ty +ty —thy +...+ (=1)""u, +... aBGCOMOTHBIC BENWYUHBI U; YOBIBAIOT
Uy >uy >u3>... 1 obIMiA wieH ctpeMutcs K Hymo 4, —> 0, To psax cxomures.
P ) U, HA3BIBAETCS ABCONOMHO CXOOUUMCS, €CITH CXOTUTCS P Dl
Pl ) U, HA3KIBAETCS YCIOGHO CXOOSUUMCS, E€CITH OH CXOJHUTCH, 3 Psi >l

pacxoguTcCs.

Cmenennsie paos

" CTeneHHBIM PAIOM Ha3bIBaETCA P BUKA

o]
ayrax+axt v +ax" +..=>a,x"
n=0
- o
Teopema Abens. Ecnn creneHHOM psaf 3" a,x" CXOOUTCS TIPH X = X;, TO OH
n=0
CXOIHTCS H IIPHTOM aGCONMIOTHO s Beex x| > [x,|.

ILJ'IX Ka)aoro CTCNCHHOIQ pAna CYIICCTBYET TAKOE IMONOKUTENBHOE YHUC-

7o R, uTo npH BCeX X TakHX, 4TO M < R psn abcodIOTHO CXOOHUTCH, a MPH BCEX
|xi > Rpsna pacxogutcs. IIpu 3TroM gncio R Ha3zeiBaeTcs paduycom cxooumocmu.

Unrepran (—R, R) naswsiBaerca unmepsanom cxooumocmu.

Papuyc cxomumocT MOXHO HalTH 1o hopMyJie
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R = lim %=L
n—ro| an

Paznoxenne ¢yHKUMH B CTEMEHHOH PAX MOXHO OCYNIECTBHTE C IIOMOILBLIO

dopmyn Teitnopa u MaxopeHa.

Psan Teiinopa:

R S YA IO A RS A
Pap Maxnopena:

@)= 1O)+ £ O+ L2 (0) T L,,(,—O)x==ioﬁ,j+a)x

Pasnoxenue aneMeHTapHbIX QyHKIMIA B pag Maxiiopena

2 3 n ~
P NS S S (-0 <x<o0)
2 3 n!
. _ X 2n+1 (_00<x<00)
NN S )
T (2n+1)/
2 4 -~
cosx=1-~+ e ) (reo<x <o)
AP (2 ),
2 3 R _, ;
ln(1+x =x—x—+£._“'+(_1)n._~’f_+.“ ( <x< )
2 3 n
3 5 2n+} _l<x<l
arcg x=x-—+ 41y I —+ (-1<x<1)
35 2n+1

(1+x)a=1+£x+—a(a—_1)x2+___+i(i'(a‘(—n—l_))x"+”v (_1<x<1)
1 2!

n!

1
=l xt XX
I1-x

46



IlpubnusicenHble GIYUCTIEHUA C ROMOUBIO PAOOE
Pewenue ougpgpepenyuanvroix ypasHenuil c nOMoubio paoos

Paznoxxenue GyHkOumid B CTENEHHOH psl MMeeT OONbINoe 3HaUYEHHE IS
pellleHds pasNHYHBIX 3axay uccnenoBaHus ¢yskuwmit, anddepenumupopanns,
HHTETPUPOBaHU, pelieHns A depeHIUaNbHBIX YPaBHEHHH, BHIYHCICHHS pe-
JeOB, BEIYACIECHUS TPUGIIKEHHBIX 3HAaYCHHH (YHKIH.

PaccMoTpum nuneitHoe AnddepeHnnansHOe ypaBHEHHE BUA:

Y7+ p ()Y + ()Y + 4 p(X)y = f(2).

Ecnu Bce k03¢ UIMEHTHI U NIpaBas 4acTh 3TOT0 YpaBHEHHS pa3liaratorcs
B CXO/SAILHECS B HEKOTOPOM HMHTEPBAJIE CTENEHHBIE PANBI, TO CYIIECTBYET pe-
OICHHE 3TOTO YPaBHEHHMS B HEKOTOPOH MAamoH OKPECTHOCTH HYJEBON TOYKH,
YOBJIETBOPSIOIICE HAYAJIBHBIM YCIOBHAM. JTO PEUIEHHE MOXHO MPENCTaBHTh
CTENECHHBIM PAAOM:

Y =cCy + aXx + C2x2 + C3X3 +...

JI1a HaxoXKAEHHS PELIEHHs OCTaeTCs ONpPECINTh HEU3BECTHEIE ITOCTOSH-

HBIE ¢;. JTa 3a/a4ya PEIaeTCsl MemooOM CPABHERUA HEONPeOeaeHHbIX KO3hdu-

YUEHMOB.
3anncanHoe BHIpaXKEHHE U UCKOMOH (DYHKIHMH TOJCTAaBIsAeM B MCXOX-

Hoe nuddepenImancHoe ypaBHEHHE, BHIOMHASL IIPH 3TOM BCe HEOOXOIMMBIE
JeHCTBHSA CO CTENEeHHBIMH panaMy (muddepeHUHpoBaHue, CIOXKEHHE, BBIYUTA-
HHE, YMHOXEHHE H TIp.) 3aTeM mprpaBHUBacM KOG (HIMEHTH IPH OAWHAKOBBIX
CTENEHAX X B JIEBOH ¥ MpaBoOi 4acTAX ypaBHeHUA. B pesymbraTe ¢ yueToM
HAYAIBHBIX YCJIOBHHA HOJNYYHM CHCTEMY YDaBHEHHH, M3 KOTOpOH mOCienoBa-
TENbHO OmpeacnsieM ko3 HUIHEHTH! ¢;.

Taksxe NPUMEHSIIOT Memo0 NOC1e008amenbHo20 OupepeHyuposanus.

Pemenne muddepeHIHATEHOTO YpaBHEHHS HAXOOAT B BUAE Pa3IOKECHUS

HensBecTHOH QyHKIHH B psax MakiopeHa.

N YO |,y 2. YO0 4
y=y0)+ M x+ o + TR .
I/ICHOJ'IIByﬂ 3alaHHBIC HA4YaJIbHBIC YCJIOBHA, NMOCICOOBATCIILHO HAXOAAT 3HAYC-

HHS IPOU3BOAHBIX U MOACTABIAIOT B hopMyITy paaa MakiopeHa.

3agaua 13. UccnenoBath Ha CXOAUMOCTD Pl ZZL

n=1
Pemenne. TTocTosHHbIA OOIIME MHOXHTEND WICHOB PSAa BHIHOCHM 32

3HAK CYMMBI; T. €.
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1 &1

2
3°,on

1 . ”
Kax u3BecTHo, paA > — — rapMOHM4ECKHH, T. e. pacxopsuwmiics. Crenosa-

n=1

TEIILHO, UCCIIELYEMBII PAJ] TAKXKE PACXOMAIIHHCS.

3apaua 14. WccnemoBarh Ha CXOAMMOCTE C MOMOIBIO Npu3HaKa Jleio-

HUIa 3HAKOYEPEAYIOLIHICS PAn Z( 1) 3
n=1 +

Pemenne. beps nmocnenosaTensHo n=12,3,..., 3aNALIEM XaHHBIH pAl B

Buzie OECKOHEYHON CYyMMBI:

5 10 15 20 25

47121928

OO61wmii 4neH AaHHOTO pAda Mo abCOMHTHON BeNMHYUHE CTPEMUTCA K HYNIO TIpH
n—>,T.e.

Sn 5

{’_,’Z} 243 {.I_Zln+3/n -

Unens! psaa yOBIBaloT 1o abCOMOTHON BENHYHHE, T. €.

5_10 15 20 25

= —=>
4 7 12 19 28
CnepopatensHo, o npusHaky JlefiOHMIA CXOXMMOCTH 3HAKOYepeAYIOUIHXCS

PAOOB 3TOT psAd CXOOUTCS.

a
3agaua 15. Haiiti paguyc CXOOUMOCTH CTENEHHOTO psaza z—"n-x” H HC-
n=1

CIIEI0BATh CXOJMMOCTh Ha KOHIIAX HHTEPBaja CXOXHMOCTH.
Pemenne. Jlng HaxoxaeHUs oOJacTH CXOAUMOCTH psAAa NPUMEHHM OpH-
3Hak Jlanambepa:

(n+1)x"“2" n+l

2n+1nxn

Mlzm

n—w

=lim

n—w

lim|™

n—w©

1

JaHHBIA pAf cXomuTcs abCOMIOTHO MPH TEX 3HAYSHHWAX X, KOTOpBIE YIOBJIE-

Il
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TBOPSIIOT HEPABEHCTBY
1
—2-|x|<1 wm |x<2, wm -2<x<2.
HccrnemyeM cXoaMMOCTh psiia Ha KOHIIAX TIOJTy4eHHOrO HHTEpBAIA.

o0
Ilpu x =—2 psan npuHUMaeT BUA D (—1)"n.

n=1
JlauHplit pan ABIAETCS 3HAKOUEPEAYIOIMMCS; abCoNOTHAas BEIMYMHA €To 00-
IIEero 4WieHa CTPEeMUTCS K 6ECKOHEYHOCTH IpH 1 —> 0. CiieZ0BaTENbHO, 1O MPH-

3HaKy JleiiOHmIIa CXOOUMOCTH 3HAKOUCPCOAYOIUXCA PAJOB, 3TOT pAd pacxoJnuT-

cA. 3Ha‘lHT, x=-2 He TIPHHAMJICXKUT obiactu CXOOMMOCTH UCCIIEOAYEMOTO psiia.

Ipu x =2 psing npUHUMAET B i n-

n=1
I[aHHBIﬁ pAn ABIACTCH PacXOAAIUMC, IOCKOJIBKY AJI1 HETO HE BBINIOJIHACTCA
HCOGXOIII/IMHﬁ TIPU3HAK CXOOAUMOCTH 3HAKOIIOJIOKHUTECIIBHBIX PAAOB, T. €.

limn=o.
n-—o0

Takum 06pazoM, —2 < x <2 — 061acTh CXOJUMOCTH JAHHOTO PAAA.

1
3agaua 16. BolumcouTs onpeieNeHHbli UHTerpan Icos Jxdx ¢ TouHo-
Q

creio o 0,001 myrem pasnoxeHms OABIHTEIpadbHONW (GYHKUHM B DA H
MOWIEHHOTO MHTETPHPOBAHMS 3TOTO PAAA.

Pemenne. [IpencraBuM MOABHTErPATLHYIO GYHKUHIO B BHIE CTETICHHOTO

pana. 3aMeHuB X B PasIOKEHUA (l)yHI(LIHPI COS XB psAn MaKnopeHa Ha \/; , IMCEM

2 4 6
cos\/;=1—(\/;) +(J;) —(J;) +...
2/ 41 6/

HIIH

2 3

cos\/;=1—i+x——x—+...
2/ 4 6!
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Torna

208
Icosfdx I(l——- + L

2 4 6

1 1 1
=1-—+
4 72 2880

TlomydeHHbI# 3HaKOYEPEAYIOUMACA pAN YHOBIETBOPSET YCIOBUAM TEOPEMBI

Jleitbunua. Tak Kak 4eTBEPTHIH €ro wieH MO abCOMIOTHON BENMYMHE MEHBILE

0,001, To aaa obecnieucHus 3aJaHHOH TOYHOCTH HOCTATOYHO B3AThH MEPBBIE TPU

yneHa. Toraa

1
jcos«/;dle—l+-1—z0,764.
K 4 T2

3amaua 17. Haliti Tpu niepBbIX, OTIMYHBIX OT HyJI WIEHA PA3IOKEHHUS B

v ’
CTemeHHOW pAX pemeHus AdddepeHUManbHOrO ypaBHenus Y = X+ Y7,

YIOBJIETBOPSIOMET0 HadambHOMy yeiaosuio y(0) = 1.

Pemenue. Pemenue ypaBHeHns OyneM HCKaTh B BHIE piaa MakiopeHa .

y(x) = y(0) + T

Y

y"(0O) 2
2! 3!

LY s,

YV =(x+ y)|eo =0+1=1,

y=1

Haiigem ' u ¥' u OCUMTACM HX mpu x=0, y(0)=1,y'(0)=1.

Tomyaum
Y=1+2yy', Y(O)=2; y"=2y"+2(y)*, y"(0)=6.
3anumeM psx:
2 3
x 2x 6x
y=1+Z+ + =1+x+ x> +x°,
1! 2! 3!

3TO M €CTh PEUICHUEC YPDABHCHHA.
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Teopus BeposiTHOCTei#
Inemenmeur kombunamopuxu. Anzeépa co6simuii

Cymmoti A + B nByx coOsiTiii A 1 B Ha3piBaloT colbITHe, cocrosmiee B
TOM, YTO TPOM30NUIO0 XOTA Obl ofHO M3 coOsiTHi A u B. Cymmoti neckonvxux
cobvimuti, COOTBETCTBEHHO, HA3RIBAETCA COOBITHE, 3aKIIIOYAIONIEECS B TOM, YTO
TIPOM30LLIO XOTS OBl OHO U3 ITUX COOLITHI.

IIpoussedenuem AB coOuITHii A u B Ha3kIBaeTCA COOBITHE, COCTOAIICE B
TOM, 4TO TIPOHM3OLLIO U cOOBITHE A, U COObITHE B. AHAIOrHYHO npoussedeHuem
HeckoabKux cobbimuti Ha3eIBAeTCs COOBITHE, 3aKIIIOYAOUIeecs B
H3OILTA BCE 3TH COOBITHS.

Pasnocmoio A\B c06§1Tni«'1 A ¥ B Ha3piBaeTcd COOLITHE, COCTOSINEE B TOM,
4TO A MpOU30LLIO0, a B — HeT.

CobriTust A M B Ha3pIBaroTCA cogMecmHbimMu, €CIIH OHH MOTYT IIPOU30MTH
06a B pe3yibTaTe OAHOTO OMBITA. B MpOTHBHOM Cilydae COOBITHSA Ha3bIBAIOTCS
HeCcoBMeCmHbLMU.

Iepecmanosku — 370 KOMOMHAIIAY, COCTABJICHHBIE U3 BCEX 1 DIIEMEHTOB
IJaHHOTO MHO)KECTBA M OTIMYAIOMIHECS TOJBLKO MOPSIKOM HMX PaCIOJIOKEHHS.
Yucno Bcex BO3MOXKHBIX MEPECTAHOBOK P, = n!

Pazmeryenus — koMOMHALIMH W3 M IMEMEHTOB MHOMKECTBA, COMEPIKAIIETO

1 pa3sInyHBIX 3JICMCHTOB, OTJIUYAIOLIUECS nubo cocTaBoM 3JIEMEHTOB, 1100 ux

o n!
nopsaaxKoM. Hucno BceX BO3MOMKHBIX pa3sMEIIeHUH A = prmpnrt
n-m)!

Couemanus — KOMOMHALIAK U3 M IEMEHTOB MHOXECTBA, COACPKALICTO 1

PA3IUYHBIX JJIEMEHTOB, OTIIMIAOHIHECS TOJIBKO COCTABOM 3JIEMEHTOB. Yucio

.o n!
BCEX BO3MOXHBIX COUCTAHUHU C;" =—
ml(n—m)!
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Onpedenenue eeposmuocmu. Yco6Hasn 6epoAmMHOCb.
Dopmyna nonnoi eéepoamuocmu. Popmyna baitieca

Bepoamuocmuio cobbitns A HasbIBaeTCs OTHOLICHHE YHCIa HCXOIOB

omnbITa, OJIArONPUATHBIX TOMY COOBITHIO, K YHCTY BO3MOXHbIX HCXOIOB:
m
P(A)y=—.
n
Cmamucmuueckoii 6eposmHocmbio COOBITHS CYHTAIOT €r0 OTHOCHUTEIb-
m
HYIO 9aCTOTY W(A) = —: OTHONICHHE YHCIIa OIBITOB, B KOTOPBIX HaOJIONaIOCh
n

cobnITHE A, X 06IeMy KOIHYECTBY IPOBEIEHHBIX HCITRITAHHE.
Teopema caooicenus. BeposrHocts P (4 + B) cymmsl cobbituii A U B pasHa
P(A+B)=P(A)+ P(B)-P(AB).
CyMMa BEpOSTHOCTEH IIPOTHBOMOIOKHBIX COOBITHI paBHa 1:

Teopema ymuooicenusn. BepoaTHOCTH NIPOU3BENCHUA ABYX COOBITHH paBHa
NPOU3BEACHUIO BEPOATHOCTH OJHOIO M3 HUX HA YCIOBHYIO BEPOATHOCTD APYro-
TO IIPH YCJIOBHH, YTO HEePBOE COOBITHE IIPOH30LLIO:

P (AB)=P(A) - P(B/A).
dopMyITa MOTHOM BEPOATHOCTH:
P(A)= i:P(H,,)P(A | H).
®opmyina baiteca:

p(H | )= PHIPALH)

XH:P(Hi YP(A|H,)

i=1

Cxema Bbepuynnu. @opmyna Ilyaccona

PaceMOTPHM CEPHIO H3 #t HCIIBITAHUIA, B KAKAOM H3 KOTOPBIX coObITHE A

TIOABIIACTCA C OJHOM U TOH XKe BEPOATHOCTBIO p, IIPUYEM PE3YyIbTaT KAaXAOTO
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HCIIBITAaHUs HE 3aBHCUT OT Pe3y/bTaToB ocTanbHbIX. [logo6Has mocTaHoBKa 3a-
Jlauu Ha3blBaeTCA cxemou bepHynnu.

Fm)=Clp"q"™.
[MTpudnuxennas popmyna Ilyaccona, ecnu npy 60abIIOM YKMCiIe HCTIBITAHUI Be-
POSITHOCTH MOSIBICHHS A B OJHOM OIBITE Mané, a NpoU3BEIEHHE np = A coxpa-
HsET IIOCTOSIHHOE 3HAYCHHUE UL Pa3sHBIX CEPUH ONBITOB. JuckpemHusie u Henpe-

PblEHblE czzyqaﬁubze BE/IUYUNHDL, UX YUCSI08blE XAPAKMEPUCMUKU.

Cryuaiinoul 8eauyyroli Ha3bIBAIOT BEIMYAHY, KOTOpas B Pe3yJIbTaTe OMbI-
Ta PUHUMAET Pa3IU9HbIE 3HAYCHNS, 3apaHce HEU3BECTHEIE.

Luckpemnasa cnyvaiiHas BeJIMHWHA MPHHHUMACT OTMAENbHBEIE H30JIMPOBAaH-
Hble 3HAYEHWS C ONpPENENECHHHIMH BEPOATHOCTSAMU. 3aKOHOM pacripefeneHus
Cly4aifHO# BEJIMYWHBI Ha3bIBAlOT COOTBETCTBHE MEXTY BO3MOKHBIMH 3HAYCHH-
SIMH M UX BEPOSATHOCTSAMH. J[Be cnydaiiHble BEIHYMHBI HAa3bIBAIOTCSA HE3IABHCH-
_ MBIMH, €CJIFf 3aKOH paclpefeficHHA ONHOH W3 HHX HE 3aBHCHT OT TOTO, KaKHe
BO3MOXHbIE 3HAUEHUA MPHHANA JpyTas cClydaiHas BETHYUHA. 3axon pacupene-
JEHUA OUCKpemHoU CIydalHON BENHYHMHBI MOXHO NPEACTABUTH B BHAC pAla
pacrpeieNeH s, MHOTOYTOIBHUKA PactpeieeHus X QYHKIMH paclpeIeIeHu.

Psan pacupenenenus:

X Xp{ X2 | X3 |v.. | Xy

Pipi|p2|p3|...|Dn

MHOFOYI"OJ'IBHHK PacIpE€acICHU — 3TO JIOMaHasl, BepIIMHAMH KOTOpOf:I SBIAIOT-

¢4 TOYKH C KOOpAWHaTaMu (X;; p;):
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I
f ! i
! ! )
i A —_ i
Txg % X Xp1 X Xj

Yucnosbimu xapakmepucmukamy Ha3bIBAIOT TApaMeTpsl, OTpaxaroIiue
Haubounee CylIeCTBEHHBIE YEPTHI 3aKOHA PACIPEENCHUS Cly4aiiHOM BENMYHHBI.
Mamemamuveckum  odicudanuem JUCKPETHOM cnyqap“moﬁ BEJIMYHHEI
Ha3bIBACTCS CyMMa MPOU3BECHNI BO3MOXKHBIX 3HAYEHHH CITyJaifHON BETHYHHbBI

M MX BEPOSTHOCTCH:
n
M(X) = Z XiDi.
i=

CaolicTBa MAaTEMATHYECKOTO OXXHIAHNS HE3aBUCHMBIX CTYyYalHbIX BEJIMUHH!

1. M (C) = C (C-nocroannas).

2. M@@X)=C-MX).

3. ME-V)=MX)MY).

4, MAEY=MX)tEMY).

Moooii nuckperHOW cnyyalHON BeJIWYMHLI Ha3bIBAETCH €€ HAWBEPOAT-
HeWulee 3Ha4YCHNUE.

Hucnepcueti clyqaitHON BEMIMHEI HA3BIBAIOT MATEMATHIECKOE OXKUIAHHE
KBAJpaTa OTKIOHEHHS CNyJaliHOH BETHYHHBI OT €€ MATEMATHYECKOTO OXHIAHUA:
DX)=MX~-M(X)>2
JlhcnepcHio MoXHO BRIYHCIHTS 110 GopMye D (X) = M (X2) ~ (M (X))?.

CBOMCTBa IUCHIEPCHU:
1. D()=0.
2. D(Xx)=C*-DX).
3. DX+Y)=DX)+D ().
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4. DX-Y)=DX)+D ().

Cpeonee xeadpamuueckoe omxaonenue — 310 0 (X) = /D (X). Dror na-
paMeTp MMeeT PasMepHOCTb CIIy4aiiHON BEIWYMHBI U MOXET OBITH HArjsAgHO
NPEACTABNCHO rpadMYECKH.

CryyailiHass BeNWYWHA HAa3BIBAETCA HENpPEpPbIGHON, €CIIM MHOXKECTBO €€
BO3MOXKHBIX 3Ha4€HHH LIENMKOM 3aIlONHAET HEKOTOphIM KOHEYHBIH Wi Oecko-
HEYHBIN IPOMEKYTOK.

Dyuryueil pacnpedenenus F (x) crydaiinoil BenuynHbl X Ha3bIBaeTCH Be-
POSATHOCTD TOTO, UTO CIy4aliHas BEJIMUMHA IPUMET 3HAYEHHE, MCHBIIIEE X:

Fxy=pX<x).
Ceoiicmea pynxyuu pacnpedenenun
DO<Fx) <1,
2) F (x) — HeyOsbIBaromiast pyHkuus, To ectb F (x;) > F (x;) put x; > xy;

3) lim F(x)=0, lim F(x)=1;

X—y—00
4Yp(a<X<b)=F(b)-F(a).
@yuknus f (x), Ha3pIBaEMasi WIOMHOCMbIO pacnpedeneHys HeTPepEIBHOM
CITy4aifHOi BEMUYMHEL, ONpeaenseTcs no hopmyie:

. fW=F®.

Csoiicmea gynxyuu niomnocmu pacnpeoeienus

1) f(x) > 0, Tak kak QYHKIUA paclipec/eHUs IBIseTCS HeyORIBatommeit;

x b +00
D) F(x)= [f@dr; 3) pla<X <b)= [f(Dd1; ) [f(dx=1

- -

5) Iim f(x)=0, Tak kak F (x)—const npu x—oo,
x—rtoo
Mamemamuueckoe oxcudanue HENPEPLIBHOH CITy4alHON BENNYHHBI
M(X)= [xf (x)dx.

Hucnepcus HenpepbIBHOM CiTydaiiHOM BETUYMHBI
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D(X)= ]oxzf(x)dx—Mz(X).

3anau4a 18. Ky6, Bce rpaHs KOTOporo okpaiessl, pacmwie Ha 1000 xy-
OUKOB OZHMHAKOBOTO pasMmepa. HaiiTh BEPOATHOCTH TOTrO, YTO HayjAady H3BIeE-
YeHHBIH KyOHK HMeeT TPU OKpallleHHKIE TPaHu.

Peurense. [lyctb cobbiTHE A —~ Hayaa4dy H3BICYCHHBIA KyOHK UMEET TPH
OKpallleHHBIE TpaHH. UHcIio HCXo0B, 61aronpHATCTBYIOUMX COOBITHIO A paBHO
8, a YHCIIO BCeX paBHOBO3MOXHBIX HCx0710B pasHO 1000. CnenoBatensHo,

P(A)=—3_-0,008.
1000

3apaua 19. B Gonpauny nocrynawnt 50 % GoNbHBIX ¢ 3a0oieBaHHEM A,
30 % c 3aboneBanneM B u 20 % c 3a6onesannem C. BeposATHOCTD [1OJHOTO BBI-
3noposnerus pasHol 0,7; 0,8; 0,9. Haiitd BepOoATHOCTH TOTO, 4TO MALHEHT
BBIITHACAH H3 OOJIBHULBI 310POBBIM.

Pemenne. CobpiTe A — MalMeHT BBIDHCAH W3 60JIBHHIIH 3JJ0POBBIM.
MoxHO clienaTs IpeaoNOKeHHA:
cobGbrtie H, — BeinucanHstii 6onen 3a6onesanuem A, P(H, )=05;

cobutue H, — Boinucannstii Gonen 3aGonesannem B, P(H, )=03;
cobbitne H; — Beimucanuslii Gonen 3adonesanuem C, P(H, )=02.

BepositHOCTh COOBITHS A HalizieM 110 opMyJIe TIOTHOH BEPOSTHOCTH:
P(A) = P(H\)F, (A)+ P(H,)P, (A)+ P(H,)P, (A)=

=0,5-0,7+0,3-0,8+0,2-0,9=0,77.
3apaua 20. BexoxecTs ceMsAH HEKOTOpOro pacteHus cocraBiuser 80 %.

Haiiti BeposTHOCTE TOTO, uTO U3 360 ceMsH B30ITyT He MeHee 280 u He Oonee 300.
Pemenne. McnonpzyeM uaTerpanbHyro gopmyny Jlamnaca

Pk SkSkz)ch[k2‘”Pj_q)[kl—np)_

Jnpq Jnpq
ITo ycnosuio 3apaun n =360, p=08, g=1-p=02, k, =280, k, =300.
Tlo npuBeneHHON HopMye HMeeM
P,,(280 < k <300) = 9(1,58)— &{-105)=
=0,44295 +0,34850 = 0,79145. '

3anaya 21. 3amaH 3aK0H pacpeIeICHUs UCKPSTHON CITyJalHOH BeTHYHHEL X

X {15 |11 {13 |12

p102/05]02]0,1

(B mepBO# cTpoke yKa3aHBI BOZMOXKHbIE 3HAYEHHS BEJIMYMHBI X, BO BTOPOH CTpO-

K€ JTaHBI BEPOSTHOCTH P 3THX 3HaueHui). Halitu: 1) MaremaTHdeckoe oxuaHHe

M (X); 2) mucnepento D (X); 3) cpeanee kBapaTHueckoe OTKIOHEHHE O .
Pemenue. 1) M(X)=15-02+11-05+13-0,2+12-0,1=12,3;
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9 DX)=M(X)H-M(X)=15"-0,2+11>-05+13%-0,2+
12%.0,1-123* =153,7-12,3* =2,41;

3) o=/D(X) =155.
3agaua 22. Cnyuvaiinas BeruyumHa X 3aaHa WHTErPATbHOM (yHKIMeEH
pacripefieneHus
0 npu x<0,
e
F(x)= vy npu 0<x<2,

1 nmpu x>2

Haitti: 1) muddbepennuansuyio GpyHKumIo pacnpenenexus f (x);

2) maremaruaueckoe oxuganne M (X);

3) macnepcuto D (X);

4) P(05<x<1), P(x<15).

Pemenne. 1. iudpdepenunansuoi Gyuxuueit pacnpenenenus f (x) Hempe-
PHIBHOH Ciy4aifHOM Benmu4uHBl X Ha3BIBAETCS HPOM3BOAHAS OT MHTErpaibHOM
¢yukuun pacupenenenus F (x), T. e. f(x)= F' (x).

Hckomas nuddepenumnansras GyHKINS HMEeT CIEXYIONMH BUA:

0 mpu x<0,x>2,
flx)=1x
. — npu 0<x<2
2
2. MareMaTH4ecKoe OXHIAHHE HENpephIBHOM Cly4aiiHON BenHuuHBl X
BEIYUCIIHM 110 GopMyiie

1

2 2 3|t
M(X)=jx£dx=ljx2dx=£— ==,
o 2 27 6|, 6
3. JlucnepcHio HENPEPHIBHON ciydaifHoi BenMyuMHB X BBIYHUCIHM MO

dopmyie

2
12x 1 3 1
(X ) Oj(x <3 20(x 3 2
4 2 2
L 2 oxy L 2,1, 60
2 4 6 360 2 3 18 36
1 1 3
4. P(0S<x<1)=F(1)~F(05)=~-—=—,
(05<x<1)=F(1)=F(05)=7——-=1

P(x<15)=F(15)=05625.
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KoHTpoabHBIE BONPOCHI H 3alaHHS

1.  Yto Takoe noHsTHe AUt pepeHIHATEHOTO YPABHEHHUS EPBOIO IO-
psaaka, obuiee pemenue TuddepeHIHANBHOTO YpaBHEHHUS IIEPBOTO NOPsAKa, 3a-
naga Komm g gudbepeHnraabHOro ypaBHeHHA HEPBOTo nopaaka’?

2. Kakue ectp nu¢pdepenunaasHbie ypaBHEHHS INEPBOro IMopaaka ¢
Ppa3JensoMMHCS IEPEMEHHBIMH ?

3.  Kaxkwue ects ogHOpoAHEIE A DepeHIHATbHbIE YPABHCHHS IEPBOTO
mopsaaka?

4. Kakue ects JmHeitHbie mmddepeHINaNbHbIE YPaBHEHHS NEPBOTo
mopsigka?

5. 3amummTe ypaBHeHHe BepHYIUIH U ero pelensHe.

6.  Hasoeute muddepeHunansHele ypaBHEHUs 2-Io MOpsAAKa, HOIMYC-
Kaolye NOHWKEHHE IIOPaKa.

7.  HasoBure muHelinsie opHopoAHble qudipepeHIMaTbHbBIE YPABHEHU
U CBOWCTBA MX PEHICHUH.
8.  Vkaxure IWHEHHYI0 HE3aBHCHMOCTh (YHKIWMH, oOIpenenurensb

BpoHckoro, ycinoBue JIMHEHHOH HE3aBHCHMOCTH DEIICHHH JIHHEHHOIO OAHO-
poxHoro auddepeHIHaTbHOrO ypaBHEHH.

9.  H3noxure TeopeMy O CTPYKTYpe oOLIero perieHus JUHEHHOTO 0.1~
HOPOJHOTO IuddepeHIHaIbHOr0 YpaBHEHHS.

10. 3Bamummre THMHEHHBIE OOHOPOTHBIE MubQepeHIHaNbHEE ypaBHE-
HUSA C TIOCTOSHHBIMH K03 (PHIHEHTaMH, XapaKTepPHCTHIECKOE YpPaBHEHUE.

11. [Haiite onpenenende GpyHIaMEHTANIbHOH CHCTEMBI PEILICHUH B 3aBU-
CHMOCTH OT THIIa KOPHEH XapaKTepUCTHUECKOTO YPaBHEHHS.

12. Onummrte METOR BapHALHU IPOH3BOJBHbIX TOCTOAHHBIX.

13. OxapakTepusyiTe NHHEHHBIE HEOAHOPOIHBbIE AUGdepeHIHaNbHbIE
YpaBHEHHS C MOCTOSHHBIMH KodduimeHTamMH cO CHeHHalNBHON MpaBoi Ha-
CTBIO, METOJI TOA60Pa YaCTHOTO PEILCHHS.

14. VYxkaxure cHCTeMbl JHHEHHBIX AU depeHIIMaNbHBIX YpaBHEHUH C
MOCTOSHHBIMH K03 (dHIIHeHTaMy, METOIB! HX PEIEHHUH.

15. [aiite onpenenaeHne ABOHHOTO UHTErpala, €[0 CBOMCTB H METOJIOB
BBIYHCIICHHS.

16. Oxapakrtepusyiire JBOHHOW MHTErpan B MOJAPHOH CHCTEME KOOD-
IuHaT, Slkobuan npeoOGpa3oBaHus.

17. Jlalire ompepelcHHe KpHBOJIMHEHHOro HMHTerpaja l-ro popa,
CBOMCTB M METO/IOB BHIYMCICHH KPHBOJIMHEHHOTO HHTErpana 1-ro poxa.

18. Jlaiite ompenmencHHe KpHBOJIMHEHHOTo HMHTerpaja 2-ro poja,
CBOMCTB M METOJIBI BEIYHCIICHHA.

19. BeBenure popmyny I'puHa, He3aBHCHMOCTh KPHBOJIMHEHHOTO MH-
Terpaia 2-ro poJa OT IIyTH HHTETPHPOBAHHUA.

20. J[laiiTe ompeneneHHe YUCIOBOTO Psijid, YaCTUYHON CyMMEI psijia.
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21. [aiire omnpeAeleHHE CXOMMINETOCd 4HUCIOBOro psaga. Kpurepwuii
Komm.

22. Oxapakrepu3syiiTe HeOOXODHUMBIH NPH3HAK CXOIUMOCTH psAia, rap-
MOHHYECKHH psA.

23.  Yro Ha3bIBaeTCs IPH3HAKOM CPaBHEHHS, NpEAEIbHON hopMoil npu-
3HaKa CpaBHEHMA?

24. [laiite onpenenenne npu3Haka Jlanambepa, paquKkanbHOTO MPU3HA-
ka Koum, narerpamsaoro npusHaka Kommu.

25. Y70 Taxoe MOHATHUE 3HAKOIIEPEMEHHDBIX U 3HAKOYEPELYIOMIUXCS PI0B?

26. . Bsiemure Teopemy JleliOHMIA, aGCOMOTHYIO H YCJIOBHYIO CXOJH-
MOCTB 3HaKOYePEIyIOIHXCS PAIOB.

27. Ouuiupte CTENCHHOM PAA, YKaXuTe 00NacTh CXOAUMOCTH CTENCH-
HOTO psia, OOBICHUTE MPAaBHIIO HAXOXKIEHHS PaJ{Hyca CXOAUMOCTH.

28. PasmoxwuTte dneMeHTapHbIe GDYHKIMH B CTEIEHHOH PSL.

29, Caenaitre npuOIIDKEHHOE BEIYHCICHHE OMPE/IEIEHHBIX HHTETPATIOB
C MIOMOMIBIO CTETIEHHBIX PAIOB.

30. Pemnte auddepeHnmantHble ypaBHEHHS ¢ HOMOIIBIO CTElEH-
HBIX PAZIOB.

31. BriBegure Gopmynsl koaddunuentos psga Pypee.

32. Jlaiite xapakTepuCTHKy psna Dypre s YeTHHIX M HEUETHBIX
byHKumi.

33. JaiiTe KIMaccCH4eCKOE ONPeENCHUE BEPOSTHOCTH.

34. OxapakTepH3yiiTe YCIOBHbIC BEPOSTHOCTH, 3aBHCHMBIE ¥ HE3aBH-
CHMBIE COOBITH.

35. 3anumuTe OpOM3BENCHHE U CyMMY COOBITHH, TEOPEMBI YMHOKCHUA H
CIIOXEHHUA.

36. BrieauTe $hopMyIbI MOTHOH BepOATHOCTH M baiieca.

37. Uro Ha3BIBacTCs HE3aBHCHMBIMH HOBTOPHBIMH MCHBITaHUAME? BhI-
BeuTe Gopmyity bepHyIin U HanBepOATHEHIIEE YHUCIIO MOABACHHS COOBITHSL,

- 38, JHaiite onpesesicHHe NOKIbHOH M HHTETpaibHOH TeopeMms! Myas-
pa-Jlamiaca, seiBeute hopmyny Ilyaccona.

39. Yro HasbIBaeTCsa cnydaitHoi BenuumHo#i? OxapakTepusyiTe OJHO-
MEpHbIEe JTUCKPETHBIE CIydaiHble BEIHMYHHBI, Ha30BHTe (QYHKIHNIO pacipejene-
HUSI OHOMEPHO# CITyJaliHOH BEJTMYHHEI M OITULINTE €€ CBOHCTBA.

40. Jlaiite XapaKTEPHUCTHKY OJHOMEPHBIM HENPEPHIBHBIM CIyUaifHBIM
BEJINYHHAM, TUIOTHOCTH PaclpezieNeH s,

41. Yro Takoe MaTeMaTHYECKOE OXKHJAHHE CITyJaiHOMN BEIMYHHEL, MO-
I3, MEJIMaHa, KBAHTHIb TIOPSIKa p, aCHMMETPH4, SKcrecc?

42, Jlaifte ompeneneHHe XUCIEPCHU CIy4aiHOH BEIWYHHBI, MOMCHTOB
ClTy4aiiHOH BENMYHHBI.

43. Onuimmre paBHOMEPHOE U IOKAa3aTelIbHOE PaCIpee/ieHHs], HX YHC-
JIOBBIE XapaKTEPHCTHKH.

44. OnummMTe HOPMAIBLHOE pacHpefeieHHe, YHCIIOBHIE XapaKTePHCTH-
KH HOPM&JIBHOTO PaclpeNeleHHs, IPaBIIO TPEX CHIM.
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