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BBEOEHWE

3HaHUS TOCTUTAIOTCS HE OBICTPBIM OeToM,
a MEIJICHHOW X0qb00H.
Tomac babunemon Maxkoneti (1800-1859 2z.)

Y4eOHoe MOCOOME CONEPKUT TPAAWIIMOHHBIC Pa3JeNbl MaTEeMAaTUYECKOH JIOTHUKH:
TCOPHUIO MHOKCECTB, IPONO3UITHOHAIBHYIO JIOTUKY U JIOTUKY NPCAUKATOB, a4 TAKKC BBCAC-
HHEC B aKCUOMATUYCCKUEC (bOpMaJ'IBHBIe CHUCTEMBI, OCHOBHBIC q)OpMaJ'II/ISaHI/II/I AJIrOpuTMOB
1 BBIYUCIIMMOCTU U BBCIACHHUC B KJ'IaCCI/I(bI/IKaHI/II/I AJITOPUTMOB M 3a7a4 11O CIIOKHOCTH.

[IpenMeT MaTeMaTH4ECKOM JIOTUKU U TEOPUHU AJITOPUTMOB HAPSAY CO CHEMaIbHBIMU
3HAHUSIMU OINMCHIBAET B3aUMOCBSI3M MEXy HAyYHBIM MOAXOAOM B MO3HAHUU peasbHO-
ro Mupa, JIOrukod u Maremarukoi. ConepikaHue MaTeMaTU4eCKOM JIOTMKHU MOCIEAHUX
100 ner BkItOYaeT B ceOs HE TOJBKO TPATUIMOHHYIO JIOTHYECKYIO0 M MaTeMaTHYECKYIO
npo0IeMaTruKy, HO HEKOTOpPbIE BOMPOCH! (PHIOCO(MUH, CUXOJIOTUH M HUCKYCCTBEHHOTO
uHTe/ekTa. O Takux BOIpPOCax rOBOPUTCA B IVIaBaX O MHUCCHM MaTeMaTHYECKOH JIOTH-
KU, UCTOPHUHU JIOTUKU ¥ MaTeMaTUYEeCKUX JI0Ka3aTesIbcTBaX. Marepual 3TUX I71aB T0JKEH
BO30YIUTh MHTEPEC y CTYIACHTOB C CaMbIM Pa3JIMYHBIM YPOBHEM MOATOTOBKH. UTeHue
JIOTIOJTHUTENBHOM JIMTEpaTyphbl (KJIacCHYeCKOW M COBPEMEHHOH, Y4eOHOH M Hay4dHOM),
yKa3aHHOW B OMOMMOrpauuecKkux CChbUIKAX MOCIE KaX/10# IIaBbl, MOJIE3HO MBITINBOMY
CTYZICHTY.

Jlji KOHTpOJIS MOHUMAaHUs M3YYEHHOTO MarepHalia IMpejjaraeTcsi OTBETUTh Ha BO-
MPOCHI MOCIE KaXKI0M TIaBBI.

Cornawuenus, NMPUHATbIE B KHUTE

Jlnst ynyduieHus: BOCHPHUATUSA Marepuala B JaHHOM KHUIE HCIOJIB3YIOTCS IUKTO-
IpaMMBI U CIEIMATIbHOE BbIIEIEHUE BaXKHOW MH(OpMAIIHH.




6 BeeneHwue

OrTa NMUKTOTpaMMa O3Ha4YaeT BHHUMaHHWE. 3]1eCh BBIJCIICHA BaXKHAs WH-
dopmanusi, TpeOyromiasi akiieHTa Ha Heil. ABTOp 3/7€Ch MOXET IOjie-
JUTHCSI C YUTATEIEM OIBITOM, YTOOBI MOMOYb H30€XKaTb HEKOTOPBIX
OIIINOOK.

OTa nuKTOrpaMma o3HadaeT npumep. B qanHoM Giioke aBTOp MOXKET MPUBECTH MPaK-
TUYECKHUI pUMep AJIs MOSICHEHUS U pa30opa OCHOBHBIX MOMEHTOB, OTPa)KEHHBIX B TEO-
PETHUYECKOM MarepHale.

OTa NUKTOrpaMMa O3HAa4aeT BBIBOABI. 37€Ch aBTOP MOABOAMT UTOTH, 00001IaeT U3-
JIOKEHHBIN MaTepuan WiId IPOBOAUT aHAIIU3.




[NnaBa 1

MNCCUA MATEMATUYECKOW NOMNKK

...JT0 HempocTo. MBI BCTaeM B TpU Haca yTpa, a JIOKHMCS
B OJIMHHAIIaTh. MHOTO 3aHMMaeMcsl MeIuTaInei, paboTaeM B ca-
Iy, 371€Ch €CTh CBOM TPYAHOCTH, a BaM K TOMY ke OyJeT HEJerKo
13-3a HETIPUBBIYHON 00CcTaHOBKH. Bee OyneT 4yXum: s3bIK, TO, KaK
MBI CHIIUM, €1a. BBl He Mony4nTe HUKAKOH BBITOABI M3 TOTO, Ye-
My 37iecb HayauTech. Ho 9TO He cTpaliHo: BBl HAYYHTECh YEMY-TO
HOBOMY JUIs ce0s, a 9TO HUKOT/Ja HE IOMeEIIaeT.

AHasunem éan de Bamepune. I[lycmoe 3epxano

Maremarnueckasi JIOTMKa BO3HHUKJIA, KOTZA B JIOTMYECKUX HCCIECAOBAHUAX CTaIU
MIPUMEHSTh MaTEMaTUYECKUE METO/BL. [103TOMY I71aBa HAUMHAETCS C ONPEACIICHUS Hay-
KU JIOTHKHU.

Crnenyrommii maparpad mocsiieH mareMatuke. J[Jis 4ero Hy»KHO W3ydaTh Marema-
TuKy? Yewm 3aHumarorcsa maremaruku? Kakas mpakruueckas 1osib3a OT MaTeMaTHKU?

Jlornueckue n MareMaTHYECKUE PacCyKJIEHHUS HEPEIKO COMPOBOXKAAIOTCS OIINOKa-
Mu. B TpeTpreM maparpade onmmchIBarOTCS KIaCCHUYECKUE COPU3MBI U MapaIOKCHI.

['maBa 3aBepiraeTcs onpeneieHuEM MaTeEMaTUYECKON JOTUKU. PacckasbiBaercs o ee
[ENX U 33/1a49ax, 00 OTHOUICHUH K PEATbHOMY MHPY.

1.1 Jlornka

Urto Takoe maremarudeckas joruka? [Ipexae ueM BBISCHUTH 3TO, HEOOXOAMMO OTBE-
TUTh Ha BOIIPOC — YTO €CTh JoTuKa? [lepeuncinM HeCKOIbKO pa3IMYHbIX ONPEIEICHUN,

CEPhE3HBIX U HE OYCHb.

Jcon Jlokk (John Locke; 1632-1704 rr., anmmiickuii ¢punocod): «/locuxa ecms
AHAMOMUSL MBIUUTEHUSD .

/rcon Cmrwapm Munns (John Stuart Mill; 1806-1873 rr., anrnuiickuii ¢punocod):
«/lo2uxa ne moowcoecmeenna 3HanuI0, Xoms 001IACMb ee u cosnaoaem ¢ 0O1acmvio 3Ha-
Hus. Jloeuka ecmov obwuil yenumens u cyovs ecex wacmuvlx ucciedosanuil. Ona He
3a0aemcs yenvlo Haxooums OYe8UOHOCHb, OHA MOJIbKO Onpedesien, HAl0eHd 04euo-
Hocmb unu Hem. Jlocuxa He Habmodaem, He uzobpemaen, He OMKpPbIBAEm — OHA CYOUn.
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<...> Hmak, noeuka ecmov HayKa 06 OMNpasieHUsIX pasymd, CAYHCAujux Oisl OYeHKU
04eBUOHOCU, OHA eCMb YUeHUe KAK O CAMOM npoyecce nepexooa Om u3eecmuvlx Uc-
MUH K Heu38eCmHubIM, MAaK U O 8cex Opyeux YMCMEEHHbIX OelCcmeusx, NOCKOIbKY OHU
nOMO2A0m 3MOMY NPOYECCY.

JIvtouc Kapponn (Lewis Carroll, nHacrosimiee umst Charles Lutwidge Dodgson; 1832—
1898 rT., aHMIMICKUI THCaTeNlb, MaTeMaTuK, JIOTUK, Guiocod): «Tparana: «Eciu vl
9mo 6vI10 Mmax, amo Ovl ewe HU4e2o, a eciu Ovl HUYe20, OHO Obl Mak u ObLIO, HO MAK
Kax amo He mak, maxk oHo u He smak! Taxosa noeuka gewyeti!.

N3 kauru «Anuca B 3azepkanbey, neperoq H. JlemypoBoii.

/Drceiime Tépoep (James Thurber; 1894-1961 rr., amepukaHCKUl XyIOKHHK Tra3eT-
HBIX CATUPUYECKUX KOMHUKCOB, NMUCATENb U IOMOPHCT): «If you can touch the clocks and
never start them, then you can start the clocks and never touch them'. Thats logic,
as I know and use it» [2].

Amobpo3 bupc (Ambrose Bierce; 1842-1913 rr., amepuKkaHCKuil mucaresb, )KypHa-
JIUCT, aBTOP FOMOPUCTUYECKHUX U «CTPAITHBIX» pacckas3oB) [3]: «/locuxa (cyw.). Hckyc-
CMBO PAMbIULIAMb U U31A2AMb MbICIU 8 HEYKOCHUMETIbHOM COOMBEMCMBUU C JIH0OCKO
02PAHUYEHHOCIbIO U HECNOCOOHOCMbIO K NOHUManuio. OCHO8A 102UKU — CUTLIO2U3M, CO-
cmosiuutl u3 60ILWOU U MeHbUel NOCLLIOK U 8bl8oda. Hanpumep:

Boabmas nocwlnka: [[lecmvoecsam nodell cnocobnvl coenams OnpedenenHyio pa-
bomy 6 wecmvoecsam paz dvicmpee, wem 0OUH YElOBEK.

Menbmasi nocblLIKa: QOuH ueo8ex Modcem 8bIKOnams Amy noo cmoiab 3a 60 cexyHo.

BuiBon: [llecmvoecsam niodeil mocym 8vikonamo Amy noo cmoib 3a 1 cekynoy.

Omo modcHo Ha36amb apudmMemuyecKumM CUIIOSUIMOM, 20€ I02UKA COeOUHEeHA C Mda-
MeMamuKou, Ymo oaem Ham OBOUHYI0 Y8EPEHHOCMb 8 NPABUILHOCU GblBOOAY.

bepmpan Paccen (Bertrand Russell; 1872-1970 rr., 6putanckuii ¢punocod, obiie-
CTBEHHBIN NeATelnb U MareMaruk) [4]: «/locuxa. /lesmenvhocms modcem obecneuums
MONBLKO OOHY NOJ0BUHY MYOPOCMU; Opy2ds NOI0GUHA 3AGUCUM OM 8OCHPUHUMAIOUell
be3oeamenvHocmu. B Koneunom cueme, cnop mexcoy memu, KMo OCHO8bl8Aem NO2UK)
Ha «ucmumey, U memu, Kmo OCHO8bl8Aem ee HA «UCCLeO008aAHULY, NPOUCXOOUM U3 pas-
JIUYUA 8 YEHHOCMSAX U HA ONpeoeleHHOM dmane Cmano8umcs 6ecCMulCIeHHbIM.

B noeuke 6yoem nycmoti mpamotu pemenu paccmampueams 6b1800bl OMHOCUMENb-
HO YACMHBIX CyYaes; Mbl umeem 0elo 6ce20d C COBEPUIEHHO 00WuUMU U YuUcmo ¢op-
MATLHBIMU UMNIUKAYUAMUY, OCMABIAA OJisl OpPYy2UX HAYK UCCe008aHue mo2o, 8 KAKUX
CYUASAX NPEONONLOHCEHUS NOOMBEPHCOAIOMCS, A 8 KAKUX Hem.

Xoms mul 6onvute He ModceM 0080ILCMBOBAMbCS ONpedesleHUeM T0SUYECKUX BbICKA-
3bI6AHULL KAK GLIMEKAIOWUX U3 3AKOHA NPOMUBOPEYUs], Mbl MONCEM U OONIHCHbL BCE HCe
NPUHAMb, YMO OHU 00OpPA3YIOM KIACC 8bICKA3bIBAHUL, NOIHOCMbIO OMIUYHBIL OM MeX,
K 3HAHUIO KOMOPbLIX Mbl NPUXOOUM dMAUpuyecku. Bce onu obnadarom ceoticmeom, Ko-
mopoe <...> Mbl 002080PUIUCH HA3LIBAMb «masmonozueiy. Imo, 8 Couemanuu ¢ mem
Gaxmom, umo onu mMo2ym Oblmb BbIPANHCEHbL UCKTIOUUMENLHO 8 MEPMUHAX NePeMEeHHbIX
U J102U4ecKux KOHCmaum (20e no2uyeckas KOHCMAaHma — 3mo mo, Ymo ocmaemcs no-
CMOAHHLIM 8 BbICKA3BIBAHUU, 0adHCe K020d 8ce e20 COCMABNAIouUue USMEHAIOmMcs), 0acm
onpeodenenue 102UKU UIU YUCTOU MAMeMAMUKU.

"Eciu BB MOKETE TPOraTh Yachl M HUKOI/IA HE 3aBECTH UX, TO BBl MOXKETE 3aBECTH Yachl, HX HE TPOTas
(nepeBon moit — B. 3.).
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Heneiisooa H. H. (HeneiiBona Hukonaii HukxomaeBuu; pom. 1949 1., coBerckuit
U POCCHIMCKMI MaTeMaTHK, y4€HbI B 00JacTH TeopeThdeckol MH(pOpMaTuku M mare-
MaTU4eCcKor JOTuKM) [5]: «/locuxka — nayka, usyuarowas ¢ opmanvHol mouKu 3peHus
NOHAMUSL, MEMOObl UX OnpedeneHus U npeooPaz08aHus, CyICOeHUs 0 HUX U CIpPYKmypol
00KaA3aMenbHbIX PACCYHCOCHULD.

BrickasaHHbIe ONpeneIeHUs JA0T MPEABAPUTEIbHYIO KapTUHY JIOTUKU. B nanpHen-
1IeM Mbl OOCTOSITENBHO U 00Jiee TOYHO TTO3HAKOMHUMCS C JIOTUKOM, UCIIONIB3yeMOM B Ma-
TEMaTHKE.

B otnmume oT pemecia M HCKyccTBa HayKa HEBO3MOXKHA 0€3 JI0Ka3aTelbCTB U JIO-
ruKH. BobHO TOBOPSI, TOKa3aTenbCcTBA — 3TO KHPIHYH, U3 KOTOPBIX CTPOSTCS HAYYHBIC
TEOPHH; JIOTHKA — IIEMEHT, CKPETUISIONINN ATH KUPIHYU. XopoIasi ujaesi HIYero He CTo-
UT, €CIIH €€ HEBO3MOXHO JI0Ka3aTh, —OHa JOJDKHA OBITh pallMOHAJIBHO O00OCHOBAaHA,
a 3TOro He T0OUThCS O€3 MPOYHOTO M HAJEKHOTO JIOTHYECKOTO (yHIaMEHTAa.

okazamenscmeo — 5mo payuoraibHulil 102U4ecKull nepexoo om npu-
HAMOU MOYKU 3peHusi (RPeOnOCHIIKU) K momy pybeoicy, eoe ee Heobxo-
oumMo 0b60cHo6amsv Ui noomeepoums (8v1600). Ilpeonocwviiku — amo
HeKomopble OCHOBHblEe NONONCEeHUs, NpuHamovle (xoms Obl 6pemeH-
HO), 0151 MO20 YMOObL MOJHCHO OBLIO OCYUeCmEUms 00KA3AMenbCmaeo.
IIpeonocuvliku moeym 6vimv YCMAHOBIEHbL PA3TUYHBIMU CNOCOOAMU:
JIO2UYECKU, IMNUPUYECKU (HA OCHO8e HAOMOOeHUUl U ONblma) Uil Mo-
2ym Ovimb creocmeuem yice OOKA3AHHBIX nonoxcenui. [lepexoo om
NPeonoCuLIOK K 8b18600AM OCYWECMEIAEMCS ¢ NOMOUWBIO PACCYHCOEHUU.
Haoescnocms doxazamenscmea 6 yenom onpeoensiencss moyHOCmbio
NPeonocwyLIOK.

Jozcuka — nayka o6 ananuze 00Kazamenbcme, apeymeHmos u YyCmaHog-
JIeHUU NPUHYUNOS, HA OCHOBAHUU KOMOPLIX MO2YM Oblmb COeNaHbl Ha-
OedicHble paccytHcoeHusl.

Jloruky uHTepecyeT Juib (GopMa HAIIMX MBICIEH, HO HE UX cojep:kaHue. PasHo-
o0pa3ue cofep)kKaHus YKIJIAJbIBA€TCs B CPaBHUTENBHO Heboubinoe uncio ¢popm. [pydo
TOBOPS, JIOTUKY MHTEPECYIOT COCYAbl — OyTBUIKH, BeApa, OOYKU, —a HE TO, YTO B HUX
HAJIUTO.

B 3TOM OTHOIIEHNN JIOTHKA CXOAHA C TPAMMATHKOM, KOTOPYIO MbI M3y4YaJlHd B ILKOJIE.
['paMMaTHKa TOXe HCCIENYET U OMHUCHIBAET (JOPMBI S3BIKOBBIX BBIPAKEHHM, OTBICKAsCh
OT UX conepxkanus. M3BecTHoe cTuxoTBOpeHue «bapmanior» U3 «AJHCH B 3a3epKalIbe»
JIpronca Kopposuia HaYMHAETCA CO CIEAYIOLUIUX CTPOK:

Bapkanoce. Xnuekue wopvku
Ivipsinucey no Hase.

U xprokomanu 3enioxu,

Kax miomzuxu 6 moee. . .

3HaHne TpaMMaTHUKU IMO3BOJIACT HaM O6H3py>I(I/ITB, YTO B OTUX CTPOUYKaxX ABJIACTCA
MnoaJiC)Kaluum, CKa3yEMbIM U T. 1. Mg MokeM TOBOPUTH O POAC, YUCIIC, MAACIKE HAIIUX
CYHICCTBUTCIIbHBIX, HC MUMCA HU Majeiiiero npeacTaBjiCHUsd O TOM, 4YTO 0003HAYAIOT
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COOTBETCTBYIOLIME ciI0Ba. bojnee Toro, kak roBopuT Anuca 00 3TUX CTPOKax: OHU «Ha-
BOJISIT Ha BCSKUE MBICIIH, XOTh M HESICHO — Ha Kakuey. AHaJOTMYHOE 3HaHUE O opmax
MBICJIM JTaeT HaM JIOTHKA.

[Tpy n3yueHHH JTOTMKU MBI BBOIUM pasiHuHbe (hopMallbHBIE S3BIKH. J[eno B ToM,
4yTO (hopMasbHBIE SI3BIKH BCEra MpOIlle, YeM CTPYKTypa €CTeCTBEHHBIX A3bIKOB. MHOTIA
€CTECTBEHHBIH S3bIK MOXKET OBITh OYEHb CIIOKEH.

Bot kak, Hanmpumep, Mapk Teen OOBITpBIBACT OCOOEHHOCTH CIOBOOOPa30BaHUs
B HEMEIIKOM sI3bIKE [0, C. 59]: «B 00HoU HemeyKoll 2azeme, — y8epsien OH, — 5 CAM YUMAl
Maxyo 8ecoMa 3aHAMHYI0 UCTOPUIO:

Tommenmomsi (no-nemeyxku. XommeHmMomen), Kax U38eCMHO, 106AM 8 NYCMbIHAX
KeH2ypy (no-nHemeyku: Oeiimenspame — cymuamasn kpvica). OHu 00bIYHO cadxcarom ux
8 KIemKu (KOMmm3Ip), CHAOICEHHbIEe peuemyamviMy KpbluKamu (lammenzummep) Ojisi
3awumsl Om Heno2oovl (eemmep).

bnacooaps 3ameuamenvhulm npaguiam Hemeykol epammamuku ece d9mo emecme —
KeH2ypy U KJIemKu — Noay4aiom 00801bHO YOOOHOe Ha36anue JammeHzummepeemmep-
Komm3pobeiimenspamme.

Oonasicovt 8 mex mecmax, 6 eopooe lllpammepmpommane, Ovln cxeaueHn He200si,
YouswUll 20MmeHmMomKYy, Mams 08OUX Oemell.

Taxas orcenwyuna no-nemeyxku OONNCHA OblMb HA36AHA XOMHIEHMOMEHMymmep,
a ee youuya ceuyac xce NOIYUUL 8 YCMAX 2PANCOAH UM WIPAMMEPMPOMMIIbXON-
MeHMOmMeHMymmIpammInmImap, ubo youiiya — no-Hemeyxu ammIHmImap.

IIpecmynnuka novumanu u 3a HeumeHuem Opy2ux noMeuwjeHuli nocaounu 8 0OHy u3
K11emok 0Jisl KeHeYpY, 0 KOMopwIxX gvluie 6b110 ckazano. On bedcal, HoO CHO8A ObLL U308~
nen. Cuacmauswlil ceoetl yoauell, He2p-0XOMHUK ObICMpo ABUNCA K CIapuiute nieMeHuU.

— A nouman smoeo. .. betimenopamme? Keneypy? — 6 8oineHuu 6cKpuyai oH.

— Keneypy? Kaxozo? — cepoumo cnpocunl nompesodiceHHblil Ha4aibHUK.

— Kaxk kaxoeo? Omoeo camoeo! Jlammeneummepsemmepkommapoetimenvpamme.

— Hcnee! Taxux y nac muoeo. .. Henonamuo, uemy mol max paoyeuibcs?

— Ax mvl, Hecuacmove Kakoe! — 803MYMUICs He2p, NOJIOANCUTL HA 3eMII0 JIYK U CIperbl,
Habpan 6 2pyob 6030YXa U BbINAIUIL:

— A nouman wpammepmpommanbXommeHmomeHMYmmapammaHmImIpIammeH-
eummepgemmepkommapoetmenspamme! Bom kozo!

Tym HauanbHUK NOOCKOYUNL, MOYHO NOOOPOULEHHBII NPYHCUHOLL:

— Tax umo s#ce mol MHe Cpasy He CKA3al 3020 MAaK KOPOMKO U ACHO, KaK ceudac?!.

[Tpumepamu 10Ka3aTeNbHBIX PACCYKICHHH SBISIOTCS MPUBEACHHBIC BBIIIEC LIUTATHI
u3 npousseneHuii AmMOposa bupca u [xeiimca TépGepa. DT jxe UTATHI €CTh IpUMe-
pbl 0edykyuu. ITpu nenyKTUBHOM JJ0Ka3aTeIbCTBE 3aKIFOUEHHE BBIBOAUTCS U3 MPEIIO-
CBUJIKH, M JIOKa3aTeJIbCTBO CUMTAETCS «000CHOBaHHBIMY». «HanexHoe» 10ka3aTenbeTBo,
IPOBOJUMOE IO JIOTUYECKUM 3aKOHAM, FapaHTUPYET BEPHBINA BBIBOA, €CIHM MPEANOCHLI-
KU BepHbI. Ho Jlorndecku 3aKkoHBI IEHCTBYIOT U B ClIy4yae, KOT/a MPeaNOChUTKN JIOXKHBI.
Crnenyroniee paccyk/I€HUE SBISETCS JOTMUYECKH KOPPEKTHBIM, HECMOTPS Ha JIO)KHOCTh
IPEIOCHUIOK.

Bce Mapcuane UMeErOT JepeBsIHHbIE HOTH.
I'epakn — mapcuaHuH.

CnenoBarenbHo, y I'epakia — nepeBsHHbIE HOTH.
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BBIBOJT IEIyKTHBHOTO JTOKA3aTeILCTBA CKPBIT B €r0 MPEANOChUIKAaX; WHBIMHU CIIOBa-
MU, BBIBOJI «HE BBIXOJUT 3a TMPEAETbD» MPEANOChUIKH U HE J00aBIseT K HEH HHUYETO
HOBOTO. HeBO3MOkHO, TakuM 00pa3oM, MPUHSATH MPEANOCHUIKH U OTBEPraTh BBIBOJ, HE
BCTYIIasi BO BHYTPCHHEE TPOTHBOPCUHE.

Jpyroii 0OCHOBHOI METOJ| 10Ka3aTeIbCTBA — UHOYKYUA. B TUIIMYHOM WHIYKTUBHOM
paccyXJIeHUM OCHOBHOW 3aKOH WJIM MPHUHIIMI CIEIyeT U3 OMpPECICHHBIX HAOTIONEeHUI
3a BHEIIHUM MHpOM. Hampumep, MHOXKECTBO HaOIIOJCHUN MOKA3bIBACT, YTO MIICKOIIH-
TaIOIUe POXKAIOT JIETEHBINICH, M WHAYKTUBHO MOXKHO 3aKIIOUUTh, YTO TaK Pa3MHOXKa-
10Tcs Bce mutekonuTaronue. [logo0Hoe qoKa3aTenbcTBO HE MOXKET OBITH CTPOTO 000C-
HOBAHHBIM (B OTJIMYHE OT JIEAYKTUBHOIO), €TO 3aKJIIOUEHUE HE 0053aTeNbHO CIEAYeT U3
NpeanochUIKU. Tak, CyIIeCTBOBaHUE SUIEKIAMYIINX MIICKOIUTAIONUX — €XUIHBI U YT-
KOHOCA — OTIPOBEPraeT Ka3aBIlleecs TaKUM IPAaBIMBLIM 3aKioueHue. HIYKTUBHOE J10-
Ka3aTeNbCTBO BCETNa BBIXOAMT 332 PAMKH TMPEANOCHUIKHA, KOTOpas HE BJIEYeT 3a coboit
00s13aTebHYI0 HCTHHHOCTD 3aKJIIOUSHHS, HO TPEAIOaraoT ero BO3MOXHOCTh. MHITyK-
TUBHBIE JIOKa3aTEeIbCTBA — 3TO 0OOOIICHNS U BCEBO3MOXKHBIC DKCTPAIOJISAIIUN OT YacT-
HOTO K 001IeMy; OT HaOII0IaeMOT0 K HeHaOII0IaeMOMY; OT TPOIUIOTO U HACTOSIIETO —
K Oymymiemy.

OmmOKH TIpH WHAYKTHBHOM JIOKA3aTeJIbCTBE MOTYT HMPHBOIUTH K CEPHhE3HBIM ITO-
cnencteusiM. [ TTomoB! cumTaeTt, YT0 MHIYKTHBHOE JOKA3aTEILCTBO O KJIACCOBOM pac-
KoJie KpecThsiH B Poccuu, npogenannoe B. U. JlenunbiM B kHure «Pa3Butue xKanuraimns-
Ma B Poccum» Ha 6a3ze CTaTHCTHMYECKHX OTYETOB M OOCIEIOBAHUM, SBISETCS OIIMOOY-
HbIM? [7].

B denoBeueckux OTHONIICHUSX JIOTHKA HE SIBISIETCS 00s3aTebHOM, HO 4acTo NpH-
HOCHUT T0Jb3y. Ho M amorudHblie paccyXIeHHs HHOT/IAa TOKE OKa3bIBAIOTCS MOJIC3HBIMH.
IIpuBenem nBe IIYTKH.

Jlposocex u mamemamuk. «/[posocex npuuiesl K MAmemMamuxy u NPOCUm ) He2o
pyone e3atimel. Ilpu smom on obewjaem uepes mecsay eepuyms 08a pyois, a 8 3an02
ocmasensem ceotl monop. Mamemamux oaem 0posocexy pyonv, a koeda mom cooupaem-
csl YX00Umo, 2080puUm:

— Ilocmotl, a xoe-umo npuoyman. Tebe 6edv 6yoem mpyoHO 6038pawyamsv uepes
Mecsy cpasy 08a pyons. Tak modxcem, mul Tyyule epHellb NOLOBUHY 0012a ceuyac?

Tlocne doneux pazoymuii Oposocek coznauiaemcs, omoaem pyoib MamemMamuxy u uoem
0oMOll.

— Cmpanno! — dymaem on no oopoze. — Jlenez y MeHsi NO-Npe’CHeMY Hem, Monopa
modice, 0a ewe 00uH pyoas 51 ocmaincs ooaxcen. M umo camoe 2nagnoe, 6cé npaguibHo!».

Hpnanoey u nueo. «Vpnanoey 3axooum 6 OyOIuUHCKull dap u 3axaszvléaem mpu
nunmul «l unneccay. Ilonyuus 3axas, on deraem 210MOK CHAYANA U3 NEPBOU KPYICKU,
HOMOM U3 6MOPOU, 3amem U3 mpemvel, — u NPoooa’cAen NUMb mem dHce MAHEePOM,
noka kpyxcku ve nycmeiom. Ilocie smo2o on nosmopsiem ceotl 3aKas.

— Moowcem, nyuwe 3axazvieams no oonou? Tocoa nena me ycneem ocechmv, — npe-
OynpeoumenbHo 3amevaem OapmeH.

lraBpI/II/IJ'I XaputoHoBrud [101OB — COBETCKUI 3KOHOMHUCT U POCCHUCKHUN TOMUTHK. OIUH U3 BUIHBIX
muzaepoB aemokpatuueckoro nuxeHus B CCCP u Poccun B xonne 1980-x — nauane 1990-x ronos.

2T TTonoB coobmaer o XapakTepHoii aetany mnuHocty B. V. JleHHHA: OH OTIMYHO BIIAJEN AeAyKIME,
HO OBLI CTa0BIM B MHIYKIWUHU — CIMHCTBEHHAS OLCHKA «XOPOIIO» B THMHAa3MYECKOM arrectare JIeHmHa
ObLITa KaK pa3 1o JIOTHKE.
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— A 3uaio, — omsvieaemcs nocemumens. — Ho, suoume nu, 6 uem 0eno: y mens ecmo
06a bpama, ooun u3z Hux ceudac 6 Aecmpanuu, a opyeou — e Amepuke. Koeoa mel pac-
CMABANUCH, MO NOKTAIUCHL Opye OpYeYy, 4mo 6yoeM Numsb UMEHHO MAaK — 8 NAMIMb 0 mex
OHAX, K020a Mbl 8blnusalu emecme. Tax yumo dse nunmol 1 bepy 015 Opamves, a mpe-
Mmoo — 071 ceosl.

— Kakasa npexpacnas mpaouyus! — eockauyaem pacmpo2annblii OapmeH.

Upnanoey cman 6 smom bape nocmosuHvlM nocemumenem, 8CAKUll pas oendas 00Ut
u mom odace 3axa3. OOHAKO KAK-MO pa3, 8 04epeoHOll C80U 8U3UM, OH 3AKA3A]l 8Ce20 06e
nuHmoel. Omo 3amemuau opyeue zascezoamau, u Hao dapom nosucia muwuna. Koeoa
upnaunoey noodowen K cmoltike 3a ciedyioujell nopyuet, 6apmer npousHec:

— Ilpumume mou coboneznosarnusi!

— He sonnyiimecs, 6ce 6 nopsoke! — omossancs upranoey. — [lpocmo s cman mop-
MOHOM, U MHE NPULULOCH OPOCUMb NUMDBY).

1.2 MaTtemaTuka

Maremaruk 3T0 cAenaeT aydlle. YHUBEPCaIbHbIA MPUHIUIIL.

I'veo Llmeiinzaysa'

MareMaTuk Tak e, KaK XyJOXXKHUK WJIHM TO3T, CO3MAaET Y30PhI.
W ecnu ero y3opsl 6onee yCTOWYUBEI, TO JIHUIIb IOTOMY, YTO OHU
COCTABIICHBI U3 UJEH. .. Y30pbl MaTeMaTUKa TaK ke, KaK y30pPbl
XyZIOXXHHKA WU 1103Ta, JOIDKHBI OBITh MPEKPACHBI; UACH TaK XKe,
KaK LBETa WU CJIOBA, JOJKHBI TADMOHUYECKH COOTBETCTBOBATH
apyr npyry. Kpacora ects nepBoe TpeboBaHUe: B MUpE HET Me-
CTa JUIsl HEKpacHUBOM MaTEeMaTHKHU.

Toogpu Xapou®

Bo3HUKHOBEHHE JIOTMKHA KaK HAyKH O JEAYKTHUBHBIX PACCYXKICHHUSX CBSI3aHO C UMeE-
Hem Apucrorenst (384-322 rr. 0 H.5.)3. Ho pa3sBuTHE JIOTHKH TTO-HACTOSIIEMY IMOILIO
aumb B XX Beke, Korna maremaruka, kak nucain H. H. HeneliBona, «nopociia 1o toro,
9TOOBI MPUMEHSATH CBOM METOMABI JJIsi aHallu3a CBOCH COOCTBEHHOH CTPYKTYpBI, U Ta-
KUM 00pa3oM, TIepBOi M3 HayK Mepelnia cO CTaJuu SKCTEHCHBHOTO POCTa Ha CTa/HIO
pedexcun»?.

[TosiBunace HOBasi HAayKa —MamemMamu4ecKkas J102uKa — YHACIECAOBaBIIAs 3aJa4u
(dbopManbHOM JIOTUKH, HO UCTIOB30BABINAs ISl UX PEIICHHUS] MaTeMaTHUECKHUI armapar.

PaccmoTpum Hayky MaremaTuky, ee OCOOCHHOCTH, €€ MPOOJIEeMbI, C TOYKU 3PEHUs
JIOTHKU ¥ YaCTUYHO TICUXOJIOTHH.

'Tyro quonucwuii Iteiturays (1887-1972 T.) — nosbckmii MaTemMaTnk. CMBICH €r0 TIPHHIINIA, KOHEY-
HO, HE B TOM, YTO MEIUKOB M IOPHCTOB HAJ0 BepOOBATh TOJBKO CPEIW MAaTEMAaTHUKOB, HO C Ha3WJaHUEM,
YTO NMPEACTABUTENb KAKION CHEINATbHOCTH, BIAJCIOMINI CTHIEM W METOJOM MBIIIJICHHUS, IOYEePITHY THIM
IPY TBOPYECKOM M3YyYEHHHM MaTeMaTHKH, OyZleT U B cBoel obnacTi paboTars Jydlie.

Tondpu Xapona Xapmu (18771947 IT.) — 3HAMEHHUTHII AHIIMHACKNH MAaTEMaTHK.

3CM. creyIonyio IaBy, MOCBSIIEHHYI0 HCTOPHH JTOTHKH.

“Pednexcus — camoaHam3, B HayKe — NPMMEHEHHE METOIOB JAHHOH HayKH K Hel caMoil.
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[TepBoe, 4TO MBI JOJKHBI BBIACHUTH — 3TO 3a4eM HM3ydaTh Maremartuky? Marema-
TUKY HM3YYalOT Ha MPOTSHKEHUHM BCEro MHOTOJIETHETO IIKOJIBHOTO oOpa3oBaHus. Kakas
uenb? Beap He cekper, YTO MHOTME MareMaTH4eCKUe IIKOJIbHbIE 3HAHWUS HHUKOIJA He
WCIIOJIB3YIOTCSI OOJIBIITUHCTBOM B3POCIIBIX.

Ha mam B3mis1 371€Ch HaJ0 MOJHOCTRIO COITIACUTRLCS ¢ MHeHHeM B. A. Yenenckoro!.
[TepeckaxeM u3BIEUCHHS U3 €0 padOTHI [8].

MareMaTrka COCTaBIsIeT HEOTHEMIIEMYIO YacTh YEJIOBEYECKON KYyJIBTYphl, HO 00pa-
30BaHUE COCTOUT HE TOJIBKO B PACHIMPEHHUM Kpyra 3HaHWW. B HeMeHblIel CTeneHu OHO
MPENIoiaraeT U paciupeHre HaBBIKOB MBITIUICHUS. [ J1aBHAs 11e1h 00y4YEeHHsI MaTeMaTh-
K€ — MICUXOJIOTHYECKasl.

OTa 11eNlb COCTOUT HE CTONBKO B COOOIIEHUH 3HAHUM U JJa)Ke HE B CTOJIBKO OOYYEeHUHU
METO[Ty, CKOJIBKO B pacuiupeHuu TICHXOJIOTHN 00yJaroIIerocs, B MPUBUTUU €My CTPOTOH
JTUCITUTUTMHBI MBIIIJICHUS (CJIOBO <«JIMUCHUIIIMHAY) 0003HA4YaeT 3/1eCh MPHUBEPKEHHOCTH
K TIOPSAZIKY U CIIOCOOHOCTH CJIEZIOBATh 3TOMY TOPSJIKY).

EcTh Tpu BaxHEWIIUX yMeHUs, BHIPAOOTKE KOTOPHIX TOJKHBI CIOCOOCTBOBATh Ma-
TeMaTH4eCcKue 3aHAThus. HazpiBaeM MX B MOpsIKE BO3pACTaHUS BaKHOCTH:

1) BO-mepBBIX, yMEHHE OTIIMYATh UCTUHHOE OT JIOKHOTO (MJIM I0Ka3aHHOE OT HEeI0-
Ka3aHHOTO);

2) BO-BTOPBIX, YMCHUC OTIINYATh UMCIOIICC CMBICII OT 6GCCMI:IC.HI/II_IBI;
3) B-TPEThUX, YMCHUC OTIINYATh MIOHATHOC OT HCIIOHATHOTIO.

Jlaxxe B HAyYHOH 1e4aTH BCTPEYaIOTCs OeccMbICTIeHHBIE TeKCThI. KolekTuB HayyHoO-
nomnyinsipHoi Taszetsl «Tpoumnkuii Bapuant» Bo maBe ¢ M. C.Ienbdannom (moxTopom
OHMOJIOrMYeCKUX HayK) MpPOBesl OOIIECTBEHHYIO aKIMI0. bplna HamucaHa cTarbs — nepe-
BOJI HA PYCCKHMM SI3bIK AHIVIOSA3BIYHOM CTAaThbU, CTEHEPUPOBAHHON KOMIIBIOTEPHOM IIPO-
rpaMMoil. Craths cofeprkaia npaBaonog00HO BBINISIALINI, HO c1abOCBA3aHHbIN U Oec-
cMbIciieHHbIH TekcT. 1o HazBanueM «Kopuesamens: Anzopumm munuunou yHugurayuu
mouex 0ocmyna u uzdblmoyHocmu» M OT UMEHH HECYIECTBYIOIIEro acnupanTa Muxa-
wia JXykoBa u3 HecymectBytomero Mucruryra unpopmanuonssix npodnem PAH sta
cTarbs OblIa OTIpaBlIeHa I MyOIUKalUK B >KypHal <« KypHan HayyHbIX MyOIuKanuit
acnupaHTOB M A0KTOpaHToB» (T. Kypck). JlaHHBIH >KypHan BXOAMI B CIIMCOK HAYYHBIX
xypHanoB BAK Muno6pnayku Poccun. [locne omnarel yeiayru myOnukanuu B pazmepe
4500 py6neii craThst ObLIa MPUHATA K M€YATH, TTOJYYUB MOJIOKUTEIBHBIN OT3bIB pelIeH-
3€HTa O TOM, YTO «CTaThs MPHUHATA C HEOOIBIIMMH 3aMedaHusIMmu» [9].

Uto6b! KBaTH(PUIMPOBATh BbICKa3bIBaHUE KaK JIOKHOE, OECCMBICIIEHHOE WU HETOo-
HATHOE, HAJ0 CJeNaTh HEKOTOPOE YCHUJIME — MHOTJAa 3TO TpeOyeT HHTEIICKTYaJlbHBIX
YCWJIMH, a MHOIZA Ballla TOYKA 3PEHUS NPOTHMBOPEUUT MHEHHIO aBTOPUTETHOIO JIMLA.
He Bce u He Bcerna roToBbl HA TAKOE YCUIIHE.

CriocoGHOCTh K TaKOMY YCHIIHIO, O KOTOPOM TOJIBKO YTO TOBOPHIIOCH, TPEHUPYETCS
(BO BCAKOM cilydae, JOJKHA TPEHUPOBAThCs) Ha YPOKax MaTeMaTHKU U MpU OOLICHUH
¢ MareMaTukamu. Jleno B TOM, 4TO MaTeMaThKa — HayKa 10 IPUPOJE CBOEH 1EMOKpATH-
qyecKas.

B HauanbHBIX MareMaTHYeCKUX 3HAHUSX HyXJaeTcs KaxIbli yenoBek. Ho mpakTu-
YyecKas M0JIb3a MaTeMaTHKU BECbMa HETPHUBHUAJIbHAS.

'Bnagumup Annpeesnu Venenckuit (pon. 1930 r., Mocksa) — poccHiicKuil MaTeMaTHK.
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Maremarrka o0siajaeT CBONCTBOM OINEpEXaTh HKCHEPUMEHTAIbHbIE 3HAHUS U T03-
BOJISIET HaM CHJIOW MBICIIM TPOHUKATh B T€ YroJKu BceneHHOH, Kyaa Mbl (U3MYECKU
IPOHUKHYTh HE MoXkeM. Kiaccuueckuil mpumep Takoro pojaa — 3TO0 3HAMEHUTOE OTKpbI-
tre HenTyHa Ha koHumke nepa. Bekope mocie oTkpbiTus Ypana B koHue XVIII Beka
B JIBIDKEHUM STOW TUIaHEThl CTAJM BBISIBIATHCS HEMOHSATHBIE aHOMAJIUU — OHA TO «OT-
CTaBajia» OT PacYETHOIO IMOJOXKEHUs, TO Olepexkana ero. beuio BeICKa3aHO MPEANoso-
KEHHE O TOM, YTO MMEIOIIMECS HapYIICHUS B TPACKTOPHUH YpaHa MOXHO OOBSCHHTH,
€CJIM TIPEAIOJIOKUTD, YTO €CTh €Ll OfHA IIaHETa, Jocee HeusBecTHas. 13 BuaumbIx
C MOMOUIBIO TENECKONA HAPYUIEHUN IBUKEHUN YpaHa, C IMOMOIIBIO CIOXKHBIX Marema-
TUYECKUX PACUYETOB JUIMHOM B HECKOJIBKO JIET YJAJI0Ch Y3HATh, IJi€ MOTJIO ObI JBUTAThHCS
HOBOE HebecHoe Teso. Brrurcnenus: Macchl 1 OpOUTHI HOBOH ITAHETHI MPOBOAMI (PpaH-
y3ckuid Maremaruk YpoOen JleBepbe. B 1846 romy acTpoHOMbI OOHApYXHIU HOBYIO
IUIaHeTy B yKa3aHHOi JleBepbe Touke HEOECHOI chepsl.

MaremaTrrka NOMOTaeT y3HaTh HEJOCTAIOIIME KyCKH PEaJbHOCTU. JTO SIPKO BbIpa-
3UJIOCh B MUCTOPUU C DJIEKTPUYECTBOM M PagUOCBs3bi0. K MOMEHTY OTKpBITHS HUKTO
HE 3HaJI cioBa «paauocBsa3b». K cepennne XIX Beka UMETUCh HEKOTOpbIE (pu3HuecKue
3aKOHBI, IT0OJIy4YEHHBIE SKCIIEPUMEHTAJIbHO. bblI MaTeMaTn4ecKky BbIpaKEHHBIN 3aKOH Ky-
JIOHA, KOTOPBI TOBOPHJI O TOM, KaK 3JIEKTPUUECKUE 3apsAbl IPUTATUBAIOTCS, ObLT 3aKOH
AMIiepa — 3aKOH O MarHUTHBIX U 3JIEKTPUUYECKUX MOJSAX — O TOM, KaKU€ MarHUTHBIE TIO-
7S CO3AAI0TCsl TOKaMH, MOTOM TosBHiCS 3akoH Dapazes. IT0 ObLIM MaTeMaTHYECKHE
YTBEPKACHUS, KOTOPbIE CYIIECTBOBAIM H30JIMPOBAHO U OoJiee WM MEHee caMu 1o cele.
Jxeiimc MakcBert' 3ajaicst HeNbl0 HalTH, HET JIM €WHOTO MaTeMaTHdeckoro hopma-
JU3Ma, B KOTOPOM BCE 3TH 3aKOHBI 3aITUCHIBAINCH ObI OHOTHITHO U B HEKOTOPOM CMBICTIE
PaBHOMEPHO.

MakcBenn cpopMyaupoBall CHUCTEMY ypaBHeHHH B auddepeHmaibHo (opme,
OIHCHIBAIOIINX 3JIEKTPOMArHUTHOE I0JIE U €TO CBA3b C ANEKTPUUECKUMHU 3apsiilaMu U TO-
KaMU B BaKyyMe U CIUIOUIHBIX CpeAax. DTH YPaBHEHHUS ChIIPAJIM KIKOUEBYIO POJIb B pas-
BUTHU NPEACTABICHUI TEOPETHUYECKON (PU3MKH U OKa3alu CHIbHOE, 3a4acTYIO pellaro-
11ee BIMSHUE HE TOJIBKO Ha BCe 00NacTH (U3MKU, HETIOCPEICTBEHHO CBSI3aHHbBIE C 3JICK-
TPOMarHeTU3MOM, HO U Ha MHOTHE BO3HMKILIKE BIIOCIEACTBUM (QyHIaMEHTaJIbHbIE TEO-
pUH, IPEIMET KOTOPHIX HE CBOAWICA K 3JIEKTPOMarHeTu3My (OAHUM U3 sipyaliiux mpu-
MEPOB 3/1€Ch MOXKET CIIy’KUTh CIIELUAJIbHASL TEOPHSI OTHOCUTEIBLHOCTH).

B coBpeMeHHOM B3MIsi1e HA BeeneHHY0 MOKHO BBIJIEIUTH J1Ba KIIFOUEBBIX MOMEHTA:

1) runore3a 06 0OBEKTHBHOM CYIIECTBOBAaHHMHM MHUpa BHE YEJIOBEKA MPEAIOJIaraer,
YTO MOJHOE ONHMCaHue (PU3NYECKOW PEaTbHOCTH HE 3aBHCUT OT CYOBEKTHBHOTO
MHEHUS YEJIOBEKA;

2) nr060# BapuaHT OObEKTUBHOIO OMHCAHUS PEalbHOCTH IMPENICTaBIsIeT cO00N He-
Kyl0 MareMaTu4yeckyto cTpykrypy. CoBpeMeHHas ¢pusndeckas KapThuHa MUpa sB-
JsieTcs 10 CYTH Jiea MaTeMaTHUYEeCKOl.

[IpuBeneHHbIe TPUMEPHI MOTYT CO3/aTh BIEYATICHHUE, YTO MaTeMaTHKa B OCHOBHOM
3aHMMAeTCs PELICHUEM 3ajjad, KOTOpble MMEIOT NPUKJIAIHOE 3HAYECHUE.

Ot1o He Tak. Cmanucnas Jlem* BecbMa 00pa3HO OIMKCHIBACT, Y€M 3aHMMACTCS MaTe-
matuk. IIpuBenem orpbiBok u3 ero kuuru «Cymma texHonorui» [10]: «/Jasaiime npeo-

! Ixeitme Knepk Maxkcemn (1831-1879 rr.) — GpuTaHCKHii (pU3HK U MaTeMaTHK.
2Cramucnas Jlem (1921-2006 TT.) — 0JIbCKHMI THCaTENh, GHIocod, haHTACT U ByTYpPOJIOT.
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cmasum cebe NOpmMHO20-be3ymya, KOMopbwlil ubem 8Ce803MONCHbLE 00excobl. OH HUYe2o
He 3Haem Hu O 105X, HU 0 nmuyax, Hu o pacmenusax. Eco ne unmepecyem mup, on ne
uzyuaem ez2o. On wvem ooexcovl. He 3naem, ons kozo. He dymaem o6 smom. Hexomo-
pole 00edxcobl umerom gopmy uwapa 6e3 8CAKux omeepcmuil, 8 opy2ue NOPMHOU BULUBAEN
mpy0bl, KOMopvle HA3bI8AEN «PYKABAMU» UNU «WMAaHUHAMWy. Hucno ux npouszeonsvHo.
Ooedxcobl cocmoam u3 pasHo2o KoIu4ecmea 4acmetl.

Ilopmmuoii 3a6omumcs uwb 06 00HOM: OH Xouem Obimb nociedosamenvhvim. Ode-
HCObL, KOMOPbLE OH Wbem, CUMMEMPUUHbL UTU ACUMMEMPUYHBI, OHU DONLULO2O UIU Ma-
J1020 pazmepa, oeghopmupyemvl Ui pas u nasceeoa guxcuposatnuvl. Koeoa nopmmnoii 6e-
pemcs 3a wumve HO8OU 00edcobl, OH NPUHUMAaem onpeoenennsvie npeonoculiku. Onu ne
6ce20a OOUHAKOBbL, HO OH NOCMYNnAaem MOYHO 8 COOMEEMCMEUU C NPUHAMbBIMU Npeo-
NOCHLIKAMU U Xouenm, ymoobbl U3 HUX He 803HUKANO0 npomusopeyue. Eciu on npuuibem
WMAHUNDBL, MO NOMOM YJC UX He ompe3dem, He paAcnapvlédaem mozo, Ymo yice CUUmo,
6e0b MO 00NAHCHBL ObIMb 8CE dHce KOCMIOMbI, d He KYUU CULUMbBIX BCTIeNnYI0 MPANOK.

Tomosyto 00edxcoy nopmuou omuocum Ha 02pommublil ckaao. Ecau 6vl mvl moenu ny-
oa seotimu, mo yo6eounucsb Ovl, YmMo 0OHU KOCMIOMbl HOOXOO0SIM OCbMUHOZY, Opyaue — Oe-
pesbim unu 6babouxkam, Hekomopule — at00sIM. Mol Hautiu 661 mam 00excovl OJisl KeHMAas-
pa u eOuHopoeza, a makaice 07 CO30AHUL, KOMOPbIX NOKA HUKmMo He npuoyman. Ospom-
HOe OONBULUHCINBO 00eHCO He HAULI0 Obl HUKAK020 npumeHenus. JIoboi npusnaem, umo

cuzughog mpyo smoeo nopmHo20 — yucmoe besymue.

Touno max owce, kax smom nopmuou, Oelicmgyem mamemamurka. OHa cozdaem
CMPYKMypul, HO Heussecmuo dvu. Mamemamux cmpoum mooenu, cogepuieHHvlie cami
no cebe (Mo ecmv cogepuileHHvie No c8oell MOYHOCMU), HO OH He 3Haem, modeiu YETO
oH coz0aem. Omo ez2o He unmepecyem. O Oenaem mo, umo Oenaem, maxk Kaxk ma-
Kasi 0esimelbHOCIb OKA3AandcCh 803MOJICHOU. Koneuno, mamemamux ynompebisem, oco-
OeHHO npu YCMAaHOBIeHUU NEPBOHAYUAILHBIX NONONCEHUL, CNI08d, KOMOpble HaAM U38eCH -
Hbl U3 00bI0enH020 A3bika. OH 2060pum, Hanpumep, 0 WAPAxX, Uil O NPAMbIX JUHUSIX,
unu o mouxkax. Ho noo smumu mepmunamu on ne noopasymesaem 3HaKOMbIX HAM NOHS-
muti. Obonouka e2o wapa e umeem moawuHvl, a Moyka — pasmepos. Illocmpoennoe um
NPOCMPAHCMBO He ABNAEMC HAUWUM NPOCMPAHCMBOM, MAK KAK OHO MOJCem umemb
NPOU3BOILHOE YUCLO USMEPEHUL. . ).

OnbIT pa3BUTUS MaTeMaTHKH yOEXKIaeT, 9TO camble, Ka3ajaoch Obl, OTOpPBAaHHBIE OT
MPAKTUKA €€ pa3lelibl paHO WM TO3AHO HAXOIAT BaKHbIE mMpuMeHeHus. [IpuBemem
HECKOJIBKO MPUMEPOB.

1. Teopus uucen, ogHa U3 JAPEBHEUIIMX B MAaTEMaTHKE, JOJITO€ BpeMs CUMTAJach

4eM-TO BpOJE€ «Hrphl B Oucep»'. Okazanoch, 4To 6€3 3TOH TEOPUH HEMBICIH-
Ma COBpEMEHHas KpunTorpadus, paBHO Kak M JPyTrHe Ba)KHBIE HAIIPABIICHUS,
00beIMHEHHbIE Ha3BaHUEM «3alUTa HHGOPMAIII.

2. CpnenuanucThl 1O TEOPETHUYECKOH (DU3MKE MHTEPECYIOTCS HOBEHIIMMH paspa-
0oTKamMH anreOpanvdecKor TEOMETPHH U JIaKe TaKOW aOCTpaKTHOM 00J1acTH, KaKk
TEOpHs KaTEropui.

3. Teopus kareropuii ucnonb3yercs B (PyHKIMOHAIBHOM IMPOrpPaMMHPOBAHUH —
a3k Haskell (peanuzanus monan) [12].

T Xapnau, I3BECTHBIM CBOMMH paboTaMu B TEOPUU YUCENT U MAaTeMaTHYECKOM aHaIM3e, mucai: «5 Hu-
KOI7Ia He JIeNall 4ero-HuoOy/ib «Ioje3Horo». Hu oHO Moe OTKpHITHE HE MPUHECIO WM MOIVIO OBl TIpHHE-
CTH, SIBHO WU HE SBHO, K JJOOPY WX K 311y, MaJleiIero n3MeHeHus B O1aroycTpoiictse mupa» [11].
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I'. llITeitHray3 mpeyioKmI CASAYIONYI0 OPUTHHAIBHYIO KIIaCCU(DHUKAITUI0 «MaTeMa-
tuk» [13, c¢. 49-50]. OnHoii U3 1eneil MaTeMaTUKK SIBJISIETCS OTKPBITHE U J0Ka3aTellb-
CTBO HOBBIX YTBEp)KJIECHUU. MareMaTuky, KOTopas 3aHUMAETCs UMEHHO 3THM, Ha30BEM
JIOTUYECKOM MaTeMaTUKON WM MaTeMaTHKoW «o». Maremaruky, KoTopas 3aHUMaeTcCs
pelieHneM 3a1a4 TUTIA IIKOJIBHBIX, 33/1a4 C SICHOW MOCTAHOBKOW W OYEBUIHO CYIIECTBY-
IONIMM peIIeHUEeM, Ha30BeM MaTeMatukoi «[3». Ha ocHoBe Toro (hakra, 4to yTBEpKIe-
HUSl YUCTOM MaTeMaTHUKH MOXHO MPUMEHSTh U K JIPYTMM HayKam, BO3HUKJIA MaTeMaTHKa
«Y», KOTOPYIO Ha3bIBalOT NpUKIagHON. [Ipyu 3TOM MBI JTOJKHBI HAyYUTHCS BBIMOJIHATH
psan BeruncieHuil. Kak mpoiie u Jiydilie oCyIecTBIsATh CTaHJAPTHBIE BHIUUCIUTEIbHbBIC
OTIepallUU — ITOMY YUHUT MPAKTUYECKass MaTeMaTHKa, KOTOPYIO MOKHO Ha3BaTh MareMa-
THKOH «O».

HenonHe1i, 0AHOCTOPOHHMI B3IVISA HA CYIIHOCTh MAaTEMATUKH 3aKJIFOUAETCS B TOM,
9YTO OTPOMHOE OOIBIIMHCTBO JIFOJICH HHUKOTAA HE MMEIOT Jiela C MaTeMaTUKOW, MHOM
Hexeln «O». BombIIMHCTBO 00pa30BaHHBIX JIIOACH HE BCTPEUAIOTCS C MaTeMaTHUKOM, OT-
JHYHOHR OT «P» 1 «O».

[TosToMy 3amaaum cebe BOMPOC: KaKOe 3HAYCHHE B J)KM3HU MMEET MaTeMaTHhKa «o
u «y»? OTBEeT Ha ATOT BOMPOC BHI Haiijere B maparpade 1.4.

MaremaTrka —3TO HE MPOCTO HayKa, a BAOOABOK CHUCTEMa TPAIUIIHiA, IIEHHOCTEH,
BOCTIPUSATHUS U JIaXK€ MUPOBO33PEHUS IEI0T0 HAYYHOTO COOOIIEeCTBa.

OcobenHoctu Hay4yHOU 3THKU Matemaruka onuckiBaeT H. H. Heneitgooa: «Mame-
MaAmuKy HenpuiudHoO 3aHUMAmMbCs mem, 4mo He O0ONnycKaem MOYHOU HOopMYIUPOBKU,
u camomy hopmynuposams YmeepiCOeHus, Komopwle Mo2ym Obimb NOHAMbL 0BOSIKO.

Emy Henpunuuno evidaéams npasoonododnoe ymeepoicoeHue 3a O00KA3aHHOe, OH
umeem npaso ymeepiHcoams aulb mo, 0Jis 4e2o OH umeem NnoiHoe 00KA3amenbCmeo.

Emy nenvss ymausamo omxpvimoe um 00Ka3amenbcmeo, OH 0053aH Npedocmasumas
€20 HA MAKCUMANbHO WUPOKoe 00CydcoeHue, 0l NPOBEPKU 8CeMU 3AUHMEPECOBAHHBIMU
AUYAMU.

Eciu xmo-mo nmawen owubky 6 doxazamenbcmee, MameMamux He umeem Npago
Hacmausamsv HA c8oem, a 0053aH nobia200apums 3a NHOMOwb U NYOIUYHO 00BAGUMD
0 ceoell ouubKe U nepecmompems 00KA3AMeENbCMEO UTU POPMYIUPOBKY MeOpPeMbl.

Ecnau kmo-mo nawen onpogepearowuti npumep 0jisi O0OKA3AHHO20 UM YMBEPHCOCHUS,
asmop 00KazameibCmea oadxce He umeem npasa mpebosamo, Ymoobl HAULIU euje OUO-
Ky U 8 e20 00Ka3ameibcmee; meKkcm, 00vs81eHHblll 00KA3AMeNbCMBOM, Yice HUK020 He
unmepecyem.

Omu docmamoyno mouHvle U cmpozue Kpumepuu NnoKazvlearom, novemy UMeHHO
8 Cpede MamemMamuKko8 yCmoudusell 6ce20 COXPaHAemcs NOHAmMuUe HAYYHOU SMUKU U Ye-
Ccmu y4eHo20%.

1.3 Codpmambl 1 napagokchbl

Hcropust TOTMKM M MaTeMaTWK{ II0JTHA HEOXKUAAHHBIX M MHTEPECHBIX CO(U3MOB
U TapazokcoB. M 3auacTyro MMEHHO WX Pa3pelIeHHE CIY)KUIO TOITYKOM K HOBBIM OT-
KPBITHSIM, U3 KOTOPBIX, B CBOIO OYepe/lb, BhIpAcTaid HOBBIE COMU3MBI U MAPaIOKCHI.
Heo6xonumo pa3nugars MexIy co0oil mapagokcsl U cOPHU3MBI.
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Ilapaodoxc — paccysicoenue b0 8bICKA3bIBGAHUE, 8 KOMOPOM NOIb3Y-
5Cb CPeOCmMBAMU, He BbIXOOAWUMU (MO BUOUMOCMU) 34 PAMKU JIO2UKU,
NPUX00AM K 3a6€00MO HeNnpuemIemMoMmy pe3yibmanmy, 00blYHO K NPomu-
sopeuu.

Cocpusm (om epeu. sophisma — ynosxa, 6b10yMKa, 20108010MKA) — MHU-
Moe 00Ka3amenbemeo, 8 KOmopom 000CHOBAHHOCHb 3AKIIOYEHUsl, Ka-
ACYWYAACS, NOPONCOACMCIL YUCMO CYObEKMUBHBIM GNeUamieHUeM, Gbl3-
BAHHBIM HEOOCMAMOYHOCIBIO JIOCUHECKO20 UIU CEMAHMUYECKO20 AHAU3A.

3aoaua om Bnonounku — npuMep JOTUYECKOM OIIMOKU B PACCYKICHHUSX.

Knaccuueckas O710HIMHKA U3 aHEKAOTOB — KpacuBasi, HO MHTEJUIEKTYaJIbHO 3JIEMEH-
TapHasl JeBYyIlIKa, MHTEpPECYIoLIascs MoAAepKaHHEeM CBOEH MPUBJIEKATEeIbHOCTH, MOKYTI-
KO HapsJ10B, JIIOOOBHUKAMH U IEHBIaMH, UCTOYHUKAMU KOTOPBIX SBISIOTCS OOrarsie, HO
HeTIpHUBIIEKaTeIbHbIe MYy 4UHbI. FOMopHucTHUeckuit 00pa3 OJIOHIWHKU MPUCYI] MHOTHM
€BPOIICICKUM KYJIbTypaM.

Yecnosue. 51 B3sna y npyra B nonr 100 py6reii, kKoTopble 6JaromnoiyyHo HoTepsiia.
Torna s mommia K moapyre W B3sua B jpoar eme 50 py6nei. Kymwia nBe moxonaaku
no 10 py6neit. OcraBmuecs 30 py6neit BepHyna apyry. Ocranace gommkHa 70 pyOueit
npyry u 50 pyonei noapyre, Bcero 120 pyouneii. [lnroc kymieHHbIe mokonaaku. Mtoro
140 pyGueid.

Bonpoc. Kyna nonesanuce 10 py6neit?

B otnuume ot mornueckoit ommOKH, BO3HUKAIOIICH HEMPOU3BOJIBHO U SIBIISIONICH-
Csl CJIEZICTBUEM HEBBICOKOW JIOTHUECKOH KyJIBTYpHI, COQU3M ABISETCA MpeTHAMEPEHHBIM
HapyLIeHUEM JIOTHYeCcKHX MmpaBui. OOBIYHO OH TIIATEIBHO MACKUPYETCs MOJI HCTUHHOE
CYXJICHUE.

Coducramu Ha3bpIBaJM TpyIIy JApeBHerpedeckux ¢unocodon IV-V Beka 1o H.3.,
JOCTUTIIMX OOJBIIOrO UCKYCCTBA B JIOTHKE. B mepuoj majneHus HpaBOB JpeBHErpede-
CKOro OO0IIecTBa MOSABISAIOTCSA TaK Ha3bIBAEMbIE YUHMTENS KPACHOPEUHs, KOTOPBIE LENbIO
CBOEH N1eATENbHOCTU CUMTAIM U Ha3bIBAIM MPUOOPETEHUE U PACIIPOCTPAHEHHE MYIPO-
CTH, BCJICJCTBHE YEro OHM WUMEHOBaIM ceOs codpuctamu. Mx 3amadeit oOBIYHO OBLIO
HAy4YUTh YOEIUTEIbHO 3AIIUTHUTH JIIOOYI0 TOUKY 3pEHMs, Kakas TOJIBKO MOIJIa TOHAJI0-
OUTHCS YUEHUKY, IIPH 3TOM BIIOJIHE JIOTYCKAJIUCh JIOTHYECKHE TIepeiep>KKU, IPUMEHEHHE
NPOTUBOPEUUBBIX HOPM, OBITOBABIIMX Y Pa3HBIX HApOJIOB, HEMPABOMEPHBIC MEPEXOJIbI
OT 00Illero MpaBujia K YaCTHOMY CIIy4ar0, KOTOPBIA 3TUM HPaBHUJIOM, IO CYLIECTBY, HE
MPEIyCMOTPEH.

CymiecTByeT MHOXKECTBO CO(PHU3MOB, CO3AHHBIX €Ille B APEBHOCTH M COXPAHUBIINX-
Csl 10 CETOAHAIIHEro JHA. 3aKirodyeHHe OONblIel 4acTh U3 HUX HOCHUT KYpPBE3HBIM Xa-
pakrep. Hanpumep, codpusm «Bop» BBIIIAIUT Tak: «Bop He xenaeT mpuoOpecTH HUUEro
JIYPHOTO; MpHUOOpETEHHE XOPOIIEro €CTh JEN0 XOpOIIee; CIIEA0BATeIbHO, BOP JKEJIaeT
xopourero». CTpaHHO 3BYy4YHT M CIEAyIOLIee yTBEpXkKACHUE: «JIekapcTBo, MpUHUMaeMoe
OOJIBHBIM, €CThb J0OPO; ueM OoJbllIe Aenarh J00pa, TeM JIydllle; 3HAUUT, JIEKapCTBO HYX-
HO NpUHUMAaTh B Oonblux A03ax». CyLIecTBYIOT U Apyrue U3BECTHbIE CO(U3MBI, Ha-
npumep: «Cuagiuil BCTan;, KTO BCTajl, TOT CTOHUT; CJIEAO0BATEeNbHO, CUISAIIMNA CTOUT»
win copusM «porareliiy: «To, yTO ThI HEe MOTEPsUI, Thl UMEELIb; Thl HE MOTEPSUT pora,
CJICZIOBATENIbHO, Tl UX UMEECIIb.
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Bbonee unrepecen codpusm «IBarn u [Ipotaropy.

OBarn Opan ypoku coductuku y coducra [Iporaropa mog tem ycimoBuem, uTo ro-
HOpap OH YIUIAaTUT TOJBKO B TOM Cllydae, €CJIM BBIMIPAET MEPBBIM mpoluecc. YUYEHHUK
nociie o0y4eHHs He B3sJ1 Ha ce0sl BeleHUs KakKoro-Jnbo mporecca M MOTOMY CUHTal
cebs BIpaBe He IUIATUTh TOHOpapa. YUUTeNlb IPO3UI MOJaTh kanoly B Cyad, TOBOPS eMy
cnenymomee: «Cyapu UM NPUCYIAT TeOs K yIlare roHOpapa Wik He npucyast. B o6o-
UX CIy4asiX Thl JOJDKEeH OyJellb yIUlaTuTh. B miepBoM ciydae B CUIly MIPUTOBOpa CYJIbH,
BO BTOPOM cCllydae B CHJIy Haulero jporosopa». Ha ato Oarn orBewan: «Hu B ToM, HH
B JIPYIOM cilydae sl He 3aruiady. Eciy MeHs npucyasT K yIuiare, TO s, IPOUrpaB MEPBbIil
MpOIECC, HE 3aIladyy B CHIIy HAIIEro JOTOBOpPAa, €CIH )K€ MEHS He MPHUCYIAT K yIulaTe
roHOpapa, TO 5 He 3arladyy B CUJIy IPUTOBOpa Cyzay.

A BOT coBpeMeHHbIH co(r3M, 000CHOBBIBAIOIIHIA, YTO C BO3PACTOM «TOJBI KUZHN
HE TOJIBKO KaKyTCs, HO M Ha CaMOM Jiesie Kopoue: «Kaxkaplil o Ballel >KU3HU — 3TO €€
1/n wacte, TIe n — 9ucino NpoXUTHIX Bamu JeT. Ho n+1 > n. Cnenoarensho, 1/(n+1) <
< 1/n».

Eme omuna codusm, cBs3zanHbIl ¢ Qusukoil: «BedHblil nBUraTens MepBOrO pojaa
HEBO3MOXEH, ITOCKOJIBKY €T0 3allpellacT NEPBOE Ha4yajJ0 TEPMOJUHAMMKH; BEUHbBIN JBU-
rarejab BTOPOTO U TPETHEro poja 3alpellaroT COOTBETCTBEHHO BTOPOE U TPEThE Hadaja
TEPMOJIMHAMUKH; TIOCKOJIBKY YE€TBEPTOIO Hauajga TEPMOAMHAMUKU HET, TO BEYHBIN JIBU-
rarejb 4YeTBEPTOro POAa BO3MOKEH).

Paccmorpum maremarnueckue copusmbl. OObSICHATH, B YEM COCTOUT OMIMOOYHOCTH
paccyXIeHusl B KaxaoM copusme, Mbl He OyzieM, YTOObI He JIMIIATh YUTATENs YI0BOIb-
CTBUSI CAMOCTOSITEJIbHO HAlTH €e€.

1. Toorcoecmeennvie npeobpazosanus, UCHONLIVIOWUE ONEPAYUU CO CMENneHAMU
U MHUMOU eOUuHUYell:

1 — 11/2 - (l'4)1/2 :l'z — _1.

1=12 = ((=1)- (1)) = ()2 (=)= 2 = 1,

Kaxmoe 3 aTux AByx mnpeoOpazoBaHUi «0Ka3bIBaeT», 4to 1 = —1.

2. Keaopamnoe ypasnenue umeem mpu KOpHsi.

Kak u3BecTHO, KBa/ipaTHOE ypaBHEHHUE MOXKXET MMETh JTMOO J1Ba KOpHs, TUOO ONUH,
a16o BooOIie He uMeTh KopHel. Ho Tak nu 310 Ha camom nene? Ilocmorpure Ha BOT
3TO ypaBHEHHUE:

(ma+x)(-b+x) (—a+x)(-c+x) (—b+x)(—c+x):

Caro)(cbro) " (carby(boc) " (azb)a-c) -

3nech a, b, c —mobble paznuyHbie yucna. [IockonbKy B YucauTeNe KXI0W ApOoOH
HIEPEeMHOXKAIOTCS BE CKOOKH, COAEpIKaIHe X, TO 3TO YPaBHEHNE, HECOMHEHHO, SBIISIETCS
KBapaTHBIM. OJIHAKO TOJCTaBUM B HETO X = @: NEPBOE CJIaraéMoe CTaHeT PaBHBIM 1,
a BTOpPOE U TPEThe CONepKaT MHOXKHUTENb (X — a), modtomy obparsrcs B 0. Takum 06-
pa3oM, Ipu X = @ MOJIy4aeM PaBeHCTBO 1 = 1, T.e. X = @ —KOpEeHb 3TOr0 ypaBHEHHUS.
CoBepIIEHHO aHAJIOTHYHO MPOBEPSIETCS, YTO X = b U X = ¢ TOXKE SBISAIOTCA KOPHAMHU.
3HAYMT, ITO YPAaBHCHNE UMEET TPU PA3TMIHBIX KOPHS.

3. Yucna Qubonauuu.

[MocnenoBarenbHOCTh urcen Oubonaqun f(n) onpenensercs mo npasmwiam: f(1) =
=f(2)=1uf(n)=f(n-1)+f(n-2) npu n > 2. lepesie 10 gucen cyts 1, 1, 2, 3, 5,
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8, 13, 21, 34, 55. Bo3bMmem kBaapar co croponoii f(7) = 13. Paspexem ero Ha 4 gactu
U COCTaBUM W3 HUX MpMOyroibHUK (puc. 1.1). CropoHsl mpsimoyroibHuKa f(8) = 21
u f(6) = 8. Ilnomans kBaapara paBHa 169, a miomiaas NpsSMOYrojibHUKA paBHA 168.
[Tnomaau paBHOCOCTABIEHHBIX YETHIPEXYTOJIbHUKOB OKa3aJIUCh HEPABHBIMHU.

hk

Puc. 1.1 = f(7)> u f(6) xf(8)

Tenepb Bo3bMeM KBaipar co ctopoHoii f(8) = 21. Paspexem ero Ha 4 4acTu U COCTa-
BMM U3 HHX TPIMOYroibHUK (puc. 1.2). Ctopousl npsimoyronsauka f(7) = 13 u f(9) =
= 34. [Inomanp kBajgpara paBHa 441, a muomaas NpsAMoyrojabpHuKa pasHa 442. [lnomanu
PaBHOCOCTABJICHHBIX YEThIPEXYTOJIBHUKOB CHOBA OKa3aJIUCh HEPABHBIMHU.

Ny

Puc. 1.2 - f(8)2 u f(7) xf(9)

AHAJOTMYHOE MOCTPOCHUE MOYKHO MPOBECTH JUIS JIIOOBIX TPEX MOCIIECI0BATEIIBHBIX
qucen OuboHauyu.
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4. Kapma Poccuu.

Ha xapre Poccun macmtada 1:15 000 000 Bce pa3mepsl yMEHBIIEHBI B 15 Muiimno-
HOB pa3. Ecinu Hacenenue B 150 MUINIMOHOB YMEHBIINTD BO CTOJIBKO K€ pa3 — OCTaHETCS
10 yenosek. Kazanoch Obl, UM JOJKHO XBaTUTh MecTa. Ho Ha KapTe U OAHOMY TECHO
(puc. 1.3).

Puc. 1.3 — Kapra Poccun

B maparpade 7.2 maBbl 7 MBI TO3HAKOMUMCS €I1I€ ¢ OJHUM CO(PU3MOM.

[Tepeiinem k mapamokcam. [Tapamokcsl COMPOBOXKIAIOT PAa3BUTHE JIOTUKH C IPEBHUX
BpeMeH. VX nosiBneHue Bcerja ¢ 6ecrnokoicTBOM BOCIPUHUMANIOCH MbIcauTensiMu. U ec-
JM paHblle UX pacCMaTpUBAIM KaK HEKUH Kypbe3 MBICIH, KOTOPOTO MOXKHO M30€XaTh
IIPU TOJDKHOM OCTOPOXKHOCTH B PACCY’KIEHHUAX, TO B COBPEMEHHOU JIOTMKE OTHOLLIEHUE
K MapajokcaM ropaszo cepbe3nee. C HUIMU JeHCTBUTENBHO CBSA3aHBI peaibHble Mpooie-
Mbl. AHalIM3 MapaJOKCOB YacTO MPHUBOJIUT K MEPECMOTPY OCHOB JIOTHYECKHX TEOPHH,
K YTOUHEHHIO MOHATHN U JOMYIIEHUH U JaXKe K MOSIBICHUIO HOBBIX HAIIPaBJICHHUU B JIO-
ruke. /lanexo He Bce mapaoKChl OKa3bIBAIOTCS HA JIeJIe JIETKO pa3pelIuMbIMHU.

1. Mapanoke «JI:xkew». ETo OTKphITHE MPUNICHIBAIOT ApEeBHErpedeckoMy Gpunocody
EBOynuay (IV B. 1o H.5.). Best mpoGiiema 3axiitodaeTcsi B MHTEpIPETalu IpocToit ¢pa-
3bl: «Sl nry». SIBnsieTcs 3TO BBICKa3bIBAaHWE MCTHMHHBIM WM JIOKHBIM? M3 MCTHHHOCTH
3TOTO YTBEPKACHHUS CIEAYET €ro JOXKHOCTh, U HAa000POT.

Jpyryto ¢popmy napagokca Jpkena npeanoxui ¢ppaniysckuii soruk Moann bypunan
(XIII Bex).

O603Ha4nM uepe3 P BhICKA3bIBAHUE, COIEPIKAIIIEECs B paMKe:

P noscno

SBngercs 3T0 BbICKa3bIBAHUE UCTUHHBIM WU JIOKHBIM?
Jloruku mpopoikaroT 00CyKAaTh MapaloKc JoKena u mo ceil neHs. llpennaranocs
HEMaJI0 BapUaHTOB PEILICHHUS, OTHAKO HU OJIHO U3 PEILCHUI He ABJISIeTCS OOLIEeTPU3HAHHBIM.
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2. Anopusi 3enona: Axuiiec W 4epenaxa. J[pesHerpeueckuii ¢pumocod 3eHon!
JIOKa3bIBaJl, YTO AXHMJUIEC, OJMH U3 CaMBIX CHJIBHBIX M XpaOpBIX T€POEB, OCAKIABIINX
IpeBHIOK0 Tporo, HUKOIZIa HE JOTOHUT 4epernaxy, KoTopas, KaK Bbl, KOHEUHO, 3HAETE,
OTJIMYAEeTCs KpaiiHe MeIJIEHHONW CKOPOCTBIO MEPEIBUKCHHUS.

Bor npumepHnas cxema ero paccyxaeHuid. [Ipennonoxum, uto AXusiec U yepena-
Xa HaYMHAIOT CBOE JIBIKEHHE OJTHOBPEMEHHO M AXWIIIEC CTPEMHUTCS JOTHATh yeperna-
xy. [Ipumem 11t onpenenenHocty, yto Axmiec asmxkercs B 10 pa3 OpicTpee ueperna-
XM M YTO UX OTAEISIOT Ipyr oT apyra 100 m. Korma Axuiuiec mpoOeXHUT paccTOSHUE
B 100 M, oTaenstolee ero oT TOro MecTa, OTKy/a Hayaja CBO€ JBMKEHHUE uepernaxa, TO
B 3TOM MecTe AXWIJIEC €€ y)Ke€ He 3aCTaHeT, TaK KaK OHa MpOiieT BIepe] pacCTOsSHUE
B 10 M. Korga Axwmmiec Mmunyet u 3TH 10 M, TO U TaMm 4epemaxu yxe He OynerT, mo-
CKOJIBKY OHa ycIieeT nepeitu Ha 1 M B HOBo€ MecTo. JIOCTUTHYB U 3TOTO HOBOTO MECTa,
Axwiec oniTh HE HAWJET TaM depenaxu, OTOMY YTO OHa YCIIEeT IIPONTH PACCTOSHUE,
paBHOEe 10 cM, M CHOBa OKa)XE€TCS HECKOJIbKO BIEPEIU €ro. ITO PacCyKIECHUE MOXKHO
IPOIOJIKATh 10 OECKOHEYHOCTH, ¥ IPUIETCS MPU3HATh, YTO OBICTPOHOTHM AXWilieC HU-
KOTJIa HE TOTOHUT MEJIEHHO TMOJ3YIIYI0 Yepenaxy.

Anopuu 3eHOHa, U3 KOTOPBIX /10 HAC JIOILIO TOJBKO JI€BATh, UMEIOT TITYOOKHUI CMBICI
U HarpaBJIeHbl Ha BCKPBITHE MOHATHS OECKOHEYHOCTH, U JI0 CHX IOp NMPHUBICKAIOT BHU-
MaHHE€ MaTeMaTHKOB U (puI0co(oB, KOTOPBIE MPOAOIIKAIOT AaBaTh UM CAMBIE Pa3JIMUHbIC
o0bscHeHns. PaccmarpuBaemast 371ech anopusi 3eHOHa Jake Ha CETOAHSLIHUN JIeHb Ja-
JieKa OT CBOET0 OKOHYATEIbHOTO pa3perieHusl.

3. ITapagokc KpokoaMaa. Y OIHOM ErUNTIHKN KPOKOAMI MOXUTHI pebenka. Erumn-
TAHKa MPOCHJIa BEPHYTh peOeHKa, U KPOKOIWJI obemias eil 3To, eciM OHa NMPaBUILHO
YKaXKET, KaK MMOCTYIUT KPOKOJMII.

Marsp pebGenka cka3zana: «Tbl He BO3BpaTHILL MHE MOETO peOCHKa».

Ha 10 xpoxomun orBetwin: «Eciu Tbl, 1€HCTBUTEIBHO, MPaBa, TO Thl, KaK cama
TOBOPHILB, HE OJTYYHMIIIb Ha3aJ] peOCHKa; €CIIM K€ TBOE BbICKa3bIBAaHHE HEBEPHO, TO, CO-
IJIACHO HAIlIeMy YTOBOPY, Thl HE TIOJTYUYHITs peOeHKa. B mobom ciyuae peOCHOK T0KEeH
OCTaTbCsl Y MEHS».

«HaobopoT — Bo3pasuiia KeHIIMHA, — €CIIM MO€ BbICKa3bIBAHUE BEPHO, TO s MOIYUY
peOeHKa Ha3aJ] B CWIIy HAILIerO YCJIOBUS; €CIIH K€ 5 OIUOIach, TO 3TO 03HAYALT, YTO ThHI
caM BepHeIllb MHe peOeHKa. B kaxaoM n3 ciay4aeB s mOdIydy peOeHKa Hazam.

Kto mpaB: marps nnu kpokoaun? K yemy o0s3bIBaeT KpOKoIMIa JaHHOE UM olerna-
Hue? K tomy, uToObl oTIaTh peOeHKa WM, HalPOTUB, 4TOOBI HE oTAaTh ero? U x Tomy
U K JIpyroMy OJHOBPEMEHHO. DTO OOellaHue BHYTPEHHE MPOTHUBOPEYUBO, U, TAKUM 00-
pa3oM, OHO HEBBITIOJIHUMO B CUJTY 3aKOHOB JIOTHUKH.

4. Tlapanokxe Beppu. Brnepsbie napanokc omyonukoBan beprpanom Pacceniom,
npunucas ero aBropctBo JIx. Jlx. beppu (1867-1928 1), OnbaroTekapio OUOIHOTEKH
B Oxcdopae.

PaccmoTpum BelpaxeHue:

«Haumenvwiee namypanvhoe 4ucio, Komopoe Helb3s ONUCamv MeHee yem OOUHHA-
oYamuio CLO8aAMUY .

'3enon (oxomo 490430 IT. 10 H.7.)— peJCTaBUTENb AMEHCKOH (BHUIOCOPCKOI MIKOTBI, KOTOPOTO
ApHCTOTENIb CYUTAT OCHOBATENIeM JHAICKTUKH KaK HCKYCCTBA MO3HAHUS UCTHHBI C TIOMOIIBIO CIIOPa HITH
HCTOJIKOBaHHMS IIPOTHUBOIIOJIOKHBIX MHEHHN. « ATIOPHUS» B MEPEBOJIE C IPEYECKOTO 03HAYACT KTPYIHOCTHY.
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[TocKonbKy CI0B KOHEYHOE YHCIIO, CYIIECTBYET KOHEUHOE MHOXKECTBO (pa3 U3 Me-
HEE YeM OJMHHAJLATH CJIOB U, CJIEOBATEIbHO, KOHEYHOE MTOJMHOKECTBO HATypaJbHBIX
quCell, onpeaensieMbIX (Gpa3oil U3 oAuHHAALATH CJIOB. OTHAKO MHOKECTBO HATYPalbHBIX
yrcesl OECKOHEYHO, CJIE0BATEIbHO, CYLIECTBYIOT YHUCIIA, KOTOPHIE HENb3sl ONpEeAeTUuTh
¢pasoit 3 MeHee yeM oiMHHAAIATH clloB. Cpeay HUX, OUYEBUIAHO, CYIIECTBYET HAaUMEHb-
Iee HaTypajbHOE YUCIIO (HauMeHbIlee YMCIO MOKHO BBIOpATh U3 JIFOOOT0 MOJAMHOXE-
CTBa HAaTypaJbHBIX YMCEJ), HE ONUCHIBAEMOE MEHEE YeM OJUHHAALAThio cioBaMu. Ho
UMEHHO 3TO YHCJIO OIpeenseTcs NpuBeIEHHON BbIe (Gpa3oil U B HEW MeHee OIUH-
Ha/ILIaTH CJIOB, a 3HAYUT, HE MOKET SIBJIATHCS UCKOMBIM HaUMEHBIIUM YHCIOM M HE MO-
JKET OMHChIBaThCs TaHHOU (hpa3oil. Bo3HuKaeT mapajjokc: JOMKHO CyIIEeCTBOBATh YUCIIO,
OTMCHIBAEMOE TaHHOW (Ppa3oii, HO MOCKOJIbKY BBIpaKEHHE caMo ceOe POTUBOPEUUT, HE
MOJKET CyLIECTBOBaTh YKCJIa, UM OIMCHIBAEMOTO.

5. Hapanokc I'pesiiMHra Ha3BaH B YE€CTh OTKPBIBIIETO €r0 HEMEIKOIO MaTeMaTUuKa
Kypra I'pemnnnra.

PaznenuM Bce mpuiaraTenbHbIE Ha JIBa MHOXKECTBA: cAMOOdecKpunmugHvle, odia-
JAlOIIMe TEM CBOMCTBOM, KOTOPOE OHHM BBIPAXKAIOT, U HecamooecKkpunmugHvle. Takue
IIpUJIAraTellbHble, KaK «MHOTOCIIOKHOE», «PYCCKOE» U «TPYAHOBBITOBAPUBAEMOE» IPH-
Ha/JIeKAT K YUCIY CAMOAECKPUIITUBHBIX. A TaKHE KaK «HEMELKOE», «OTHOKOPEHHOE
U «HEBUAMMOE» — K YHUCIY HecaMOAECKPUNITUBHBIX. K KakoMy U3 ABYX MHOXECTB MpH-
HA/JISKUT TpUiarareibHoe «HecamoaeckpuntuBHoe»? Eciu oHO HecaMoaecKpUNTHUB-
HOE, OHO 007a/1aeT 0003Ha4aeMbIM UM CBOWCTBOM U JIOJKHO OBITH CaMOJECKPUITHB-
HbIM. Ecny jke OHO CaMOJECKPUNTHBHOE, OHO HE MMEET 0003HAYaeMOro UM CBOWCTBaA
U JIOJDKHO OBITh HECAMOJIECKPUIITUBHBIM.

6. Ilapanokc 6pagodpesi. EnnHCTBEHHOMY JepEeBEHCKOMY OpanoOpero mpuKas3aiu:
«bpuTth Begxoro, KTo cam He OpeeTcsi, U He OpUTh TOro, KTO caMm Opeercsi». Kro mobpeer
Opanobpes?

Maremaruueckast opMa 3TOro napajiokca HazpiBaeTcs napajaokcom beprpana Pac-
ceJla U pacCMaTpHUBAETCs B TEOPUU MHOMKECTB — IVIaBa 3.

7. IMapafgokc HeO:KMIAHHOH Ka3HM. BriepBble chopMynupoBaH U OIMyOJMKOBaH
B 1948 rona ¢unocodom . [[x. O’KonHopom.

OnHaxabl B BOCKPECEHbE HAYAJIBHUK TIOPbMBI BBI3BAJ IIPECTYIHHKA, IPUTOBOPEH-
HOTO K Ka3HH, ¥ COOOIINIT eMy:

«Bac Ka3HAT Ha CIIeNyIONIE Helene B MOJIAEHb» U

«/leHp Ka3HU cTaHeT JUIs Bac CIOPIPU30M, BBl y3HaeTe 0 HEM, TOJBKO KOTJa MaJiad
B TIOJIJICHb BOWJIET K BaM B KaMepy».

HavanbHuK TIOpBMBI ObUT YECTHEHIIIMM YETTOBEKOM M HUKOTZA HE Bpaj. 3aKIO4YEH-
HBIN NTOJyMaJ HaJl ero CJI0BaMU U YIbIOHYICS: «B BockpeceHbe MeHS Ka3HUTh HE MOTYT!
Bens Torma yxe B cy000Ty BeuepoMm s Oymy 3HaTh 00 3TOM. A, 1O CIOBaM HadaJbHUKA,
s He Oyy 3HaTh JIeHb cBOeH ka3Hu. CleoBaTenbHO, MOCISTHUN BO3MOXKHBIN JI€Hb MOEH
Ka3HU — cy00oTra. Ho ecnu MeHs He Ka3HAT B MATHHILY, TO s Oyny 3apaHee 3HaTh, 4TO
MEHs Ka3HAT B CyOOOTY, 3HAYHT, ¥ €€ MOXXHO HCKITFOUNThY. [locienoBaTeibHO NCKITIOUNB
NSATHUILY, YETBEPI, CpPely, BTOPHUK M MOHEAENIbHUK, MPECTYMHUK MPUIIEN K BBIBOAY, YTO
HayaJIbHUK HE CMOJXKET €r0 Ka3HWUTh, BBIIIOJHUB BCE CBOU CIIOBA.

Ha cnenyromeit Henene najgay nocTyyai B €ro JBEPh B MOJJIEHb B CPEAy — 3TO OBLIO
JUISL HETO TTOJTHOM HEOXHUIaHHOCThIO. BCE, YTO HaualbHUK TIOPHMBI CKa3all, OCYyIEeCTBU-
Jock. ['1e HenocTaTok B paccykKI€HUH 3aKIOYEHHOTO?
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B nanbHeliieM Mbl MO3HAKOMUMCS €II€ C HECKOJIBKHUMH IapajoKCcaMu: Mapajiokc
Kappu (rmnaBa 4), npuHiun nbesiHulb! (m1asa S), napagoke banaxa—Tapckoro (masa 6),
napasokcsl ['emmnens u n3o0perarens U3 IJaBbl 7.

[Tapagokcs! mxena, kpokonuna, beppu, I'pennunra u Opagodpest OTHOCATCS K napa-
JoKcaM aBTopedepeHun. Agmopeghepenyusa (camoccovliounocms) — IBICHNAE, KOTOPOE
BO3HUKAET B CUCTEMAaX BBICKA3bIBAaHUM B TEX CIyyasX, KOI1a HEKOE MOHATHE CCBUIAETCS
camo Ha ce0s. MlHaue roBopsi, eciu Kakoe-Tu00 BbIpaKEHHE SBISETCS OIHOBPEMEHHO
camoil (yHKIMEeH W apryMeHTOM 3Toil (QyHKIuM. ABTopedepeHIrs 4acTo COmpsKeHa
C MapaoOKCoOM.

BBuny Toro, yTo mapajgokchl 0OHa)XXalOT CKPBIThIE KOHIENTYaJIbHbIE MPOTHBOPEUHS
U TEPEBOJAT UX B MPSMbIE U OTKPBIThIE, OHH, CONIACHO 3aKOHAM TBOPYECKOT'O MBbIIILIE-
HUS1, IOMOTAIOT NPU Pa3BUTUHU HOBBIX UIEH M KOHLIECHIHIA.

1.4 MatemaTunyeckasa normka

Pa3Butne mMaremarnku Ha npoTspbkeHMHM XIX B. XapaKTepu30BallOCh CTPEMIICHHEM
K CHCTEMaTH3allli, K YCTAaHOBJICHUIO €UHCTBA B MHOTOOOpa3HH MareMaTHYecKux (Qax-
TOB ¥ METO/IOB, Ha MEPBBIH B3I BeCbMa JTAIEKUX IPYT OT Apyra. LleHHbIM ObL10 TaKke
KPUTHUYECKOE YSACHEHHE M CTPOroe 000CHOBaHUE (DyHIaMEHTAIbHBIX MOHATUH. BblT co-
31aH OOoraTrhlii JIOTHYECKUH ammapar, ¢ MOMOILBI0 KOTOPOro co3naBaics (opMaibHBIN
A3bIK MaTEMaTHKH, ITOBBIIIAIACH CTPOTOCTh JOKA3aTEIbCTB.

Heo6xomumocTs MaTeMaTu4eckol CTpPOTOCTH NpHUBEJIa K MareMaTH4ecKon JIOTHKE.
Maremaruueckasi Joruka Belpociia U3 (puaocockux BOMPOCOB OTHOCUTENBHO OCHOBA-
HUW MaTeMaTHKH, HO B HACTOSIIEE BpeMsl epepociia cBou Guiocodckue KOpHU U cTasia
HEOTHEMJIEMOM YacCThIO MaTeMATHUKH B LEJIOM.

Mamemamuueckaa n102uKka — 10TUKA TIO IPEIMETY, MaTEMATUKA IO METOLY.

Jloruka omin4aeTcst OT IpyTrux HayK (pyHAaMEHTaIbHOCTHIO PACCMATPUBAEMBIX ITPO-
Onem, a MaTeMaTHyecKas JIOrMKa — COUeTaHHEM BEChbMa CIIOXKHOTO arrapara ¢ CoxpaHe-
HUEM (QuI0co(ckoil NTyOUHBI U C MOJHOCTHIO HEOPAMHAPHBIM B3IVISAOM Ha MaTeMaTH-
YECKUU MUp.

3ajauu, pelraeMble MaTeMaTHYE€CKOM JTOTHUKOM.

1. Coznanue popmanbHBIX SI3BIKOB M METOJIOB B JIOTHKE, Oojiee TOUHBIX U 3 dek-
TUBHBIX, YEM UCIOJIb30BABIINXCS /10 3TOTO.

2. VIOBJIETBOPEHHE €CTECTBEHHOIO (hUI0CO(CKOro MHTEpeca K OCHOBAHUSIM Ma-
TEMaTUKUA U PaCIIMpPEHUE HAIErOo MOHMMAHHUS MAaTeMaTHKH, €€ BO3MOKHOCTEH
U OIPAaHUYECHUN KaK HayKH.

3. HccnenoBanue B 001acT KOMITBIOTEPHBIX HayK (computer science).

Pemennie 3THX 3a/1a4 BO MHOTOM 00€CIICUMBACTCS peaju3alneil ciuenyromeil naen:
3alUChIBaTh MaT€MaTH4eCKUe YTBEPXKACHHUS B BHJE MOCIEIOBATEIBHOCTEH CHMBOJIOB
U OTIEPUPOBATH C HUMHU 10 (POPMaIbHBIM NpaBwiIaM. [Ipr 3TOM MPaBUIBHOCTH PACCyXk-
JICHUH MOYKHO TIPOBEPSTH TOJBKO MO0 CHHTAKCHYECKHM IPaBUIIaM, HE paccMaTpuBas ce-
MaHTHKY (CMBICIT) YTBEPKICHUM.

[TpuHATO cUMTaTh, YTO BCAKOE TOYHO CHOPMYTHUPOBAHHOE MATEMaTHYECKOE YTBEp-
KJCHUE MOXKHO 3amucarh (HOpMyJol TEOpUH MHOXKECTB (OIHOW W3 Haubojee OOIIMX
(opManbHBIX TEOPHii), a BCSIKOE CTPOrO€ MareMaTHUecKoe JI0Ka3aTelbCTBO INpeodpa-
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30BaTh B (pOpMasIbHBIN BBIBOJI B 3TOM Teopuu (TMOCIENOBATEIbHOCTh (POPMYNT TEOPUU
MHOKECTB, TOJUUHSIOLIYIOCS HEKOTOPHIM MPOCTHIM MpaBUIaMm).

Ecau roBopuTh 0 penieHUM KOHKPETHBIX MareMaTW4ecKHUX 3ajad, TO MareMaruye-
CKasl JIOTHKa OOJbIIIe MEIIaeT, YeM MOMOTaeT, — MO0 3ayMbIBallach KaK MeTaMaTeMaTH-
yecKkasi IMCUUIUIMHA, MTPU3BaHHas HaOofaTh MaTeMaTuky u3BHe. He crmocoOGcTBOBaThH
JT0Ka3aTeIbCTBY TEOPEM, a U3BHE OLIEHHWBATh CaM Ipoliecc 000CHOBAaHUS.

Poaiimon Cmasmian' (puc. 1.4) mucan: « MHOTHE JIFOIM CIPAIIABAIOT MEHS, YTO Ta-
KO€ MaTeMaTH4yecKas JIOTHUKAa U KakoBa ee 1ieslb. K CcokaneHuto, HU OJHO IIPOCTOE OIpe-
JIeJICHUE HE MOXKET JIaTh JaXKe caMO€ OTIaJICHHOE TOHMMAHUE MaTeMAaTUYECKOU JIOTUKH.
ToJsibKO IOCIE NOTPYKEHUSI B 3TOT NMPEAMET €ro CyIIHOCTh CTAHOBUTCS O4€BUAHON. UTO
Kacaercs yenu, TO CyIeCTBYET MHOKECTBO LIeJIel, HO, CHOBA, MOYKHO IOHATh MX TOJBKO
II0CJIE HEKOTOPOTO M3y4YeHHMs NpeAameTa. TeM He MEHee €CTh OJIHA LeNlb, U €€ s MOTY
CKa3aTb BaM MPSAMO ceiuac: CenaTh TOUHBIM MOHATUE 00KA3AMENbCMBa».

OuyeHp BakHA POJIb MATEMaTHYECKOM JIOTUKU B OCHOBA-
HUsX MaremaTuku. OCHOBaHUS MaTeMaTUKU — ocobast cde-
pa wuccnenoBanuii oopmminach B Hadaie XX B. B CB-
3U C MpoOJieMOi ycTpaHeHHs MapaJoKCcOB, OOHApY>KUBLINX-
csi B Teopuu MHOXecTB. llepBas 3amada 3THX uHccienoBa-
HUI COCTOMT B OOOCHOBAaHMM CTPOTOCTH IMPH3HAHHBIX [0-
Ka3aTeJIbCTB U OCBOOOXKIECHUH CYLIECTBYIOIINX MareMaruye-
CKHX TEOpUH OT MapaJOKCOB HM3BECTHBIX THUIOB. Bropas—
B BBISIBJICHUH YCJIOBUI MOJHON HaAEKHOCTH MaTEMaTHYECKON
TEOPUH B CMBICIE CTPOTOCTH JOKA3aTEIbCTB M OTCYTCTBHS
nporuBopeunid. [lepByro 3amady B HacTosllee BpeMs CIEdy-
€T CYUTaTh B LICJIOM PELIEHHOM, TOCKOJIBKY UMEIOTCS 10CTa-
TOYHBIE OCHOBAHMSI MOJIarath OpMaI30BaHHBIE T0KA3ATEIb-

Puc. 1.4 — PaiimMoHT cTBa a0COJNIFOTHO CTPOTUMHU (CBOOOJHBIMH OT KOHTPIIPUME-

CMaiian POB) M MOCKOJIbKY YKa3aHbl IpUEMJIEMbIe OrpaHu4YeHUst (Hop-

MYJIMPOBKH aKCUOM TEOPHUHM MHOKECTB, TapaHTUPYIOLIUE OT-

CYTCTBHE B HEW NapaJOKCOB BCEX M3BECTHBIX THUIIOB. UTO KacaeTcs BTOPOM 3a1ayu, TO

npeoOuagaroliee MHEHUE CETOJIHS COCTOMT B TOM, YTO OHA HE MOXET OBITh IMOJIHOCTBIO
peuieHa, Mo KpaHel Mepe, B paMKax YHCTO JOTHYECKUX IOAXO0B.

Uro kacaeTcsi KOMIBIOTEPHBIX HAayK, TO TEOPHs aIrOPUTMOB — SIBISIETCS Pa3IeioM
MaTeMaTHYeCKOW JIOTHMKH U COJAEP>KUT MHOKECTBO Ba)KHBIX KPACHUBBIX PE3YJIbTAaTOB.

JUid nydiiero NMOHUMAaHUS MpeIMeTa MAaTEMaTUYEeCKON JIOTMKH — KaK COOTHOCATCS
JIOTHKA U peasbHbIIl MUP — pacCMOTpUM 3ajauy, npeanoxkeHHyro P. Cmammmanom [14].

Momnonas nesymka [lopuust obnanana ymom, KOTOpOi He ycTynan ee kpacore. OHa
pemmia BeIOpaTh CIyTHUKA *KU3HU MIPU MOMOIIM Joruueckoi 3amgaun. [lopims 3akazana
JIBE LIKATYJIKU, CEpeOpsSHYIO U 30JI0TYIO, U B OJIHY M3 HUX MOJOXHIa cBOM noptpeT. Ha
KPBILIKaX IIKATYJIOK KPacoOBaIMCh HAJIITUCH.

'Psitvony; Meppumn Cmanmuan (anrn. Raymond Merrill Smullyan; pon. 1919 r.) — aMepukaHcKuit
MaTeMaTHK, JIOTHK, TIHAHUCT, Ja0CCKuid puimocod, acTpoHOM-TIOOUTENh M (POKYCHUK-TIPECTUIIKATATOD.
ABTOp MHOTOYHMCIICHHBIX HAy4YHO-TOMYJISPHBIX KHUT IO JIOTHKE M MaTeMaTHKe: O JIOTMYECKUX 3arajKax
Y napajokcax, epefoBbIX KOHIIEMIMIX JIOTHUKH, HanpuMmep o teopeme ['énenst o HenonHore. Kpome To-
TO, Halucall HECKOJIbKO KHUT O Ja0CCKOH (pmiiocoduu, B KOTOPBIX MPEANPUHSTA MOMBITKA pa3pelleHUs
OONBIIMHCTBA PIIIOCOPCKUX MPOOIEM M HHTETPALUN MaTEMaTUKH, JIOTUKU U (ritocoduu.
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Ha 3o0s10T0M Ha cepeopsinoii
Ilopmpem ne 6 3mou Pogno 00no u3 08yx evickasvléanuil,
wiKamynke 6b12PABUPOEAHHBIX HA KPbIUWKAX, UCIUHHO

IIperennenty Ha pyky Ilopuun mpeiaranoch BeIOpaTh HIKATYIIKY, U €CIIM OH OBLI
JOCTAaTOYHO YAawInB (MJIM TIOCTAaTOYHO YMEH), YTOOBI BBIOpATh LIKATYJIKY C MOPTPETOM,
TO TOJTy4aJl npaBo Ha3BaTh [lopuuto cBoeit HeBecToil. Kakytro mkarynky BbiOpars?

[IperenneHT paccyxnan cienyromuM oOpa3oM. Eciu BbicKa3zbiBaHHE, BBITPABHPO-
BaHHOE Ha KPBILIKE CepeOpSHOM MIKATYIIKe, HICTUHHO, TO 3TO 03HAYaeT, YTO UCTUHHO POB-
HO OJIHO U3 JBYX BbICKa3bIBaHMH. Torzna BpICKa3bIBaHUE, BHIIPABUPOBAHHOE HA KPBILIKE
30JIOTOM MIKATYJIKH, JOHKHO OBITH JIOKHBIM.

C npyroi cTOpOHBI, IPEANONI0KHUM, YTO BBICKAa3bIBAHUE, TIOMEIIEHHOE HA KPBIIIKE
cepeOpsSHON MIKATYJIKH, JOXXKHO. B 3TOM ciydae yTBEep)KIeHHE O TOM, YTO POBHO OJIHO
U3 JIByX BBICKa3bIBAaHUM MCTHHHO, ObLTO OBl HEBEPHBIM. DTO O3HAYaeT, 4To JHOO 0ba
BBICKa3bIBaHUS UCTUHHBI, JTHOO 00a oxkHBI. O0a BBICKA3bIBaHUS HE MOTYT OBITh UCTHUH-
HBIMHU, TaK KaK 10 IPEIOoI0KEHUIO BTOPOE BhICKa3bIBaHUE JIOXKHO. CliejoBaTeNIbHO, 00a
BBbICKa3bIBaHUS JIOKHBI. TakuM 00pa3oM, BbICKa3bIBaHUE, BHITPABUPOBAHHOE Ha KPBILIKE
30JI0TON IIKATYJIKH, U B 3TOM CIIy4dae OKa3bIBA€TCS JIOKHBIM.

WTak, He3aBUCUMO OT TOTr0, HICTUHHO WJIM JIOKHO BBICKa3bIBaHHE HA KPBIIIKE ceped-
PSAHOM IIKATyJIKH, BbICKa3bIBAHWE, BHITPABUPOBAHHOE HAa KPBILIKE 30JI0TOM LIKATYIKH,
JIOJDKHO OBITH JTOXKHBIM. CrietoBaTenbHO, mopTpeT Ilopunu JomKeH HaX0JUThCs B 30710~
TOM ILIKaTYJIKE.

[Ipuns k TakoMy BBIBOAY, KaHAMJAT B )KEHUXU OTKPBIBAET 30JI0TYI0 MIKaTyINKy. K ero
HEOIMCYEeMOMY Yy’Kacy HIKaTyika Obuta mycrta. [lopiust oTkpbiBaeT cepeOpsHyIo IIKaTyII-
Ky — IIOPTPET JIECKUT B Heil. B uem ommbka npetenaenra’?

[TpuBenem oObsicnenue P. Cmannuana. Ilperennenty Ha pyky Ilopumu cnemosaio
OBl IOHATH, 4TO 0e3 MHpOpMAIK 00 UCTUHHOCTH WM JIOXKHOCTHU JIFOOOTO BBICKA3bIBa-
HUS WU 00 OTHOIIEHUU TPUHUMAEMbIX BHICKA3bIBAHUSIMHU 3HAYEHUH UICTUHHOCTH BBICKa-
3bIBaHUSI HE TIO3BOJIAIOT MPUUTH K KAKOMY-THOO BBIBOY U MOPTPET MOKET HAXOAUTHCS
L€ YTOJHO.

Uro memiaeT BaM B3STh JIFOOO€ YUCIIO IIKATYJIOK, MOJOXKHUTh B OJTHY U3 HUX KakKoM-
HUOY/Ab MpeIMET U C/eNaTh Ha KPBIIIKax JI00ble HAAMKCH, KaKue TOJIbKO BaM 3almaro-
paccynuTcs? DTU HaanuCcu He OyayT HEeCTH B ceOe HMKakoWd MH(OpMaIMK O MpeaMeTe,
CHPATAHHOM B OJIHOM U3 IIKAaTYJIOK.

Ommbka MpeTeHeHTa 3aKIII0YaeTCsl TAKKe B TOM, UYTO Ka)KJ0€ M3 BBICKA3bIBaHMIA,
BBITPaBUPOBAHHBIX Ha KPBIIIKaX MIKaTYJIOK, OH CUUTAJ JIMOO UCTUHHBIM, JTUOO JTOXKHBIM.
Ha xpblIiike 30710TOM MIKATYyIKKU ObUIO BRITpaBUPOBaHO: «[lopTpeT He B 3TOI mIKaTyIKe».
OTO BBICKA3bIBAHUE 3aBEOMO MO0 MCTHUHHO, JHOO0 JOXKHO, TaK KaK MOPTPeT JuOo Ha-
XOJIUTCS B 30JIOTOM IIKAaTyJIKe, TUOO ero TaM HeT. B jelicTBUTENbHOCTH, OHO OKa3aJloCh
UCTHHHBIM, Tak Kak [lopuus nmonoxuia mopTper B cepeOpsSHyIO MIKATYIKY.

Tenepr npennonaokuM, 4To HaM U3BECTHO, YTO [lopIust mooXkuiIa MOpTPET B ceped-
PSAHYIO IIKATYJIKy. YTO MOYKHO CcKa3aTh O BbICKa3bIBAHWUHU, BEITPAaBUPOBAHHOM Ha KPBILIKE
aToi mkatynku? MctuaHO oHO Mim 0kHO? OKa3bIBaeTCs, OHO HE MOXKET OBITh HU HC-
TUHHBIM, HU JIOKHBIM, TaK Kak B JIIOOOM CiIy4yae MbI IPUXOJUM K IPOTUBOPEUHIO (IIpOBE-
JUTE paccykJeHue camocroarenabHo). Ha stom P. Cmanmnuan 3akaHuuBaeT oOCykaeHue
CBOEH 3a7a4u.
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OO0 oTHOLIEHUHM MaTeMaTHYECKOM JIOTUKHU K peajbHOMY MHUPY TOBOPHUT CIIEAYIOIIAs
nurara u3 kauru FO. H. Manuna' [15]: «llpeomemom nocuxu ne AGIAEmMcs GHEUHUL
MUD, HO UL CUCTEMbL e20 ocmblciesanus. Jloeuka 00OHOU U3 Makux cucmem — mame-
MAmMuKy — 8 CULY C80ell HOPMAIU308AHHOCMU NPEeOCmasisiem nooodue Hecmko2o mpa-
Gapema, kKomopwiili MOHCHO HAKNAObI6AMb HA N10OVI0 Opyeyio cucmemy. Coomseemcmeue
UMY pacxoxcoenue 3mo20 mpagapema ¢ cUCmemMou, 0OHAKO, He CIYHCUM Kpumepuem
ee npuzooHocmu aubo mepuiom yeHnocmu. DPusuxk He 00s3aH ObIMb HU NOCIEO08A-
MeNbHbIM, HU HENPOMUBOPEUUBLIM — OH O0JINHCeH IPDEeKMUBHO ONUCHIBAMb NPUPOOJY HA
onpeoenenHvlx yposHax. Tem menee n02uunbl ecmecmeenHvle A3bIKU U HeNnoCpeoCmeeH-
Has paboma cosHanus. Boobwe nocuunocms kak yciogue sggekmusHocmu noasusemcs
JUUDb 8 Y3KOCNeYUATUIUPOBAHHBIX chepax uenoseueckou 0esamenbHOCmU.

Wnorna co3naercs BreyaraeHUe, YTO HOBbIE MaTeMaTHUECKHE TEOPEMBI MOJTy4at0TCs
MyTEM COYETaHUs APYTHX, YK€ U3BECTHBIX. 3aCiIyra UX aBTOPOB B TOM, YTO OHH 00Jaa-
JH JTOCTATOUYHBIMU CHOCOOHOCTSAMH, YTOOBI MPABUIBHO OOBEAMHUTH HY)KHBIE TEOPEMBbI
U NIPUMEHUTH NpaBuia Joruku. OJHaKko cama 1o ce0e JIOTUKa HUYEro He MPOU3BOJIUT:
HY>KHO 4TO-TO, YTO 3aCTaBUJIO OBl €e paboTaTh, U 3TO «YTO-TO» — PE3YyNbTAaT UHTYULUH,
aHajorui, mpod u omubok. iMeHHO B TOM, 4TOOBI 3aCTaBUTh JIOTUKY pabOTaTh, M 3a-
KJIIOYAETCsl MaTEMATUUYECKOE TBOPUYECTBO.

Benomunm knnaccuduxanuto I IItelinraysa u3 naparpadga 1.2. Kakoit MmaremMaTHkoi
3aHUMAaeTCsl MaTeMarhyeckasi Joruka? MareMaTukol «a» U «Y» — KOTZa OTKPBIBAIOTCS
U J0Ka3bIBAIOTCS HOBBIE YTBEPKIEHUS WJIM KOTJla MAaTeMaTWKy NMPUMEHSIOT B JPYruX
HayKkax. Eciu MbI perraeM TUNMYHBIE 33/1a4M, UCTONb3Ys ONpeAeNeHHbIN M1a0loH, UiIu
BBIYUCIISIEM TIO 33JIaHHBIM TIPaBHJIAM, T.€. OCYIIECTBISIEM MaTeMaThuKy «[3» u «O», TO
MareMaTHyecKkas JIOTMKa He HyXHa. J[0cTaTouHO MpocTO ObITh MOCIEA0BATEIbHBIM.

Ecnu kpatko cka3arb 0 COOTHOUIEHHM MaTeMaTUKH U JIOTUKU K peaib-
HOMY MHpY, TO CIIPaBEAJIUB CIEAYIOUMNA Te3uc: Mamemamuka u n1o2u-
Ka u3y4arom 6ce 00Opadcaemvle Mupbvl, a ecmecmeeHHble HAYKU —
MONLKO PeaibHblli MUp.

[
S
()

1. Kak 1omonHUTh NOCBUIKH B CUJUIOTH3MeE, TpuBeeHHOM AMOpocoM bupcom (cM.
naparpad 1.1), 9ToObI BBIBOJ] HE BBI3BIBA COMHEHUS B MPABUIBHOCTH?

2. Ilepmox XoaMmc B CBOMX pacCi€IOBAHUSAX MPECTYIUIEHUN NEHCTBOBAJN CIIENy-
oM oOpaszom. [lisi Hauana OH TIIATENFHO M3ydYall KOHKPETHYIO CHUTYAIHIo,
a JIMIIb TOTOM Jieiasl OO BBIBOJ, OMHPAsCh Ha CBOM MPEABIAYIIUI OIBIT,
WCIIOJIb3YSl aHAJIOTHH M paccMaTpuBasi BOBMOXKHBIE BapUaHTHI. B uctopuu nure-

'fOpwuit MiBanoBra Manun (pomuncs B 1937 rozy) — poccHiicKuii MaTeMaTHK, OIMH U3 OCHOBOTIONOX-
HHKOB HEKOMMYTATUBHOM anreOpanyecKkoil reoOMEeTpUH U KBAaHTOBOW MH(OPMATHKH.
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paTtypsl He ObLIO MEepCOoHaXka, O0sIee MPOCIABUBIIIETOCS CBOMMU JIETyKTHBHBIMU
CrocoOHOCTAMU. 3acayKeHHO JU? MoXeT ObITh, Ha CaMOM JeJie OH NMPUMEHSIT
UHJIyKTUBHYIO JIOTUKY?

3. Haiigure ommbOKy B copusme «kapTta Poccumy.
4. B uyem paznuuus MEXIy JIOTHYECKON OINOKOM, cOPU3MOM U MapagoKkcom?

5. Kakyro marematuky («ow, «P», «y», «d» —no knaccudukauuu . Ll reitnraysa)
Oyznet nmpuMeHsTh BeITycKHUK TYCYPa B cBoeil HHXEHEPHOH AeaTenbHOCTH?

6. Yro u3yuaert joruka?
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KPATKAA MCTOPUA ITOTMNKHA

Ho BHe3amHoO s ycibllnan rojioc BIACTHBIA U IEBYYHi.

[Torropsuica Beunsrit lllenor auem u Houbto: «Bnepenu

4T0-TO *K7eT TeOs. He Ootics. [Toumu 3a ganpHei Kpydeid.

Otnpagisiticst U otblnelib. Uto-To xaer teds. Mmu!».

P. Kunaune. Ilepsoomkpuieamens

2.1 CtaHoBneHue norukun

MHorue Hayky 3apOAWINCH B aHTUYHOU [penuu, u jgoruka
He Opl1a uckmoueHneM. Hampumep, ®anec (ok. 625-547 rr. no
H.2., puc. 2.1) u I[Tudarop (570-490 rr. 1o H.3., puc. 2.2) uc-
MOJIb30BAJIN JIOTHYECKUE PACCYKIICHUS B MaTeMaTHKe.

dasec TpaAULMOHHO CUUTAETCSI OCHOBOMOJIOKHUKOM I'pede-
CKOM HayKH, M €ero MMEHEM Ha3BaHa I'eOMeTpHuYecKasl Teopema:
ecnu napanieivHvle npsamble, nepecekaioujue CnmopoHsl yena, om-
cexarom pasHvle Ompe3Ku Ha OOHOU €20 CMOpPOHe, MO OHU Om-
cexkarom pasHvle ompesKu u Ha Opy2oll e2o CmopoHe.

[Tudarop cozgan peauruo3Ho-GpuIocoPpcKyro mKomy nuda-
ropeiinieB. B ocHoBe Bemieid jexut uucno, yuun [ugarop, no-
3HATh MM — 3HAYMT, IO3HATh YNPaBISIIOIINE UM uucia. M3yuas
yucia, nudaropeiipl pa3padoTain YUCIOBbIE OTHOIICHHUS U Ha-
IIUTA UX BO BCEX OOJIACTAX YEITIOBEUYCCKON JEATEILHOCTH. AHTHY-
HBIE aBTOPBI OTHAIOT [Indaropy aBTOPCTBO U3BECTHOI TEOPEMBI:
KBaJpaT TMIIOTEHY3bl IPSMOYTOJIBHOTO TPEYTOJIbHUKA PABHSIETCS
CyMMe KBaJIpaToB KaTeToB. B psymax ero mkonsl ObUTa J0Ka3a-
Ha TeopeMa, yTBEep KAarollas, 4To JAJIMHA TUaroHajlu eIUuHUYHO-
ro KBajpaTa He MpeiCcTaBUMa B BHJI€ OTHOLICHUS LENbIX YHCET.
[Tpu 5TOM HCTIONIB30BAJICS METO]] I0Ka3aTeNIbCTBA OT MPOTUBHOTO
(cM. TmaBy 7). YTBepKIeHUE 3TOW TEOPEMBI MOKOJIeOano B3IJIs-

Puc. 2.2 — IMudarop
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Iibl TiHQaropeiiieB Ha 4HUCII0, TOCKOJIbKY OHU HE 3HAJIM JPYTHX YHCEN, KPOoMe ILEJbIX
WJIM OTHOLIEHUM LENbIX YncelN (paloHaIbHbIX).

Coxkpar (ok. 469-399 rr. 10 H. 9., puc. 2.3) u Ilnaron (ok.
427-347 tT. 10 H. 3., puC. 2.4) IPUMEHSIIN PACCYKICHHS MaTe-
MaTHYECKOTO TUIA B GUIOCOPCKUX BOMPOCAX.

MHorue BBICKa3bIBaHUS, TPATAUIMOHHO OTHOCHMBIE K HC-
topudyeckoMy CoKpary, XapaKTepU3yloTCs KaK «IapajoKcaiib-
HBIE», IIOTOMY YTO OHH, C JIOTUYECKON TOUKHU 3pEHHUSI, Bpojie Obl
NpOTHBOpEYaT 3IpaBoMy cMbIciy. K dmciay Tak Ha3bIBaeMBIX
COKPaTOBCKHX MapaJoKCOB OTHOCATCS (pasbl:

Huxmo ne xcenaem 3ia.
Puc. 2.3 — Cokpar Huxmo ne oenaem 3na no ceoeil soie.
Jlobpooemenv — smo 3uanue.

«COKpaToBBIMHU MapaJoKCaMu» TakKe MOTYT Ha3bIBAaThCS
CaMOCCBUIAIOMINECS TapaJOKChl, 06PA3IoM KOTOPHIX ABISET-
cs1 Gpasa B OTHOLIEHWH 3HAHMS, TaKkke punuchiBaeMas Co-
Kpary: «51 3HaK TOJNBKO TO, YTO HUYETO HE 3HAKO, HO JPYTHE
HE 3HAIOT U OTOTOY.

CBou npuémsl uccnenosanus COKpaT cpaBHHBAI C «HC-
KyCCTBOM MOBUBAIBHON 0a0KW»; €ro METO/ BOIIPOCOB, MPE-
TOJIAraloIMX KPUTHYECKOE OTHONIEHUE K JOTMATHYECKHM
YTBEPKICHUAM, TIONYYWI Ha3BaHUE «COKPAMOBCKOL UPO-
nuu». COKpaT CBOMX y4E€HHKOB MPUBOAWI K HCTUHHOMY CyXK-
JIEHUIO YEPE3 COKPAMOBCKULL OUAN02, TIE 3a1aBall 00N BO-
Puc. 2.4 — Ilnaron pOC, MOJIYYUB OTBET, 33/1aBall CIIEAYFOIIUN yTOUHAIOIIUN BO-

IPOC ¥ TaK JAJee 10 OKOHYATENBHOTO OTBETA.

Ot IInarona uner peanusm (IpyruMu CIOBaMH, MaTeMAaTUUECKHUI TUTATOHU3M ) — (pu-
nocogckoe HampaBlieHHE B MaTeMaTHKe, MOCIIEIOBaTEId KOTOPOTO CYMTAIOT, YTO Mare-
MaTU4eCcKrue OOBEKTHI (CYIIHOCTH) CYIIECTBYIOT HE3aBUCHMO OT MaTeMaTHUKOB. bolb-
IIMHCTBO COBPEMEHHBIX MAaTEMATHKOB, NOJACPKUBAIOT 3TY MO3UIIMIO.

Ho nacrosmmm ocHoBareneM KIIacCHYECKOM JIOTH-
ku Obu1 Apuctorens (384-322 rT. A0 H. 3., puc. 2.5).

Apucrorens BepBbie CPOPMYTUPOBAIT 3aKOHBI JIO-
TUKU — 3AdKOHbl Npasunbhozo moiuaenus. OH pac-
CMaTpHBaJI JIOTUKY KaK (Hay4HbIN) HHCTPYMEHT JISI T10-
3HaHUs Mupa. Mcnonb3ysi reoMeTpuio Kak MOAEINb, OH
OOHApYXUJI, YTO HAyYHbIC 3HAHHUS COCTOST U3 OOKaA3a-
menvcmae, 10KA3aTeNbCTBA U3 CUIAOZUIMOB, CUTIIOTH3-
MBI U3 ymeeprcoenuil, yTBEPKICHUS U3 mepMos.

OTKpBITBIE UM CHJUIOTU3MBI SIBIIIOTCS CXEMaMu
(3akoHamu) paccyxjaeHuid. OHU coaep:KaT UCXOJHBIC
YTBEPKACHUA (MOCHLIKU) U YTBEPKICHUE — 3aK/II0Ue-
Hue. CWIJIOTU3M YCTPOEH TaKUM 00Opa3oM, YTO €CiH
MBI IPUHUMAEM TOCBUIKU (CYUTAEM WX MCTHHAMH), TO MBI JOJDKHBI MPUHATH 3aKITIOUC-
HUE (JIOJKHBI CYUTATh €r0 UCTUHHBIM).

Puc. 2.5 — Apucrorens
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Bort knaccudeckuit mpumep Haubosee N3BECTHOTO CHILIOTH3MA: Bcee 1t00u cmepmHuul,
Cokpam — uenogex, cnedosamenvro, Cokpam cmepmen.

Jlpyroii mpumep 3TOro e CHITOTH3Ma ObUT MIPUBEACH B NIEPBOM INIaBe — yTBEpPXK/Ie-
HHUE, B KOTOPOM 3aKJIIOueHUE — «y [ epaknia — 0epessiHubie HO2U .

3HameHuThIM MareMaTuk apesHocty EBknup (111 B.
110 H. 3., pUC. 2.6), CTPOTO TOBOPSI, HE OBLT TOTUKOM, HO
€ro BKJIaJl B JIOTUKY HEOCIIOPHUM.

I'maBnas pabora EBknmna «Hawana» (B jnaTuHU-
3UPOBAaHHON (QopMe — «DIEMEHTBI») COIAEPKUT H3JIO0-
JKEHUE ITUIAHUMETPUU, CTEPEOMETPUU U psjia BOIPO-
COB TE€OPHM 4YMCENI; B HEM OH IOABEI WTOI IIpelle-
CTBYIOIIEMY Pa3BUTHIO I'PEUECKOM MaTeMaTuKu U CO-
3nan (yHIaMEHT NajbHEHIIEero pa3BUTHUS MaTeMaTH-
ku. Jlo cux mop kiiaccuueckasi reoOMeTpHsl Ha3bIBaeTCs
B €r0 4eCTh €BKJIMA0BOW. Ero BenmmualmmMm AoCTHXe-
HUEM ObLIa TOTUYECKasi OPraHn3allnsl TEOMETPHUECKUX
YTBEPKJIEHUN B COBOKYITHOCTh aKCHOM M TEOPEM.

EBknua Hauan u3JI0KEHHE TEOMETPUM C aKcu-
om (HEKOTOpBIE U3 HUX ¢ HauboJsee cIoKHOU hopMyIH-
POBKO# U CBSI3aHHBIE C TEOMETPUICCKUMH TTOCTPOCHUSMH HA3BIBAJIUCh UM HOCHIylAma-
Mu) — UCTUHHBIX YTBEPXIACHUI, KOTOPbIE, IO €r0 MHEHUIO, IPOCTHl U CaMOOYEBHUIHBI.
Hcnone3yst akcHOMBI, OH JTOKa3bIBAIl Meopembl — ICTUHHBIC YTBEPKICHHS, 0OJIEe CIIOXK-
HbI€ U HE OYEBUJHBIC.

Bo3moxHO, co3manne HHUKAKOro JPYroro yueOHWKa HE MMENO CTOJIb PaTuKallbHBIX
MOCTEACTBUM I pa3BUTHUSL BCEM UYETOBEYECKOM MBICIM HAa MPOTSKEHUHU TMOCIEHAYIO-
IIMX ABYX ThIcs JeT. «Hauama» EBknmaa cranu npearedeil COBpeMEHHBIX (hOpMaTbHBIX
(aKCMOMAaTUYECKUX) CUCTEM.

I'peueckue renun Iludarop, [naron n EBKINI pemInTeaIbHO OTKIOHWIN MOTBITKH
AKCIIEPUMEHTATILHOTO TIOUCKA TE€OMETPUUECKON UCTHUHBI, KOTOPYIO OHU CUUTAIH B BBIC-
el cTeneHn OObEKTUBHOM, B MPOTUBOIOJIIOKHOCTh BCEMY, YTO TOBOPSAT O MHUPE HAIU
OILYIICHUS, TTOJIBIACTHBIE WIUTIO3USIM M €KEMUHYTHO MOKa3bIBAIOLIUE KAXKIOMY BCE HO-
BBII 00pa3 3TOro mMupa.

B TO Bpems korza mocnienoBaTenin ApUCTOTENs MPOJOJIKAIU €r0 TPy, CBA3aHHBIN
C JIOTHKOHM CWJIJIOTU3MOB, Jpyras rpedeckas Ikojia (GuiaocooB, CTOUKH, UCCIIEA0BAIN
npyroit moaxon. OHM M3ydaldu TaK HA3bIBAEMbIC JCI08HbBIE YMEEPHCOCHUA, UMEIOIINE
dbopmy ecau. . ., mo. .. Hanpumep,

Puc. 2.6 — EBxiug

Ecnu obnaka cobuparomces na 3anade, mo 6yoem 00i#cob.

C MMOMOMIBIO YCIIOBHBIX YTBep}KJIeHI/Iﬁ IMPOBOAUIIMCH JIOTHYCCKUEC PACCYKIACHUA.
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rlpMMep .........................

IMocblaku:

Ecnu obnaxa cobuparomces na 3anade, mo 6yoem 0024cOb.
Obnaka cobupatomcs Ha 3anaoe.

3akJaroueHue:

Eyoem 00s1cob.

Hcnonb3yeMblil B JaHHOM IIpUMEpE JIOTUYECKUN 3aKOH PACCyKIACHUS CTajl Ha3bl-
BaThCsl modus ponens (MOJIyC MOHEHC).

OnpeneneHHo, UMEETCs CBSI3b MEXKy IMOAXOAAMU B JIOTMUECKHUX DPACCYKICHMSIX
y ApHUCTOTENS U CTOUKOB, ITO3TOMY IIOCJIE CTOJETHUS HE3aBUCUMOTO PA3BUTHA ITH IMOJ-
XOJIbl CJIMJIUCh BMECTE B paMKax OJHOM JAMCUUIUIMHEI.

HezaBucumo BO3HUKIAa OyIaMCTCKas JIOTHKA, HO JaJIbHEHIee pa3BUTHE JIOTMKH
B EBporie nmMeeT cBOMM MCXOIHBIM IYHKTOM H3y4Y€HHE ApPHCTOTEIIS.

CpennesexkoBas Jioruka B EBpomne pasBuBanach IiiaB-
HBIM 00pa3oM B HalpaBJICHUU CXOJACTHYECKOW MHTEepIpe-
TallUd COYMHEHUN ApHCTOTEN, a caMa JIOTMKa 4acTO HC-
HOJIB30BANIACH JUISI YTBEPXKACHUS U OOOCHOBAaHUS JOrMa-
TOB Bepbl. B anoxy Bo3poxnaenus ®pancuc bakon (1561-
1626 rr., puc. 2.7) — anruiickuii punocod — 3amancs am-
OMIIMO3HON 1LENbI0 MOCTPOUTH JOTHKY OTKPBITHS B OIBIT-
HBIX HayKax C IMOMOUIbIO pa3pabOTaHHBIX UM METOJOB WH-
TYKTHUBHOTO UCCIIEOBAHUSA: CXOJCTBA, PA3JINUMsI, OCTATKOB
U CONYTCTBYIOIIMX HM3MEHeHuH. CWIIOTUCTHKA, MO MHe-
HUIO boKoHa, sABnseTcs OECIONe3HOH A1 OTKPBITHS HOBBIX
UCTHH; B JYYIIeM CIy4yae OHa MOXKET CIY>KUTh JIMIIb JUIS
Puc. 2.7 — ®paucuc bakon OTIpaBJlaHusl 1 0OOCHOBAaHUS UX.

[Tociie BO3HMKHOBEHHUSI B MaTeMaTHUKE aHalu3a OECKOHEYHO MAallbIX BO3POIWICS MH-
Tepec K JICAYKTUBHOMN JIOTHKE.

MareMaTrueckast JIOTHKa ¢ BHEITHEH CTOPOHBI OTIIMYACTCS OT «OOBIYHOM» TEM, YTO
OHA IIUPOKO TOJB3YETCS S3BIKOM MAaTeMAaTHYCCKHX W JIOTHYECKHX 3HAKOB, MCXONS W3
TOTO, YTO B MPUHIIMIIC OHK MOTYT COBCEM 3aMEHUTH CJIOBA OOBIYHOTO SI3bIKA M MIPUHSTHIC
B OOBIYHBIX KHBBIX S3BIKAX CIOCOOBI OOBEAMHEHUS CIIOB B MPEITIOKCHHS.

JIOBOJIBHO paHO BO3HHKIJIA HJES O TOM, YTO, 3alMCaB BCE HMCXOJHBIC JIOMYIICHHS
Ha SI3BIKE CHEIHMANLHBIX 3HAKOB, MOXOXKMX HA MaTeMaTHYeCKHe, MOXKHO 3aMEHATh pac-
CYXJICHHE BBIYHCIEHUEM. TOYHO ke CHOpPMYITHPOBAHHBIE MPABHIA TAKUX JIOTHYECKUX
BBIUMCIICHUN MOXKHO TIEPEBECTH Ha SI3bIK BBIYMCITMTEIBLHONW MAITMHBI, KOTOpas Torna Oy-
JIET CIOCOOHA aBTOMATHYECKH BBIIaBaTh MHTEPECYIONIUE HAC CIICIACTBHUS U3 BBEJICHHBIX
B HEE MCXOJHBIX JTOMYIICHHIA.

CBoero pojia <«JIOTHYECKYH0 MAIllMHY» CKOHCTPYHpPOBAJ €Ile B cpeaHue Beka Paii-
myHn Jlymwmii (1235-1315 rr.), naB eif, Bnpoyem, JUIIb COBEPIIEHHO (haHTacTHUYECKHE
PUMEHEHUSI.
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bonee ompeneneHHbld W OMUM3KUH K peasbHO OCY-
IIECTBJIEHHOMY BIIOCJIEICTBUM 3aMbICE]l YHHUBEPCAJIBHOTO
JIOTMYECKOT0 HcuucieHus passuBan [otdpua Buibrensm
Jleitonwm (1646-1716 rr., puc. 2.8) — Hemenkuii pumocod,
JIOTUK, MaTeMaTHK. JIeHOHuIl Hamescs naxe, 4To B Oymy-
meM (Guocodsl BMECTO TOTO, YTOOBI OECIUTIOHO CIIOPHTH,
OynyT Opark Oymary M BBIYHCIATH, KTO U3 HUX IPaB.

Totdpua Jleitbuur cunran, nogoO6HO APHUCTOTEINO, YTO
JIOTHKA MOXXET CTaTh HE3aBUCUMBIM OPYAMEM JJIsi HAy4YHO-
ro no3HaHusi Mupa. OH ObLT MEPBbIM, KTO MPOABUHYII JIO-
ruKky Boepes nocie Apuctorens. OH IbITalCs 3alUChIBaTh
JIOTUYCCKHUC YTBCPKICHHUS B CUMBOJIWYCCKOM BHJC, HaJC- Puc. 2.8 — T'ordpun
sIChb CBECTHM PpaCCYXJCHMs K MAaHMIIYIHMPOBAHHUIO CHUMBOJA- Bunerensm JleitOHUL
MU, K BBIYHCIECHUSIM. JTO ObliIa MepBasi MOMbBITKA CO3/aTh
CUMBOJIMYECKYIO JIOTHKY.

JleitOHMIT HaAEsUICS, YTO CUMBOJIMYECKAsl JIOTHKa MpeolpasyeT ¢unocoduro, moau-
TUKY ¥ JJa)K€ PEJIUTHUIO B YHCTHIC MCUUCIICHUS, oOecneunBas 3aciIy>KUBAIOIINN TOBEpHUs
METOJI JUIs TTONyYeHHsI OOBEKTHBHBIX OTBETOB HA BCE JKU3HEHHBIE 33/1a4H.

¢¢ B camou uzsecmnou yumame uz pabomvi «McKyccmeo omxpwvimusy
Jo (1685 2.) Jleiibnuy 2o6opum. «9mo eouHcmeennviil Cnocob ucnpasumo
Hauwiu paccysicoenus, 4modwvl coenams ux makxaice ACHbIMU KaK y Mame-
MAmuKkos, maxk 4mo Mvl Mo2nu 6bl Hatmu owubKy ¢ nepeoco 8321404,
a K020a 803HUKAIOM CHOPbl, Mbl MO2U Dbl npocmo ckasamy: «/lasati-
me 8blYUCTUM U YBUOUM, KO Npas.

B 1686 rony 6but0 n3nano ¢uiocodcekoe scce Tordpuna Jleitbnuma «Paccyxne-
Hust 0 Metadusuke» (Discours de metaphysique), B KOTOpOM HOCTaBJIEH BOMPOC: Kak
OTINYUTH (PAKThI, KOTOPHIE MOKHO ONKCATh HEKUM 3aKOHOM, OT ()aKTOB, HUKAKUM 3aKO-
HaM He noguuHstommxcsa? B ueTBeproM paszaene cBoero scce JIeilOHuUIL BhICKa3and OYeHb
MPOCTYIO U IITYOOKYIO MBICIIb: TEOPHsI TOJKHA OBITH MPOIIE JAHHBIX, KOTOPbIE OHA 00b-
SCHSICT, UHAYe OHa He OObACHsAeT Hu4ero. KoHIenus HaydyHOTO 3aKOHAa CTAHOBUTCS
0eCCMBICIIEHHOH, €CITU JI0IYCKaeT HEeOTPaHUUEHHBII YPOBEHb MaTeMaTHUYECKOM CIIOXKHO-
CTH, IOTOMY YTO B TAKOM CJIy4ae BCEr/a MOXXHO C(OPMYTUPOBATH 3aKOH HE3aBHCHUMO OT
TOT0, HACKOJIBKO CITydalHbl M OecriopsiiouHbl ¢akThl. M1 Ha000poT, eciii eTUHCTBEHHBII
3aKOH, OOBACHSIONIMI KaKre-TO JaHHbIE, OKAa3bIBAETCS CIMILIKOM CJIOXKHBIM, TO paccMar-
pUBacMble JaHHBIE HAa CAMOM JI€JI€ HE MOAUYMHSIOTCS HUKAaKOMY 3aKOHY.

Ho ero naeu Obun nanexo BIEPEIH €ro BPEMEHH, MOATOMY OHHM He ObLTH BOCHpU-
HATBl COBpEMEHHHMKaMH. TOJIBKO 4epe3 IBECTH JIET JIOTUKU NEPEOTKPbUIM MX U CTalu
UCIIOJIb30BATh.
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2.2 Hayano matematmnyeckom noruku

[Tocne cBoero 3apoxkaeHus OONBIIEH YaCThIO JIO-
rMKa M3ydanach He(opMallbHO, T.€. 0e3 HCHONIb30-
BaHHUS CHMBOJIOB BMecTO cioB. Ho B konme XIX
CTOJIETHS MAaTEMaTUKU PA3BUIU CUMEOIUUECKYIO J10-
2UKy, B KOTOPOW BBIYUCIIIEMBbIE CHMBOJIBI 3aMEHHU-
JU CJIOBAa W YTBEpKIEHUS. Tpu KIIOYEBBIX BKJIa-
Ja B CHUMBOJHMYECKYIO JIOTMKY chaenanu Jxopmx
byne (1815-1864 rr., puc. 2.9) —anmmiickuii Ma-
teMatuk u Jjoruk, ['eopr Kanrop (1845-1918 rr,
puc. 2.10) —uemenkuii marematuk u [o1no6 dpe-
Puc. 2.9 — Jlxxopnx bynb re (1848-1925 rr, puc. 2.11) — HeMeUKUi JOTHK, Ma-
TeMaTukK u pumocod.

Puc. 2.10 — T'eopr KanTop Puc. 2.11 — Totnno6 ®pere

Ha3BanHnast Tak o UMEHU €€ OTKpBIBATEIs, O)1eea anzedpa Ovliia IepBor pa3pado-
TaHHOM CHCTEMOM, KOTOpas paccMaTpuBaja JIOTHKY Kak ucuucienue. Iloatomy OyieBy
anredpy MOXKHO CUMTaTh MPEALICCTBEHHUKOM MareMaThdyeckod joruku. bynesa anre6-
pa nmogoOHa craHnaptHol apudmernke — aBa 3HaueHus: 0 u 1 (JOXb W UCTHHA) U JBE
olepalyy: YMHOXXEHHE M CIOKEHHE (KOHBIOHKIMS M AU3BIOHKIMS). Bynb He cumran
JIOTHKY pa3leIoM MaTeMaTHKH, HO HaXOJWJ ITyOOKYIO aHaJOTHIO MEXIY CHUMBOJIHYE-
CKHM METOJIOM ajreOpbl 1 CUMBOJIMYECKUM METOJIOM INPEICTABICHUS IOTHYECKUX popM
U CHUJJIOTU3MOB.

[lycTe nmeercs nBa yTBepkacHUs: A U B COOTBETCTBEHHO:

A: «Bonea enaoaem 6 Kacnutickoe mopey;

B: «Aneapa enadaem 6 ozepo baiikany.

Tak kak mepBoe yTBEp)KIACHHE MUCTHMHHOE, a BTOPOE JIOKHOE, Mbl MOXKEM CKa3arhb:
A=1uB=0.

B OyneBoii anredpe ciokeHHe HHTEPIPETUPYETCS KaK «uau», Tak YTO YTBEPKIACHUE
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«Bonea enaoaem 6 Kacnuiickoe mope unu Aneapa enadaem 8 oszepo batikan»

Berumcigerci Kak A + B=1+0=1.
Tak xak OyineBckoe BBIpaXKCHHE UMEET 3HaueHHe 1, TO 3TO yTBEpKIICHHE — UCTHHA.

TI'eope Kanmop — 1epBOOTKpPBIBATEIb TEOPUH MHOXKECTB, BIMSHUE KOTOPOW Ha JIO-
MKy ¥ MareMaTHKy TPYOHO NE€PEOLIEHUTD.

HedopmansHo roBops, 11000€ MHOIHCECH B0 €CTH TIPOCTO COBOKYITHOCTH (COOpaHue)
HEKOTOPBIX 00BEKTOB (JIEMEHTOB), KOTOPbIE MOTYT UMETh YTO-TO 00Iiee Mexay coOoi,
WIN MEX]y 3JIeMEHTaMH MOKET He ObITb HUYEro 0oOIIero.

[1a1Th IPUMEPOB MHOKECTB:

o {2,3,5,7, 11, 13, 17, 19,...} — OeckoHEYHOE MHOXECTBO, COJEpIKaIllee BCE
MIPOCTHIC YHCIIA,

e {memika, KOHb, CJIOH, Ja/ibs, (ep3b, KOPOJIb};

° {{1, 2}, {3,4}, {1,2, 3}} — MHOXECTBO M3 TPEX 3JIEMEHTOB, KOTOPHIC CaMH
ABIIAIOTCS MHOJKECTBAMU;

e {Adpuxka, baiikan, HOSOPH, AbIXaHUE, MJICUHBIN MyTh, KpacoTa};

e MHOXXECTBO JIFO/IeH, MOrudmux Bo BTopoit MupoBoii BoiiHe.

[Ipocras KOHCTPYKIMS MHOKECTB SIBJISIETCS Upe3BbIuaitHO 3¢ (eKTUBHOM 1l onuca-
HUSI BAKHBIX U (pyHIaMEHTaNbHBIX UAeH Joruku. Hampumep, paccMOTpuM yTBEp K IeHHE:

«Ha3zsanus eécex wmamos CILLIA, cooepacawue OVK8y z, Hauunaromes ¢ 0ykevl A».
DTO yTBEPKJICHUE MOXXHO TIPOBEPHUTH, OMPEICINB JIBa MHOKECTBA:

e MHOXECTBO BCEX ILITATOB, HA3BaHUS KOTOPBIX cofepxkar OyKBY z;
e MHOXECTBO ILITAaTOB, HA3BaHUS KOTOPBIX HAYMHAeTCs C OyKBHI A.

MuoxectBo 1: {Arizona}

MmuoxectBo 2: {Alabama, Alaska, Arizona, Arkansas}

Kak BbI BuauTe, KaKIblii 2JIEMEHT MEPBOTO MHOXKECTBA SIBJIIETCS JIEMEHTOM BTO-
poro MHokecTBa. [103TOMy nepBO€ MHOMKECTBO SIBISIETCS HOOMHOMNCECIMEOM BTOPOTO
MHOXECTBA, TAK YTO MUCXOHOE YTBEPKJIEHUE NCTHUHHO.

HecMotpss Ha oueBUAHYIO HPOCTOTY — WJIM, CKopee, Onaromapsi 3TOH MPOCTOTE —
TEOpHUsi MHOJKECTB BCKOPE CTajla OCHOBAaHHMEM JIOTUKH U, 0ojiee TOro, OCHOBaHHEM CO-
BpEMEHHOI MareMaTuku. Ho Henb3s ckazaTh, 4YTO TEOPUIO MHOKECTB MAaTEMATUKU — CO-
BpeMeHHHKH KaHnTopa — Bce BoCIpHHSAIM ¢ BooayiesieHueM. [locne myOnukanum uaei
KanTopa 00 akTyasibHON OECKOHEUHOCTH, TEOPETUKO-MHOXKECTBEHHBIHN MOIXO0/] BCTPETHII
OCTpOE HETPUSATHE MHOTMMHU KPYTHBIMH MaTeMaTUKaMu TOro BpeMeHHu. OCHOBHBIMHU OIl-
MIOHEHTaMU B TO BpeMs ObLIM Hemelkue matematuku ['epman IBapir (1843-1921 rr) u,
B HanbonbmIel crenenu, Jleonmonsa Kponekep (1823-1891 rr.), monmarasmmuii, 4To mMare-
MaTH4eCKUMHU OOBEKTaMU MOTYT CYHTAThCS JIMIIb HaTypalbHbIC YHCIA U TO, YTO K HUM
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HETOCPEICTBEHHO CBOAMUTCA (M3BECTHA €ro (ppaza o ToM, uTo «bor coznan HaTypasibHbIe
qucia, a BCE Mpodee — 110 PyK YEIOBEUECKUX)).

Tem He MeHee k koHIly XIX Beka TEOpHs MHOXECTB cTaja OOIENPU3HAHHON mocie
YCHELIHOTO UCTIOIb30BaHUS TEOPUN MHOXECTB B aHAJIU3€, a TAK)Ke 0COOEHHO MOCIIe IIH-
poxkoro npumeHenus [laBuioM I'unb0epToM TEOPETUKO-MHOKECTBEHHOTO HHCTPYMEHTApUS.

Teopusi MHOXKECTB I€TAJIBHO M3JIaraeTcs B IIaBe 3.

T'otno6 ®pere BBeN MepBbIe pealbHble CUCTEMbl (POPMATBHOM JIOTHKH: JIOTHKY BBI-
CKa3bIBaHUIM M 0OBEMITIONIYIO €€ JIOTHKY MPEIUKaTOB.

Jlozuka évicka3vléanuil, HA3bIBAEMasl TAKXKE HPONOZUYUOHANLHOU J102UKOU (CM.
1aBy 4), UCIONB3YeT OYKBHI JIJIs1 0003HAYEHUS IPOCTHIX YTBEPKIECHUH (BbICKa3bIBaHUM),
KOTOPBIE COETMHSFOTCSI BMECTE B CIIOKHOE BBICKa3bIBAHUE C MTOMOLIBIO JIOTHUECKUX OIle-
pauuii (CBA30K).

[1a1b Onepanuii JOTUKY BBICKA3bIBAHUM B PYCCKOM SI3bIKE MOXKHO IIEPEIATh CIIOBAMU:
CHE», «», KHIIN», «ECHH. . ., TO», «TOINA U TOJIBKO TOTJa».

[Iyctbh umerotTcs

BbICKa3bIBaHUE A: «JleHa efeT B TpamBaey,

BBICKa3bIBaHue B: «lleTsd HaxoguTcs qoMay.

Torma Mbl MOXKEM OIPEAEIUTD CIIOKHBIE BhICKa3bIBAaHUSI:

«Jlena ener B TpamBae u Ilets HaxoguTca gomay;

«Ecnu Jlena ne enet B TpamBae, mo llets Haxonutcs nomay.
[Tomy4yeHHBIE BBICKA3BIBAHUS CUMBOJIMUECKH 0003HAYar0TCs (hopMynamu:

A&B, -A - B.

B mepBoii ¢popmyne cumBon & 0003HAYaET «HM», BO BTOPOM BBICKA3bIBAHUU CHM-
BOJI — 3aMEHSET «HE», a CHMBOJI — 0003HAUaeT «ECIIH. . ., TO.

Bornee croxHas cucrema, J102UuKa npeouKamog, paciuipsieT JOTUKY BbICKA3bIBAHUH.
HcnonezyroTcst OyKBHI (ClIOBa) 7S UMEHOBAaHUS OOBEKTOB (TPEIMETOB) U3 HEKOTOPOI
npeAMETHON 00acT M UMEeHa JuId peaukaToB. [Ipennkarsl 0003HaYa0T CBOWCTBA 00B-
€KTOB WJIM OTHOIICHUSI MEXy OOBEKTaMH.

ITycts mpenukar M (x) oOo3Ha4aeT CBOWCTBO JIIONEH «x €IeT B TpamBaey, a Ipe-
nukat H(x) obo3Ha4aeT CBOWCTBO JHOMEH «x HAXOAUTCS joMmay. Ilpu 3Tux 0003Have-
HUSX BBICKA3bIBaHUS, 3allMCaHHbIE B BHUJE (HOPMYI MPOMO3UIMOHATIBHON JTOTUKU A&B
u -A — B, B TOTHKe IPEINKATOB 3alMCHIBAIOTCS TEMEPh KakK

M(Jlena) & H(Ilets),
-M (Jlena) — H(Ilets).
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Kpome mporo3umoHa bHbIX ONepalyfid JIOTHKA MPEIUKAaTOB COJICPIKUT JBE OIepa-
I[UH, HA3bIBAEMBIMU K8AHMOPAMU, KOTOPBIE CITYXKaT 1k 0003HAUEHUS TOTIOTHUTEIBHBIX
KOHCTPYKIIUH, TO3BOJISIONINX CO37aBaTh Ooliee ciokHbIe ¢opmyibl. KBaHTOpBI B (op-
MyJIaX 3aMEHSIOT BBIPOKEHUS BUA «IUIST BCEX» M «HEKOTOPHBI». Hampumep, oM 1M03BO-
JISTIOT TIPEJICTABUTh YTBEPIKICHHUS:

«Bce moou edym 6 mpameae»,
«Hexomopuwie n100u naxoosamces oomay

B Bue hopmyn VxM (x) u 3xH (x) cOOTBETCTBEHHO.

Jloruka npeaunkaroB — Hanbosiee OOLIUI A3bIK ISl KIACCUYECKON MaTeMaTH4eCcKOM
JIOTUKH (€CTh M HEKJIACCUYECKUE JIOTUKH) — ONUCAH B TJIaBe 5.

B xonne XIX Beka, cienys npuMepy EBkianma, MareMaTWKd CTPEMUINCH CBECTH
BCE B MaTeMaTUKe K MHOXECTBY TEOPEM, JIOTUYECKU BHIBOJUMBIX U3 HEOOJIBIIOTO YHCIa
akcuoM. dpere oOHapY KU BOBMOKHOCTh TOTO, YTO CaMa MaTeMaTHKa MOKET ObITh BbI-
BE€/ICHA U3 JIOTHUKU U TEOpUU MHOXKecTB. HaunHas ¢ HECKOIBKMX aKCHOM O MHOXKECTBaX,
OH II0Ka3aj, YTO YMCJA U, B KOHEYHOM CYETE, BCA MareMaTHKa CIEAYIOT JIOTMUECKH U3
9TUX AKCHOM.

Teopust @pere ynoBIeTBOPUTENBFHO paboTana A0 Tex mop, nmoka beprpan Paccen
(1872-1970 rr., puc. 2.12) —He 0OHAPYKUJI MAPAJOKC, HA3BAHHBIA BITOCJICICTBUH €T0O
uMeHeM (cM. miaBy 3). @pere He Halled Kak OCBOOOJUTHCS OT 3TOTO MPOTUBOPEUHS.

Ho Paccen cymen u30aBUTBCS OT MOMOOHBIX IMapaJOKCOB B TEOPUU MHOMKECTB.
B 1910-1913 roast beprpan Paccen u Ansdpen VYaiitxen (1861-1947 rr., puc. 2.13)
Hanucanu (yHnameHTanbHbli Tpyn «Principia Mathematicay, B KOTOpOM, HCIOJIB3Ys
uneu Opere, 060CHOBAIN MaTEMAaTUKy Ha aKCHOMax TEOPUU MHOXKECTB U JIOTHUKH.

Puc. 2.12 — Beprpan Paccen—  Puc. 2.13 — Ansbpen Yaiitxen —
dbunocod, maremaTuk ¢dunocod, MmaremMaTuK, JOTUK
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2.3 MaTtemaTudyeckaqa normka B cBoem onecke
N Benukonenumu

I'erTHHreHckas nmporpamMmma

B nBammareix rogax XX Beka ¢ mporpaMmon 00oc-
HOBaHUS MaTeMaTHKW Ha 0a3e MaTeMaTH4ecKOW JIOTH-
KM BBICTYIIAJI 3HAMEHUTBIA HEMELKUN MareMaTuk I uib-
oept (1862-1943 rr., puc. 2.14) — HeMeUKUi MaTeMaTHK-
yHUBepcal.

['uns6epT, BOKPYT KOTOPOTO CIIOXKHIACh K TOMY Bpe-
MEHH IIIKOJIa OJIECTAIINX TMOCIe0BaTeNeH, B IeJION cepuun
paboT HaMeTWJ IUIaH HCCIeJOBaHUI B 001acTH OCHOBa-
HUW MaTeMaTWKH, MOJTYYUBLIUN BIIOCIIEICTBUM Ha3BaHUE
«l'€TTHHI€HCKON TIPOrpPaMMBbD».

B MakcumanbHO yHpOIIEHHOM BHJIE €€ MOXHO H3JIO-
KUTh CIICTYIONTIM 00pa3oM: MaTEMaTHKy MOKHO TIPEJICTa-
BHUTHh B BHJI€ HAOOpa CJIEICTBUI, BHIBOJUMBIX M3 HEKOTO-
pOil cuCTEeMbI aKCHOM, U J10Ka3aTb, 4TO:

1. Maremaruka SBISETCSI HOIHOU, T.€. TF000€ MaTEMAaTHYECKOE YTBEPKICHUE MOKHO

JIOKa3aTh WJIA OMPOBEPTHYThH, OCHOBBIBASICH HA TIPABUIIAX CAMOW JUCITUTUIMHEI.

Puc. 2.14 — JlaBun
I'unb6ept

2. Maremaruka SIBISIETCS. HENPOMUEOPEUUBOI, T. €. HEIIb3sl J0Ka3aTh U OAHOBpE-
MEHHO OTIPOBEPIHYTh KaKoe-InO0 yTBEPKIeHUE, HE Hapyllasi IPUHSTHIX PaBUII
pacCyKIcHUS.

3. MareMaruka SIBJISETCS pa3peutumoil, T.e€., MOJb3YsACh MIPABUIAMHU, MOXKHO BBI-
SICHUTb OTHOCHUTEJIBHO JIF000r0 MaTeMaTnyeckoro yTBEP)KICHHUS, T0Ka3yeMO OHO
WU OIIPOBEPIKHUMO.

@axTtruecku nporpamma [unsbepra crpeMuiach BbIpabOTaTh HEKYIO OOLIyIO Mpo-
Heaypy AJis OTBETa Ha BCe MaTeMaTH4eCKHe BOMPOCHI UM XOTs Obl JoKa3aTh CyIIEeCTBO-
BaHHE TaKOBOM.

Cam yd4eHbli ObUT yBepeH B YTBEpAMTEIBHOM OTBETE HA BCE TPH C(HOPMYIHpPOBAH-
HBIX UM BOIIPOCA: TI0 €r0 MHEHMIO, MaTeMaThKa JIeHCTBUTENbHO ObliIa MOJHOM, HENpo-
THBOPEUNBOM M paspeminMoi. OcTaBasoCh TOJIBKO 3TO J10KA3aTh.

C 3TOro BpeMeHH M HaYMHAETCsSl COBPEMEHHBIN ATAll Pa3BUTHUs MAaTEMAaTHUYECKOM JI0-
TUKH, XapaKTepU3YIOLIUIiCs MPUMEHEHNEM TOUHBIX MaTeMaTHYeCKUX METOAOB IpU H3Y-
4eHUH (OPMATBHBIX AKCHOMAaTHYECKUX TEOPHI.

3aMeTHUM, 4TO POJIb JIOTMUECKOTO UCUUCIIEHUS KaK CPEACTBA OTKPHITHSI HOBBIX UCTHH
Jake B 00J1aCTH MaTEeMaTHKH JIOJITO OCTaBaslach Oojiee yeM CKpPOMHOW. 3aTO CHMBOJIU-
YECKHMU S3bIK MATEMaTUYECKON JIOTHMKU OKa3aJICsA Ha TPaHMIlEe AEBATHAAATOrO U ABaALA-
TOTO BEKOB OYEHb BAKHBIM MOJCTIOPHEM B M3YUYCHHM JIOTMUECKUX OCHOB MaT€MaTHKH,
MOCKOJIBKY OH TIO3BOJISLT U30€eraTh BCAKONH HETOYHOCTH MBICIH, KOTOPAs JIETKO MPOCKAJIb-
3bIBACT MPU MCIIOIB30BAHUH CIIOB OOBIYHOTO SI3bIKA, CMBICI KOTOPBIX JAeTCsl HE TOYHBIM
OTIpeIeNIeHHEM, a CO3IaHHEM MPHUBBIYKH K MPHHATOMY CIIOBOYHOTPEOICHHUIO.
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Teopembl I'énesns

«Principia Mathematica», Tpyn Paccena u Yaiitxena, cTporo 060cHOBaJI MaTeMaTH-
Ky Ha OCHOBE JIOTUKH, HO CIOPIPHU3bI ObLITM OOHAPYKEHBI B CAMOM JIOTHKE.

Jlist 11000 MaTeMaTHYecKol TEOPHH, OMPEACIICHHON C MOMOIIbI0 MHOXKECTBA aK-
CHOM, BO3HHUKAIOT JIBa BOIMPOCA: SIBIISIETCS JIU TEOPHUs HENPOTUBOPEUYMBOW W TOITHOM.
HenpotuBopeunBOCTh TEOPUH O3HAYALT, YTO, AeJasi JOTMYECKHE CIEICTBUS U3 aKCHOM,
MBI TIOJTy4aeM TOJIBKO UCTUHHBIE yTBepxkIeHHs. [loqHOoTa 03HAa4aeT, 4TO BCe UCTHHHBIC
YTBEP)KJCHUSI TEOPUH MOKHO BBIBECTH U3 €€ aKCHOM.

B 1931 rony Kypt I'énens (1996-1978 rr., puc. 2.15) —
ABCTPUNUCKUN JIOTMK M MaTeMaTHK — JI0Ka3aj, 4To OecKo-
HEYHOE MHOXXECTBO MAaTeMaTH4eCKHUX YTBEP)KICHHUN SIBIIS-
IOTCSl UCTHHHBIMH, HO HE MOTYT OBITh JOKa3aHbl, MCXOIs
u3 akcuoM «Principia Mathematica». OH Taxxe yCTaHOBHII,
YTO IOTBITKA CBECTH MaTeMaTUKy K HEMPOTHBOPEUUBON CH-
CTeME aKCHOM JIaeT TOT )K€ CaMbIi pe3yibTar: CYyIIeCTBYET
0ECKOHEYHOE MHOXKECTBO MaTeMaTHUYECKUX UCTHH, Ha3bIBa-
EMBIX HepaspeutumbiMu YTBEPKACHUSIMH, KOTOpbIe HEI0-
Ka3yeMBbI C TIOMOIIIBIO 3TOH CUCTEMBI.

DTOT pe3yabTaT, Ha3bIBAEMbI meopemoil 0 HenoaHo-
me, cpa3y BBIIBUHYN ['€ens B UUCIIO BEJIMKUX MaTeMaTH-
KOoB XX BeKa.

Bropoii pesynsrar — meopema o nenpomueopeuugocmu — yTBEPKIAET, UTO HENPO-
TUBOPEYHUBOCTH JIFOO0I aKCHOMAaTUIECKOH TEOPHH HE MOXKET OBITh JOKa3aHa CPEe/ICTBAMU
CaMOH TEOpHH.

Puc. 2.15 — Kyprt I'é nens

B cymnoctu, Teopema ['€nenst o HemonHOTE MOXOpoHUIIa Haiex bl JIelOHuma o cy-
II€CTBOBAHUH JIOTHYECKOTO METO[a, KOTOPHII MOT ObI BBIYMCIUTH OTBET HA BCE HAyUHBIE
BOMPOCHL. Jloruka, 1mo kpaiiHei Mepe B HACTOAIIEM BHJIE, HEJOCTATOYHA, YTOOBI I0KA3aTh
KXyI0 MaTeMaTHYECKYI0 UCTHHY, TeM Oosiee 1r00yi0 HCTUHY B HAIlleM MHpeE.

Teopemsr ['énenst mokazanu, uro ['eTTrHreHcKas nporpamMma [ mis0epra Hepeanmn3yema.

Hexsnaccnueckast 10ruKa

CBezieHue MaTeMaTHKH M JIOTUKH K HEOOJBIIOMY CIIHC-
Ky aKCUOM €CTECTBEHHO BBI3BAJIO BOIIPOC: UTO IPOU30MIET,
€CJIM UCXOAHbIE aKCUOMBI OyIyT Ipyrumu?

Hampumep, no3BosUTh yTBEPKIECHUSIM UMETh HE TOJIb-
KO /1Ba MCTUHHOCTHBIX 3HAUEHUS! «UCTHHA» U «IOXb)», HO
U TPEThE 3HAUEHHE, BBIPAKAEMOE CIOBAMU «BO3MOXKHO
(«BEpOSATHO», «HEUTpaJIbHO»). JlpyrMMu cjoBaMH, OTKa-
3aThCsl OT AKCUOMBI «3aKOH HCKIIIOUEHHOTO TPETHEro» (CM.
maBy 6). [IpeBHHME Tpekd CUMTAIM HEBBIOJHEHHE 3TOTO
3aKOHA HEMBICIUMBIM HapyILIEHUEM JIOTMUECKUX Paccyxk-
JIEHUIA, HO OITMCAHUE JIOTUKHU IPOCTO KAaK AKCMOMAaTH4ECKOMU
CUCTEMBI (TEOpUH) CAENANIO 3TO JOITYCTUMBIM.

B 1917 rogy Au JlykaceBuu (1878-1956 rr., puc. 2.16) — nmonbckuil JOTUK, ObLT
NIEPBBIM, KTO CTaJl pacCMaTpUBATh MHO203HAUHbIE TO2UKU, BBEIS TPEThE NCTUHHOCTHOE
3HAYEHHE «BO3MOXHO». B Takoil jormke BO3MOXXHO ONpPENEIsATh HCTUHHOCTHBIE 3Haue-
HUSI YTBEPXKACHUH, MTOOOHBIX CIIEAYIOIIEMY:

Puc. 2.16 — SIn JlykaceBuu
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B 2030 200y uenoseuecmeo xononusupyem Mapc.

Jlob6aBneHne 3HaYEHUS «BO3MOXKHO» K «UCTHHA» U «IOXKb)» CTaJIO MEPBBIM pajiu-
KaJIbHBIM OTCTYIUICHUEM OT KJAACCUYECKOul J102UKU — BCEil TOM JIOTWKH, KOTOpast Oblia
110 3Toro. Bo3Hukiia HOBast BETBb JIOTUKH — HeKaaccuueckas aozuka (cm. [1]).

Jpa KOMIIBIOTEPOB

ITosiBIeHNE KOMIIBIOTEPOB CBSA3aHO C PA3BUTHEM TAKOIO pasfesia MaTeMaTH4ecKOn
JIOTHKH, KaK TeOpHs alropuTMoB. PazButue MplnieHus B 0071acTU MaTeMaTHUYECKUX Ha-
yK Bcerna ObUlo B HauOOJBIIEH CTENEeHHU aJTOPUTMUYHBIM 110 CPaBHEHHIO C MPOYUMHU
HayKaMHd, TeM HE MEeHee BceoOIlas KOMIbIOTepH3alus emie 0ojee OTYSTIMBO BBIABHIIA
3Ty CTOPOHY MaTeéMaTH4€CKOI0 MBIIUICHUS.

He menee TecHas CBSi3b METOJOB MaTeMaTHYECKOM JIOTUKM U COBPEMEHHBIX KOM-
IBIOTEPOB MPOCISKUBAETCS 110 CIEAYIONIMM IBYM HampaBieHUs M. Bo-mepBbix, Mmatema-
THUYEcKas JIOTMKa HCIONb3YyeTcsl MPpU (PU3NYECKOM KOHCTPYHMPOBAHUHU U CO3/IaHUU KOM-
IbIOTEPOB (anredpa BhICKa3bIBaHUM U OyieBbl (PyHKIIMHM — MaTeMaTHUeCKUH anmapar JUist
KOHCTPYHMPOBAHHS MEPEKIIOYaTEIbHBIX U (DYHKIIMOHAJIBHBIX CXEM, COCTABIISIONIUX dJie-
MEHTHYIO 0a3y KOMITbIOTEPOB).

Bo-BTopbIX, MporpaMMHOe 00ecreueHne COBPEMEHHBIX KOMITBIOTEPOB IIHPOKO HC-
NI0JIb3yEeT MAaTeMaTU4YEeCKyl0 JIOTMKY. B OCHOBE MHOIOUMCIIEHHBIX SI3bIKOB IIPOrpaMMHU-
POBaHMS JIS)KAT TEOPUS AITOPUTMOB, TEOPHsI (POPMATBHBIX CUCTEM, JIOTUKA MPEIUKATOB.
Takue mapagurMel MporpaMMUpPOBaHMs, Kak Jornueckoe (s13p1k Prolog) u pyHkunonans-
Hoe mporpammupoBanue (s3bik Haskell), ocHoBaHbI Ha MPUMEHEHUU JIOTUYECKUX TEO-
puil: aBTOMaTU4YeCcKOro J0Ka3areiabCcTBa TEOPEM U JIIMO/1a-UCUNCIIEHUS COOTBETCTBEHHO.
Kpome Toro, cuHTe3 JIOTUKM M KOMITBIOTEPOB INPHBET K BO3HUKHOBEHHUIO 0a3 3HAHUMA
Y SKCIIEPTHBIX CHUCTEM, YTO SIBUIOCH BaXHEHMILIMM 3TAallOM Ha MyTH K CO3AAHUIO HCKYC-
CTBEHHOT'O MHTEJIJIEKTA — MAIIMHHOM MOJIENIN YEI0BEYECKOTO pasyMa.

OCHOBHOI1 BKJIaJl B TEOPHUIO anroputMoB caenanu Yépu u Teropunr. Anonzo Yépu
(1903-1995 rr., puc. 2.17) aMepuKaHCKUI MaTeMaTUK U JOTMK — POCTIaBHIICS pa3padboT-
KOW TeOpHUH JISIMOJa-UCUHCTICHHSI, TIOCTIeIOBABIIICH 32 €ro 3HAMEHHUTOU cTaThél 1936 ro-
J1a, B KOTOPOW OH I0Ka3ajl CyLIECTBOBAHNE AITOPUTMHUECKH HEPA3pEIINMBIX 3aad. JTa
CTaThs MpEeIIecCTBOBaja 3HAMEHUTOMY HccienoBaHuio AnaHa ThlopuHra Ha TeMy Hpo-
O5eMbl OCTAHOBKH, B KOTOPOM TaKXe ObLIO MPOJEMOHCTPUPOBAHO CYIIECTBOBaHHE 3a-
Jlay, Hepa3pelnMbIX MexaHnueckuMu crocodbamu. Briocnenctuu Yépu u ThropuHr mo-
Ka3aiH, 4YTO JISIMO/Ia-MCUMCIICHUS U MallnHa ThIOpHHIa MMENM OIMHAKOBBIE CBOMCTBA,
TaKUM 00pa3oM J0Ka3bIBas, YTO pa3IMYHbIC «AITOPUTMHUYECKUE MPOLECCHl BHIUUCIIE-
HUI» MOTJIA UMETh OJIMHAKOBBIE BOBMOXXHOCTH. JTa paboTa Oblia oopmMiieHa Kak Te3UC
Yépua.

Anan Teropusr (1912-1954 rr, puc. 2.18) — aHIMNCKNUN MaTeMaTUK U JIOTUK — J10-
Ka3aJj, 4yTo MpobiaeMa OCTAHOBKH Il MAIIMHBI ThIOPHHTa Hepa3peliuMa: B 00IIeM Clly-
Yyae HEBO3MO)KHO JITOPUTMUYECKU OIPEIeTUTh, OCTAHOBUTCS JIM KOTJa-HUOY/Ib TaHHAs
MamuHa TeropuHra. XoTsl J0Ka3aTelbcTBO ThIOpUHTa OBUIO OOHApPOIOBAaHO B CKOPOM
BPEMEHHU TOCIIe SKBUBAJIEHTHOTO JI0Ka3aTelbecTBa AnoH30 Yépua, B KOTOPOM HCIIOJB30-
BaJIOCh JIIMOIa-ucuuciieHue, cam TrlopuHT ObUT ¢ HUM He 3HakoM. [lomxon Anana Thro-
pHHTa MPHUHATO CYUTATh OoJiee MOCTYNHBIM U MHTYUTHUBHBIM. Wes «YHuUBepcalabHOM
MaruHs, CrocOOHON BBIMOIHATH (YHKIUH 000 Jpyrod MalIMHbBl WIH, IPYTUMHU
CJIOBaMU, BBIYHCIUTH BCE, YTO MOKHO B MPHUHIIUIIE BBIYUCINTH, OblIa KpallHE OpHUTrH-
HaJIbHOM.

B rnaBe 8 mbI 60see nmoapoOHO mo3HakoMuMcs ¢ paboramu Yépua u Teropunra.
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Puc. 2.17 — Anonso Yépu Puc. 2.18 — Anan Teropunr

Byp0aku

Huxkons Byp6aku (dp. Nicolas Bourbaki) — cobuparenbHblii TICEBIOHUM, MO KOTO-
PBIM TPyIIITa MAaTEMaTHUKOB Pa3HBIX CTPaH, MPEUMYIIECTBEHHO (PPAHITY3CKUX, BBICTYITHIA
C MPOEKTOM JaTh CHUCTEMaTHYECKOE H3JI0KEHHE COBPEMEHHON MAaTeéMaTWKH Ha OCHOBE
akcromaruuyeckoro meroga. O6pazoBanack rpymma B 1935 rogy u3 ObIBIINX MUTOMIIEB
Bricuieit HOpManbHOW MIKOJIBI. YHCIIEHHOCTh M TOYHBIA COCTaB TPYIIbI HE pa3miiaiial-
Cs, HO U3BECTHO, YTO JIMJIEPAMH €€ CTalld U3BECTHbIe MaremMaTuku AHape Beitnb, Kan
Henbcaprt, XKan [Apé€nonne, Aupu Kapran u Knon IlleBasie. B MHOrOTOMHOM TpakTa-
te «Hauana mamemamuxu» (Eléments de Mathématique), Boixomsmem ¢ 1939 rona,
pa3BuBaeTcsi GopManbHas aKCMOMaTH4YecKasi CUCTeMa, KOTopasi, IO 3aMbICITy aBTOPOB,
JIOJKHA OXBAaTUTh IMIAaBHEWIWE pa3zienibl MareMaTHuKd. OCHOBHBIE MPUHIUIBI U3JI0XKE-
HUIl: eIMHCTBO U MoJHas ¢opManu3alys MaTeMaTUKd HAa OCHOBE TEOPUM MHOXKECTB;
CUCTEMaTHYHOCTb; JOIMaTHU3M M CaMOJIOCTaTOYHOCTb;, M3JI0KEHHE, BCerna Haylliee OT
00IIero K YaCTHOMY; KITFOUEBAast POJIb MOHSITHUS «CTPYKTYpb». M310keHNe HOCUT CcyTy0o
abcTpakTHbI XapakTep. CTPyKTYpBI OMPEIEISIFOTCS MOCPEACTBOM aKCHOM, HalpUMep:
CTPYKTYPBI TIOPSAKA, TPYIIIIBI, TOMOIOTUYECKUE CTPYKTYphl. Croco0 paccykIeHus — OT
oOuiero k yactHoMmy. Knaccudukamus MaTeMaTHKy, IPOM3BOUMAs 110 TUIIAM CTPYKTYP,
3HAUUTENBHO OTINYAETCS OT TPAJULUOHHOI.

B xnurax bypOaku Oblnu BHepBbI€ BBEACHBI CHUMBOJ JJIsi ITyCTOTO
MHOecTBa &; cuMBoJIbl N, Z, Q, R, C 1151 MHOXECTB HaTypajbHBIX, 1ie-
JIBIX, pallMOHATBHBIX, I€UCTBUTENIbHBIX U KOMIUIEKCHBIX YUCEN; TEPMUHBI
CUHDBEKYUSDY, «CIOPBeKyUus» N «Ouexyus» (CM. TIaBy 3); 3HAK «OMACHBIHA
MOBOPOT» Ha MOJIAX KHUTH, MOKA3bIBAIOIINH, YTO JaHHOE MECTO B JIOKa-
3aTeNIbCTBE MOXKET OBITh HETIPABHJIBHO MOHSTO.

B TpakTare Bce MaTeMaTH4YeCKHE TEOPUU OMUCHIBAIOTCS HA OCHOBAaHUM aKCHOMAaTH-
YeCKOM TEOpHH MHOXKECTB B JyXe KpaiiHel abctpakiuuu. Hanpumep, onpenenenne oObIK-
HOBEHHOT'0 HaTypajbHOTo urcia 1 B «Teopun MHOXKECTB» AETcs CIEAYIOIIMM 00pa3oM:

rz((ﬂu)(ElU)(u (U, {8}, Z)nUc{z}xZ
n (v2)((x e {2}) = (W)((v. ) € U))
1 (V) (W) () (6 2) e Um (v, 3) e U) = (v=")
n (v)((ve2) = (3)((x») € U))
n (V) (V) () (((62) € U mt (¥, ) € U) = (x=x)))).
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[Ipu4ém, yuuThIBasi, YTO B 3TOM 3aIUCH YXKE€ CHIEJIaHbl COKpPAIEHUs, HapUMep IIy-
CTO€ MHOXKECTBO & OTPENEISIETCS B sI3bIKE TEOPUH MHOXKECTB bypOaku kak

 — |
T ETﬁﬁEDDD,

MBI [TOJTy4aeM, 4TO IOJTHAS 3aIMCh OOBIKHOBEHHOW €JMHHIIBI COCTOUT U3 4 523 659 424 929
CHUMBOJIOB [2]!

JlesTenbHOCTh ATOTO KOJUIEKTHBA MPUHECHA CYIIECTBEHHbIE IIOJABI B TaKUX 00Ja-
CTSIX MaTeMaTHUKH, KaK TOTIOJIOTHS, TOMOJIOTHUecKas anredpa, ainredpa, Teopus anredpa-
UYECKUX Yucell, PyHKIMOHAIBHBINA aHanu3 u Ap. Bo @pannuu Hanmucano 6omnee 40 kHUr
sToro Tpakrara. B 1959-1987 rogax ObuiM mepeBeeHbl HA PYCCKUi s3bIk Oonee 20 To-
MOB. B 1968 rony byp6aku 0ObsIBUIT O MPEKpaIieHuH CBOCH eATeTbHOCTH. 3alyMaHHbBIN
TpaKTaT OCTajCs HE3aKOHYCHHBIM.

Marematrka XX Beka BOCHpHUHsIA BIUsHUE PopManucTKux B3sinoB H. bypOaku:
«...CTHJIb MPAKTUYECKU BCEX HAyYHBIX pabOT MO MareMaTuke B MEPHOA OT MATHIECS-
TBIX [0 CEMHJIECATHIC TOABI MOCTENIEHHO M3MEHWICS B CTOPOHY (hopMasu3alliu, CTaj
B TOM WJIM WHON CTENEHU MOXOAUTH Ha (HOpMasbHO-OypOAKHCTCKYIO MaHepy, IPUTOM,
KaK MPaBUJIO0, STOT MPOILIECC MPOUCXOIUT HEOCO3HAHHO» [3].

Crporocts u3noxxkenus B kaurax bypOaku B kakoi-To Mepe copmupoBania coBpe-
MEHHBIN CTaHIApT CTPOrOCTU MAaTEMAaTHUYECKUX TEKCTOB.

I Imetineays [4): «Ho nesozmoxcHo obyuenue mamemamuxe no pa-
bomam Huxona Bypbaku, nomomy umo y4eHuxu auuiensl CnocooHocmu
NO3HAHUSL MOU MAMeMAMUKU, KOmopas npeocmasisem cooou «Heumo
8P00€ IKCNePUMEHMATbHOU (PU3UKUY, U NOIMOMY npenooasamenu 0osi-
3ambl YKA3b18aMb OOHOU PYKOU 8 Yice NpoudeHHoe npouiioe, a Opy-
20Ul — 8 ewe Heuzgecmuoe byoyujee. . .».

1. CymiecTBYyIOT U MaTeMaTHYeCKUe OOBEKTHI HE3aBUCUMO OT MaTeMaTHUKOB?
2. Jlns gero npumeHnsercs anroputMm EBkimna?

3. Kakue ngeu JleitOHuna ObutM BOCHPUHATHI TONbKO yepe3 200 jer mocnie ero
cMepTH?

4. Kro sBisiercst ocHOBaresneM OyneBoil JIOTUKu?

5. Kak B undopmatike ucnosiab3yercss MareMaruieckas Joruka’?
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OCHOBbI TEOPUN MHO>KECTB

Hukro He U3roHUT Hac U3 pas, KOTOpslid ocHoBan KaHTop.

Hasuo I'urwbepm o meopuu mHodcecms

3.1 IHTynTMBHasa Teopmns MHOXeCTB

[ToHsATHE MHOXKECTBA SIBISCTCS OCHOBHBIM, HEONPEACTSIEMBIM MOHSATHEM, ITO3TOMY
MBI MOXKEM €T0 TOJBKO TMOSICHUTH, HAIIpUMEP C TIOMOIIBIO CIEAYIOLIETO 1celoonpede-
nenus. Tlon muosxcecmeom S Oynem nmoHUMaATh J1000e coOpaHUE ONPEACIICHHBIX U pa3-
JUYUMBIX MEXKIY COO00 0OBEKTOB, MBICIMMOE KaK €IUHOE 1enoe. DTH 00BEKTHI Ha3bI-
BAIOTCS 21eMEHmMamMu MHOMcecmea S.

B 3TOM MHTYUTHBHOM OTpeCICHUH, TPUHA/IISKAIIEM HEMEIIKOMY MaTreMaTuky | e-
opry KaHTopy, CyIIeCTBEHHBIM SIBJISIETCSI TO OOCTOATENBCTBO, YTO COOpPAHUE MPEAMETOB
caMo paccMaTpHBAeTCs Kak OJIMH MPEIMET, MBICIHUTCS Kak enuHoe nenoe. YTto kacaercs
CaMMX TPEIMETOB, KOTOPbIE MOTYT BXOJUTHh BO MHOXKECTBO, TO OTHOCHTEIBHO HHX CY-
IIECTBYET 3HaUUTENIbHast CBOOOA. DTO MOXKET OBITh MHOXECTBO CTY/IEHTOB B ayJJUTOPUH,
MHO)KECTBO IIEJIBIX YHCEJ, MHOKECTBO TOYEK IUIOCKOCTH. 3aMETHM, YTO KaHTOPOBCKAs
(bopMyTHUpOBKa TO3BOJISIET pacCMaTpUBaTh MHOXKECTBA, SJIEMEHTHI KOTOPBIX IO TOH WK
WHON NPHYUHE HENb3s TOYHO yKa3aTh (HampuMep, MHOKECTBO MPOCTBIX YUCEIN, MHO-
KECTBO OeNbIX HOCOpOroB M T.1.). He cnemyer mymarb, 9YTO MHOXXECTBO 0O0S3aTEIbHO
JOJDKHO COJIepKaTh B KAKOM-TO CMBICIIE OJHOPOJHBIE OOBEKThl. MOXXHO OOBEIUHUTH
B OJTHO MHO>KECTBO U KOPOJIEH, U KaIyCTy.

CuMBoIIOM € 0003HAYaETCSd OMHOUIEHUE NPUHAONEHCHOCHU. DTO TIOHATHE TAKXKe
He ompenensiercss GopMabHO. 3amuch X € S O3HAYaeT, YTO AJIEMEHT X HPUHAIJICIKUT
MHOXeECTBY S. EciM 371€EMEHT X HE MPUHAJIEKUT MHOKECTBY S, TO MULIYT X ¢ S.

I'. KautopoM chopMyTupOBaHO HECKOIBKO MHTYUTHUBHBIX MPUHIUIIOB, KOTOpPbIE ec-
TECTBEHHO CYUTATh BBIMOIHIIOMIUMUCS JJIsi TPOU3BOJIBHBIX MHOXKECTB.

MHOKeCTBO BCeX 0OBEKTOB X, 00JIaIAr0IINX CBOMCTBOM A (X), 0003HaYaeTCst {x | A(x) }

Ecm Y = {x | A(x)}, 10 A(x) Ha3bIBACTCS XAPAKMEPUCIUUECKUM C60UCHEOM MHOXECTBA Y.
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Humyumuenwiii npunyun aécmpaxyuu. Jlioboe xapaxmepucmuue-
croe ceoticmeo A(x) onpedensiem nexkomopoe mnodxcecmseo X, a umen-
HO MHOJCECME0 mex U MONbKO Mex NpeomMemos X, Oisl KOMOPbIX 6bi-
noaneno cgoticmeo A(x).

Humyumuenwviit npunyun oovemuocmu. Mnoocecmsea A u B cuuma-
I0MCs PABHBIMU, eCU OHU COCMOAM U3 OOHUX U MeX Jice INEeMEHMO.
(Yacmo smo evipasicarom croeamu: «Mnoowcecmea paghwl, ecau ux xa-
pakmepucmuiecKue c6OUCMEa IKEUBATICHMHBLY).

[TponmnrocTpupyeM NpUHIMI 00BEMHOCTH. MHOXKECTBO A BCEX MOIOKUTEIIBHBIX
YETHBIX YMCEJ PABHO MHOXECTBY B MOJIOKUTENbHBIX LIEJIbIX YUCE, IPEJCTABUMBIX B BU-
JI€ CyMMBI JIBYX TOJIOKUTEIbHBIX HEUETHBIX 4ncel. [leficTBuTenbHO, eciau x € 4, To A
HEKOTOPOTO IEJIOr0 MOJIOKUTENIBHOTO YUCia m UMeeM X = 2m; torna x = (2m — 1) + 1,
T.€¢. x € B. Eciiu x € B, TO WA HEKOTOPBIX LEIbIX IOJOXKUTEIBHBIX p U g UMEEM
x=2p-1)+(2q-1)=2(p+g-1), T.e. x € A.

MHOXKECTBO, 3JIEMEHTAMH KOTOPOTO SBJISIOTCS 00LEKTHI Ay, dy,. . ., d, ¥ TOJILKO OHH,
o6o3navaror {ai, ds,. .., a,}. Ero omnpenenexue yepe3 XapakTepUCTHIECKOE CBOMCTBO:
{ay, az,...,a,} ={x|x=a wux=a, win ... wia x = a, },

TAC KU ABIACTCA Hepazdejmmenbubml . I/ICXOILH H3 5TOI0 TOXKICCTBA MOKHO BHUACTD,

B YAaCTHOCTH, 4YTO
{a, b} = {b, a}, {a, a} = {a}.

B o01iem cirydae mopsiioK, B KOTOPOM 3JIEMEHThI PACIIONOKEHBI ITPU ONIMCAHUH MHO-
KECTBA, HC UMECT 3HAYCHUS; HC UMCCT 3HAUCHHUA TAKKE BO3MOXHOCTb HCOAHOKPATHOI'O
IMMOBTOPCHUA OJHUX M TEX XKE DJICMCHTOB IIPHU OITMCAaHUKW MHOXKCCTBA.

CTOUT OTMETHUTH elle OIHy TOHKOCTh. HyxkHO ctporo pasmuuare x u {x}. [lepBoe
BBIpKEHHE 0003HAYAET CaM JJIEMEHT, @ BTOPOE — MHOKECTBO, COZIEPIKAILEE ATOT OIMH
DJICMCHT. Pa3HI/H_[a MCKAY HUMHU IMPUMCPHO TaKasd KC, KaK MCXKAY NIUMMIIAH3C U IIUMITaH-
3e, MOCAXKEHHBIM B KJIETKY B 300MapKe: {X} CKOpee MOXOKe Ha TaKylo KIETKY, 4eM Ha e
oburares.

'B pycckoM si3bIKe «pas/IeNMTENEHOE WIH» YHOTPeOIIeTcs NPH COOTHECEHHH OIHOPOIHBIX UWICHOB
MPEJIOKEHUS WK LENbIX MPEUIOKCHUH (10 3HAYCHUIO B3aMMOMCKIIOYAIOIINX HIIM 3aMEHSFOIIUX JIPYT
JIpyra), yKa3plBas Ha HE0OXOIUMOCTh BbIOOpa Mexay HuMHU. [Ipumep: Cxoam B MaraswH W Kynmd Tam
SIOJIOKY WJTU arleIbCHUHBI.

«HepasnenurenbHoe WINy yHoTpeOnseTcs, 4ToObI MepenaTh CMBICH «TO WM JPYyroe Wik 00a BMec-
Tey. VHOTIA MUCHPMEHHO TepenaeTcs KOHCTpykiued «wmm/u». [Ipumep: Ilenoe yucmo n nemurcs Ha 2
wim/a Ha 3.
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Mmnooicecmeo A ecmv nodmuoxicecmeo muodxcecmsa B (oboznauaemcs
A € B), ecnu xaxcovlil snemenm A ecmv snemenm B; m.e. eciu x € A,
mo x € B. B uacmnocmu, xaxcooe MHOXNCECMBO eChb NOOMHONCECTNEO
camozo cebs. Ecnu A ne asnsemcs noommnoscecmeom B, mo, 3uauum,
cywecmeyem snemenm A, ne npunaonexcawuti B. Omuowenue S medic-
0y MHOJCECMBAMU HA3bIBAECA OMHOUEHUEM 8KTIOYEHUA.

CnenoBarensHo, {1, 2,3} c {1, 2, 3, 4}, vo {1, 2, 5} He sBNsAETCS MOAMHOKECTBOM
muOxectBa {1, 2, 3, 4}. Eciu 4 = {x | x — ¢pyr6onuct dpakynsrera}, B = {x | x — croprc-
meH ¢akynbsrera), a C = {x | x — camblil CHIbHBIA MaTeMaTHK (akynprera}, T0 A C B,
a C He sSBISETCS TIOAMHOXECTBOM B B 00IIeM ciiydae.

3aMeTHM, YTO UMEIOT MECTO YTBEPIKACHHS TSl TIPOU3BOIBHBIX MHOXKECTB:

a) XcJX;
0) ecmXcY,YcZ t0XCZ
B) ecmXcYulYcX, toX=Y.

Tenepp MBI MOXEM YTBEpXkKAaTh, YTO JOKA3ATEIBCTBO PABEHCTBA MHO-
KECTB A U B COCTOUT U3 JBYX ITAlOB:

1. Jlokazarb, 4TO A €CTh MOAMHOXKECTBO B.

2. Jlokasarb, 4TO B €CTh MOJMHOXKECTBO A.

Mmnoowcecmeo A ecmb cobcmeennoe noOMHodICecCmeo MHodxcecmea B
(obosnauaemcs A c B), ecnu A € B u A # B. Eciu A ne agisemcs coo-
CMBEHHbIM NOOMHOdCeCmeoM B, mo smo o3navaem, umo nubo A = B,
aubo cywecmeyem snemenm A, ne npunaonexcawuti B. Omnowenue c
MeHCOY MHOMHCECMBAMU HAZbIBACMCSl OMHOWIEHUEM CHIPO2020 8KTIOYEHUSL.

B Maremaruke HIMPOKO MCIHOJB3YIOTCS CIEAYIOIIME MHOXECTBA 4HCeN (C COOTBET-
CTBYIOLIUMH 0003HAYEHUSIMHU):

e MHOXECTBO HaTypasibHbIX uncen — N (cuutaem, uro 0 € N);
e MHOXXECTBO IEJIBIX Uucena — Z,;

® MHOXECTBO pallMOHAJIbHBIX YKcel — Q;

e MHOXXECTBO BEIISCTBEHHBIX uncel — R;

e MHOXXECTBO KOMIUIEKCHBIX uncena — C.
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JInst 5TUX MHOXKECTB BbINIOJIHEHBI cTporue BkimtoueHus: N c Z c Q ¢ R c C. Ovye-
BHJIHO, JUUIS ITIPOU3BOJIBHBIX MHOXECTB, eciiu X c ¥, Y c Z, To X c Z.

He Hano cmemmBaTh OTHOLIEHUS IPUHAIEKHOCTU U BKIrodeHus. Hanpumep, ume-
em {1} € {{1}} u {1} ne sBuserca noxmuoxecrsom {{1}}. C apyroii cTopomsi, 1 ¢
¢ {{1}}, Tax xak equHCTBeHHBIM 31eMeHTOM MHOXKecTBa {{1}} sBusiercs amement {1}.

MHmnooicecmeo, He codepycaujee d1eMeHMO8, HA3BIBAEMC HYCHbIM
u obosnavaemcs 2.

ITycToe MHOXECTBO €CTh MOIMHOXKECTBO JII0OOr0 MHOXKecTBa. O4YeBHIIHO, YTO IMYy-
CTO€ MHOXKECTBO 3aJla€TCsl TOXIECTBEHHO JIOKHBIM XapaKTEPUCTUYECKUM CBOMCTBOM,
Y COOTBETCTBEHHO BCE IIyCThlE€ MHOXKECTBA paBHbI. [103TOMy cuMTaeTCs, YTO MHOKECTBO
KBaJIpaTHBIX KPYTrOB PAaBHO MHOXKECTBY O€JIBIX BOPOH.

Mnoowcecmso écex noommodcecms A Hazviéaemcs. MHOIHCECHIEOM-CHIe-
nenvio u obosnauaemes P(A).

B nanpHeiieM HeoqHOKPAaTHO Oy/ieM IMOJIb30BaThCs YTBEPKICHUEM, YTO €CIIU MHO-
eCTBO A COCTOHT U3 71 NEMEHTOB, TO MHOkecTBO P(A) coctont u3 2" s1eMeHTOB.

PacruibiBUaToCTh, HEOCTAaTOYHOCTH KAHTOPOBOIO OIPENEICHUS MOHATHUS MHOXKe-
CTBa CTaJla MOHATHOM, Koraa B 1879 rony uranesHckuii noruk bypanu-®doprtu, a HeMHO-
ro mo3xe Belaaronuiics gumnocod u noruk beprpan Paccen oTkpbuin mapagokchl, CBA-
3aHHBIE C TOHATHEM MHOXKECTBA.

B Marematmke paccmarpuBaeTcsl OfHa TEOPHS — TEOPHS MHOXKECTB, KOTopas IJIH-
TEIbHOE BpPEMs IIPETEH0Baa Ha BBIPA3UMOCTh B HEH BCEX MaTeMaTHYECKHUX HOHATHUH.
B Heli mbiTarorcss 6a3upoBaThCs Ha OAHMX JIMIIb MHOXKECTBAaX, M TOTJa €€ YHHUBEPCYM
(coOpaHue, COBOKYIHOCTbB) JOJDKEH OBITh MHOXXECTBOM BCeX MHOXkecTB. Ho BbIsACHU-
JIOCh, YTO MPUHSTUE CYILIECTBOBAHHUS MHOXECTBA BCEX MHOXKECTB MIPUBOJUT K MapaIoOKCcaM.

Tak, HanpuMep, 0JlHa U3 aKCHOM «HAUBHOW» TEOPUU MHOXECTB: €CIIU
X — MHOECTBO, TO JIIst JIFOOOTO YCIIOBHUS A UMeeM {x |xeX u A(x)} —
TaKke MHOXXKeCTBO. Bribepem Temepb CBOMCTBO A ciemyromumM oOpa-
30M: A(X) — «x HE COMEPKHUT ceOst B KaUeCcTBE JIEMEHTOBY. [IpuMepom
MHOJKECTBA, 00JIaAIOIeT0 CBOWCTBOM A, CIIYXHT, HAallpUMep, I000e
KOHeuHoe MHOXkecTBO. Ecin 0003HauuTh uepe3 U yHUBEpCYM — MHO-
AKECTBO BCEX MHOXECTB, TO TOTJ]a MOXHO ONpPEIEIUTh MHOKECTBO
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Y={x|xeUmndA(x)}={x|xeUux¢x}. Cupammsaercs, BbIIOI-
Hierca mu Y € Y wnm ¥ ¢ Y? Jlio6oe u3 3TUX OBYX MPENnoiIoKEeHUH
BJIEYET IPOTUBOIIOIOKHOE YTBEPIKIECHHE.

OToT mapajokc BuepBele oOHapyxui1 beprpan Paccen. [pyras, 6onee nomynspHas
dbopma »TOro Mapaokca U3BECTHa Kak mapajaokc opamoopes (cm. maparpad 1.3 maser 1).

ITapanokc Paccena m apyrue TpyaHOCTH, CBS3aHHBIE C HEOTPAaHUYEHHBIM HCIOJb-
30BaHHEM aOCTPaKTHBIX MOHATUI B MaTeMaTHKe, CBUAETEIbCTBOBAJIN O KpU3MCE Mare-
matuku Ha pyOexe XIX m XX BekoB. B 4acTHOCTH, 0 TOM, UTO IIMPOKO HCIIOJIb3yeMast
TEOpUsI MHOXECTB B €€ WHTYUTHUBHOM, «HAMBHOM) M3JIOKEHUU SIBISIETCS MPOTHUBOpE-
yuBoi. Hampumep, /Ui ycTpaHeHus: TakUX IIPOTUBOPEYUN M MAPaJOKCOB I TEOPUU
MHOECTB OBLITH MPEIOKEHBI aKCHOMATUIECKUE TEOpHUHU (CM. TJaBy 6).

3.2 Onepaunun Hag MHOXecTBamu. [lnarpaMmmbl
ounnepa—BeHHa

PaCCMOTpI/IM MCTOAbI MOJTYYCHHA HOBBIX MHOKCCTB M3 YXKC CYIICCTBYIOIIUX.

Oovedunenuem muoocecme A u B nazvieaemes muoorcecmeo AU B, ece
/IeMeHmbl KOMOPO20 AGNAIOMCS dlleMeHmamu MHodxcecmea A unu/u B:

AUB={x|x€Aumw/uxeB}.

HepeceuenueM MmHoocecme A u B Hazvieaemcsi muodcecmeo A N B,
IIEMEHMbL KONMOPO2O AGAIONICA d1EMERMAMU o0boux mrocecme A u B:

AnB={x|xeAuxeB}.

OueBUIHO, YTO BBINOJHAIOTCA BKAtoueHnS A NBC ACAuBuAnBcBCcAuUB.
T'oBOpsT, UTO 1Ba MHOKECTBA He nepeceKaromcsa, eCiau UX NepeceueHrue — MycToe MHO-
JKECTBO.

Omunocumenvnoim Oononenuem muoxcecmea A 0o mmoocecmea X
nazvieaemcs mHodxcecmso X\A ecex mex snemenmos muodicecmea X,
Komopble He NpuHaoiexcam mMHodxcecmay A

X\A={x|xeXux¢A}.

Cummempuueckasn paznocmo AAB cocmoum u3 snemenmos, Komo-
pble NPUHAOIEHCaAm POBHO 0OHOMY U3 MHOJcecm8 A u B:
AAB=(A\B)u (B\A4) = (AuB)\(4nB).

Mnoocecmso X \A nazvisaiom makoice pasnocmoio muodicecme X u A.
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Omnepanuio aGCOIIOTHOTO JOTMOJIHEHUS, KaK MpPaBWUiIO, BBOAAT JUIIb TOTAA, KOTAa
¢ukcupoBan yHuBepcyM U (B AaHHOM cilyyae IOJ YHUBEPCYMOM HOHUMAETCS HEKO-
TOpPO€ MHOXKECTBO, IUJIi KOTOPOI'O BCE PACCMATPUBAEMBIE B OIIPENEICHHOM KOHTEKCTE
MHOYECTBA SBJISIOTCS MOJMHOXKECTBAMH).

Abconromuvim oononnenuem muoxcecmea A Hazvleaemcsi MHOJCE-
cmeo A ecex mex 3l1eMeHmos X, Komopule He NPUHAONeHCAm MHONiCe-
cmey A:

A={x|xeUux¢A)}.

3ametum, uto A = U\A. Yacto BMecTo A Gyaem mucath —A4 (CUMBOJ — HCTIOb3YeTCs
TaKKe 11 0003HAYCHHSI OTPUIIAHUS B JIOTUKE BBHICKA3bIBAaHHUM (CM. TIaBy 4).

[TepBBIM CTaN KMCHONB30BAaTh TENEph OOIIETIPUHATHICE 0003HAUCHUS OINEpanuid Haj
mHokecTBamu Ileano! (1888 r.).

[pu perienuu 1enoro psjaa 3amad Diep? (puc. 3.1)
UCIOJIb30BaANl UACI0 M300paKEHUS] MHOXKECTB C MOMOIIBIO
Kpyros. B 3ToM cityyae MHOXkecTBa 0003HA4alOT Kpyramu
WA TIPOCTO OBAJTBHBIMU 001aCTSIMHU Ha TIOCKOCTH U BHYT-
pu 3THX oOnacTell yCIIOBHO paclojararoT JIEMEHThl MHO-
*ecTBa. YacTo BCe MHOXKECTBA HA JUarpaMMe pa3MemaroT
BHYTPH KBaJIpaTa, KOTOPBIM MPENCTaBIsAeT COO0i yHUBEp-
cym U. Ecnm sneMeHT mpuHAAJIEKHUT Oojee 4eM OIHOMY
MHOXECTBY, TO Ha quarpamme O0JacTH, OTBEYaroIlue Ta-
KUM MHOXKECTBaM, JOJKHBI TIEPEKPBIBATHCS, YTOOBI OOIIIHIA
3JIEMEHT MOT OJJHOBPEMEHHO HaXOJIUTHCS B COOTBETCTBYIO-
X obmactsx (puc. 3.2).

3nech He UMEET 3HAYCHHsI OTHOCUTEIBHBIN pa3Mep KPyroB JTUOO IPYTUX 3aMKHYTHIX
oOnacrel, HO JIMIIb UX B3aUMHOE pacnoyioxeHue. be3ycioBHo, Takue 1uarpaMMbl MOTYT
Urparh B MaTeMaTUKE JIUIIbL TY POJb, YTO YEPTEKU B TEOMETPUU: OHHU WILTIOCTPUPYIOT,
MIOMOTAIOT MPEICTABUTh H JIOKA3aTh.

ObbenuHeHue, nepeceyeHre u JOMOJHEHUE OOBIYHO HAa3bIBAIOTCS 0)/1€6bIMU One-
payuamu, COCTaBJICHHbIE U3 MHOXKECTB C UX MOMOUIbIO BBIPAXKEHUS — 0)/1€6bIMU Bbl-
Padicenuamu, 3Ha4YCHUE TaKOTO BbIPAXCHUS — 0)/1€601 KOMOUHayueil BXOIAUINX B HETO
MHO)KECTB, @ PABEHCTBO JBYX OYJIEBBIX BBIPAKECHUHN — 0)71€6bIM MOHCOECEOM.

Puc. 3.1 — Jleonapno
Ditnep

! xysenme Tleano (1858-1932 rr.) — uTanbaHCKUil MaTeMaTHK. BHEC BKIa[ B MaTeMaTHUeCcKyo JIo-
T'HKY, aKCHOMaTHKY, GHI0co(prIo MaTeMaTuKH.

2Jleonapn Diinep (1707 r., IIseiinapus — 1783 1., Canxr-TletepOypr, Poccuiickas nmmepus) — mseii-
LApCKHH, HEMEIKUH 1 POCCUHCKMH MaTeMaTHK M MEXaHHK, BHECIINI (yHIaMEHTaJIbHBIA BKJIAJ] B pa3BH-
THe 3TUX Hayk. [Toutn nmomxusHu nposén B Poccum.
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B A B A B
ANB AUB A\B
B A B A B
B\A AAB —A
Puc. 3.2 — Onepauuu HaJ MHOXKECTBaMU
(CAE Teopema 1. JIns nro0bix mogmuoxectB A, B u C ynuBepcyma U BbI-

HOJIHSIOTCS CIIEAYIOIINE OCHOBHBIE OYyJIEBBI TOXK/ECTBA!
1. AuB =B UA (KOMMYTaTUBHOCTb U).
1’.4AnB=BnA (KOMMyTaTUBHOCTb N).
2.Au(BuC)=(4uB)uC (accounaTuBHOCTb U).
2".An(BnC) =(4nB)nC (accouaruBHOCTb N).

3.Au(BnC) =(4uB)n(AuC) (mucTpuOyTHBHOCTH U OTHOCH-
TEJIBHO N).

3.An(BuC)=(A4nB)uU(4AnC) (mucTpubyTUBHOCTH N OTHO-
CUTEJBHO U).

4. Aug=A.

4. AnU = A.

5.Au-4=U.

5 An-4=g.

6. AU A = A (MIEMIIOTEHTHOCTH U).
6'. AN A=A (MI1eMIOTEHTHOCTH N).
7.A4nU=U.

T.Ang =2.

8. -(AuB)=-4An-B.

8. ~(AnB)=-4U-B.
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9.Au(AnB)=4A.

9. 4An(AuB)=A.
Toxxnectsa 8 u 8’ Ha3pIBAIOTCS 3aKOHaMU je Moprana!, a ToxxaecTsa 9
n 9’ — 3aKOHAMH ITOTIOIICHMS.

Hokazamenvcmeo. Jlokaxem Toxaectso 3. CHavana mokaxem, 4to A U (Bn C) ecth
noaMHoxkecTBo (4 U B) n (4 u C). [eiictBurensHo, ecan x € AU (BN C), To x € 4
nmx € BnC. Ecnux e A, Tox € AuB u x € A u C. CneaoBareiabHO, X MPUHAJICKUT
(AuB)n(AuC). Ecmux e BnC,toxe Bux e C. Orcronax € AUB nx € AUC, a 3HauwT,
x€(AuB)n(AuC). Tenepp nokaxem, uto BeimonHeHo (AUB)N(AUC) cAu(BnC).
Ecmmx € (AUB)Nn(AuC), Toxe€ AuB ux e AuC. CnenosareibHo, x € A Wi x € B
nxeC,re.xe BnC. Orcriomaxe€ Au (BnC).

Joxkaxem ToxaecTBo 8. [Tycts x € -(4 U B). Tornax € U u x ¢ A U B. CinenoBaresb-
HO, X ¢ A u x ¢ B. Otciona x € -4 u x € -B, a 3HaYUT, X OPUHAIICKUT -4 N -B. Utak,
-(AUB) ¢ =4 n=B. Ilycrts Teneps x € -A N -B. Torna x € -4 u x € -~B. CienoBarensHo,
xeUmux¢Awux ¢ B. 3naunr, x He npuHAUISKAT A U B, T.e. x € =(4 U B). Urak,
-An-Bc-(4AUB).

OcranpHble TOXKIECTBA JIOKA3bIBAIOTCS aHAJNOTMYHO. PekoMeHnayeTcst clienarb 3TO
caMoCTOsATeNbHO. Eciii Kakoe-To TOXKAECTBO HE BBIMOIHACTCS JJIsl TPOU3BOJIBHBIX HEIY-
CTBIX MHOKECTB, TO BCET/Ia MOYKHO TIOCTPOUTH KOHTPIPUMED, UCIOJIB3YS KpyTH Diliepa.
Ho oxaspIBaeTcs ¢ MOMOIIBIO TUArpaMM MOXKHO M JIOKa3bIBaTh.

JIIst 5TOTrO MCIOJIB3YIOTCS YaCTHBIN ciydail KpyroB Ditepa — quarpaMMbl BennaZ.
[Ipu n, paBaom 2 u 3, tuarpamMmmsl BenHa 00b19HO H300paskatoTcst B BUE Kpyros. IlycTh
JaHbl MHOXecTBa Ay, As,..., Ay, n > 1. Haueptum nuarpammy Benna, nzo0paxkaronryro
TH MHOXXECTBAa TaKMM 00Opa3oM, 4TOOBI BCe MOIMHOXECTBA BUOa Y1 N Y, n...Nn Y,
rne Y; obo3nauaer b0 Ay, b0 —A;, ObITM HE MyCTHL. B 3TOM ciydae BCEBO3MOX-
HbIe KoMOuHamuu Y; N Y, n... N Y, Ha3pIBalOTCA COCTABIISIONIMMHU CHCTEMBI MHOXKECTB

{41, As,..., Ay}

Cocmasnawowue cucmemvl muoxcecmé {A,, Ay,..., A,} 3a0aromes
CnedyIiowuUM UHOYKMUBHBIM ONpeoeleHUeM.

Basuc. Cocmasnsiowue {A,} cymv camo Ay u e2o dononnenue.

Hlaz. Ecu S — cocmasnsmowas {Ay, Ay,..., A1}, mo SN A, u Sn
N -4, — cocmasnsiowue {4, Az,. .., A, }.

Cucmema Muodcecme He3aUCUMA, eClU 6Ce ee COCMABIAIuUe He
nycmol.

'Oracrec ne Moprasn (1806-1871 IT.) — IOTIaHACKHIA MaTeMaTUK ¥ JIOTHK; K CBOMM HEsSM B anreope
JIOTHKH TPUIIEN He3aBUCUMO oT J[x. Byus.

2370T BUA JIarpaMM MPeIUIoKUI U IeTanbHO paspadoran xon Benn (1834-1923 rr.) — aHmmiAcKuit
JOTHK U punocod.
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Ha pucynkax 3.3, 3.4 u3o0pakeHbl He3aBUCHUMbIE CUCTEMbl MHOeCTB. g n = 4
He3aBUCHMas CHUCTEeMa M300pakaeTcsl YEeThIPbMs PaBHBIMH 3JUTUIICAMU WM TPEOyIOTCS
HeBBIYKIbIe Gurypsl. [ns n > 3 nuarpammy BenHna kpyramu n300pa3uTb HEBO3MOXKHO.

U

N
>

C

Puc. 3.3 — JluarpamMmma BeHna a1 Tpex MHOXKECTB

Puc. 3.4 — JluarpamMmma BeHHa 1515 4yeTbIpeX MHOKECTB

@ Teopema 2 (Beun). Eciiu OyneBO TOXIIECTBO BBITIOJIHEHO JJISi HEKOTO-
M pOIi HE3aBHCHUMOM CUCTEMBI MHOXECTB, TO OHO BBITIOJIIHEHO JIsI JTF000A
%é CHCTEMBbI MHOXECTB.

- Teopema 3. IlpennoxxeHnst 0 MPOU3BOIBHBEIX MHOXKeCTBaX A M B mo-
(D)

.w IMapHO 3KBUBAJICHTHBI:
éé 1) AcB;

2) AnB=4;

3) AuB=B8.

Jloxazamenbcmeo. JlokaxeM, 4TO U3 MEPBOr0O MPEMIOKEHUs clieayeT BTopoe. [lei-
CTBUTEJBHO, TaK Kak A N B € A, TO OCTaTOYHO MOKa3aTh, YTO B 3TOM ciydae A € A N B.
Ho ectm x € A4, To x € B, Tak kak 4 € B, U, clnegoBaTeiabHo, X € A N B.
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JlokaxxeMm, 4TO U3 BTOPOTO MPEUIOKEHUS CIeNyeT TpeTbe. Tak kak A N B paBHO 4,
10 AU B = (4 n B) U B. Tlo 3akoHy nornoiieHus (cM. ToxaecTso 9) Bu (4 nB) = B.
Ortcrona, ncnomp3ys 3aKOH KOMMYTaTUBHOCTH, I1OJyd4aeM paBeHCTBO 4 U B = B.

JlokaxkeM, 4TO U3 TPETHEro MpeMIOKEHU cienyeT nepBoe. Tak kak 4 € A U B, a nio
YCIIOBHIO TPEThero npeioxenus A U B =8, 10 A C B.

3.3 OTHOWEeHuUS

Ynopaoouennan napa <x, y> unmyumueno onpeoensiemcs kax cogo-
KVIHOCMb, COCMOSAWASL U3 O8YX DNEMEHMO8 X U ), PACNOLONCEHHBIX
8 onpedenennom nopsaoke. /lge napvl <x, y> u <u, V> CUUmMaromcs
PABHBIMU M020d U MOJILKO M0o20d, K020a X =U U Y = V.

[Ipenpiayiiee onpeneneHue aneuiupyeT K TaKUM HEONPEICTCHHBIM MOHATHAM, KaK
«COBOKYITHOCTb» M «pPacIOJIOKEHHBIE B ONPEACICHHOM NopsAnke». g Hamumx nenen
3TOr0 BIOJIHE JOCTAaTO4HO. HO MoHATHME «ymopsao4YeHHas Mapa)» MOXHO OINpPEAEIIUTH
TOYHO, UCTIOJIB3YS IOHATHS «MHOKECTBOY, «QJIEMEHT» U «OTHOIIEHHE PHHAIEKHOCTI .

AHaJNOTM4HO, MBI ONIPEAETISIEM <X|, X7, . . ., X, — KOPTEX U3 1 JIEMEHTOB X{, X2, . . ., Xp,
n > 1 (Ha3pIBAIOT €Il «yMHopsaoYeHHas n-Kay). Mcmonb3yeTcsi Takke corlalieHue:
<X1, X2,..., X~ COBIIQIACT IO CMBICIIy C MapaMu
<<X1, X205y Xn_]>, xn> " <X1, <)C2,. <o Xp—1, Xn>>.

IIpsimoe npousBeneHue

Hpameim (unu dexapmoewvim) npouszeedenuem mrodxcecms Xy, Xa,. .., X,
HAasvleaemcs MHOXMCecmaeo 6cex Kopmeofceﬁ <X1 s X2yevny x,,> makxkux, umo

x;eX,i=1,2,...,n

Obosnauaemcs npsamoe npoussederue muoxcecms Xy, Xa,. .., X, uepes
XixXox...xX,. Ecuu X1 =X, =... =X, =X, mo nuwym X; x

n n « «
x Xy x...xX, =X umnoxncecmeo X Hazvieaemcs n-oil 0ekapmoesoii
cmenenvio MHodxcecmea X.

1. Iyers X = {1, 2,3}, Y ={0, 1}. Torma X x Y = {<1, 0>, <I, 1>, <2, 0>, <2, 1>,
<3,0>,<3, 1>} u ¥ x X = {<0, 1>, <0, 2>, <0, 3>, <I, 1>, <1, 2>, <1, 3>}. MsI ykasa-
71, KPOME TOTO, Takue MHOKeCcTBa X U Y, uto X x ¥V # ¥ x X.

'OnHO M3 BO3MOXKHEIX ONpe/IeIeHHil: yIOpsI0ueHHas Tapa <x, }™> eCTh MHOKECTBO {x, {x, y}} Ta-
KUM 00pa3oM, TOCTHIaeTcst aCUMMETPHSI MEXIY X U ).
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2. Ilycte X — MHOXecTBO Touek orpeska [0, 1], a ¥ — MHOXKeCTBO TOUEK OTpe3Ka
[1, 2]. Torma X x Y — mHOXecTBO To4ek kBajpara [0, 1]x [1, 2] ¢ BepiunHaMu B TOYKax

0, 1), (0,2), (1, 1) m (1, 2).

Ommuowenuem p muooxcecme X u Y nazvieaemcsi npouseonbHoe noo-
muoocecmeo X x Y. Ecau <x, y> € p, 9mo 3anucvléaemcs Kax xpy, npu
amom coeop:init, 4mo X u 'y Haxodﬂmc;l 6 OMHOoOUWeHUuu p, uiu npocmo,
YUMo X OMHOCUMCA K V. DleMeHmvl X U Y HA3bl8AOMCs KOOPOUHA-
mamu, unu Komnowenmamu, omuowenus p. Iloomnoscecmeo p € X?
Hazvleaemcst omHouteHuem Ha X.

B obwem cryuae npouszgonvHoe MHONCECHBO YNOPAOOUEHHBIX N-0OK Ha-
3616a10M N-MECHHBLIM OMHOUWIEHUEM, M020a OJisl CIyYAs N = 2 OMHO-
uileHusl Ha3vl8arOmMcs O8YMeCMHbIMU UIY OUHAPHBIMU.

Ecau p € X x Y, mo obnacmuio onpedenenuna omnouienus p Ha3vl6éa-
emcs MHodcecmeo D, 6cex nepevix KoopOuHam ynopsoo4eHHbX nap u3
P, a 001acCmMbI0 3HAYEHUTI OMHOUICHUS P HA3bIBAEMCS MHOJCeCmso R,
8Cex 6MOPLIX KOOPOUHAM YNOPAOOUEHHBIX NAP U3 P.

Mnoowcecmeo D, nazvisaemcs maxdice npoekyuen omuowenus p na X,
a R, — npoexyuen omnowenus p na Y.

1. Eciu 4 = {1, 2, 3}, a B = {r, s}, Tak uto0
AxB={<l,r> <2,r> <3,r><1, s>, <2, s>,<3, s>},

torma p = {<1, r>, <1, s>, <3, s>} ecTb oTHOUIEHHE MHOXKeCTB 4 u B. MOXHO Takxe
3anucarb 3ps, MOCKOJIBKY <3, s> € p. O0nacTh omnpeeneHus: OTHOLICHHUS P €CTh MHOXe-
ctBo {1, 3}, a 061acTh 3HAUECHUS — MHOXKECTBO B. MHOXECTBO A x B COAECPKHUT IECTh
DIIEMEHTOB, MO3TOMY CymiecTByeT 2° = 64 moamuoxecTB MHOKecTBa A x B. Cienoa-
TEJIBHO, CYLIECTBYET 64 pa3IMYHbIX OTHOIIECHUN Ha A x B.

2. Camo MHOXeCTBO A X B €CTh OTHOIICHUE MHOXECTB A U B.

3. OTHOlICHHE paBeHCTBa HA MHOXecTBe R ecth MHOXeCTBO {<x, x> | x € R}. Jlist
ATOTO OTHOIIEHUS CYIIECTBYET CHennanbHoe o0o3HaueHune =. O0macts onpeneneHus D
COBITaJIaeT ¢ 00JIaCThIO 3HAUCHUA R_ M SABIsSeTCI MHOXKeCTBOM R.

4. OTHOLIEHUE «MEHBIIE YeM» Ha MHOXECTBE Z €CTh MHOXKECTBO {<x, > | IS
HENBIX YHCEN X U y HalIeTCs MOJIOKHUTEIBHOE YHUCIO Z TaKoe, 4To X +z = y}. Jlus
ATOTO OTHOIIEHUS CYIIECTBYET CrennaibHoe obo3HaueHne <. Obmacts onpeneneHus D
COBIIaJIaeT ¢ 00JaCThIO 3HAUYCHUH R- W SBIISICTCS MHOXKECTBOM Z.

5. Mycts A = {1, 2,3, 4,5, 6}. IlycTs OTHOIICHHE P 33[aHO HAa A: Xpy <> X [eJH-
Tenb y. (CUMBOJ <> 3aMEHSIET CIIOBA «TOTJIa M TOJBKO TOTIA, KOTa).)

Torma p = {<I, 1>, <1, 2>, <I, 3>, <1, 4>, <1, 5>, <1, 6>, <2, 2>, <2, 4>, <2, 6>,
<3, 3>, <3, 6>, <4, 4>, <5, 5>, <6, 6>}. Umeem D, = R, = 4.
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6. OtHomenue {<x, y> € R* | x2+12 = 4} ecTh GuHapHOe oTHOmEHHE Ha R. O61acTh
OTIpeieIeHUs U 00IACTh 3HAYCHHUI PABHBI U COBIIAIAIOT C MHOXKECTBOM {f | —2 << 2}.

7. Ilycts A — MHOXECTBO TOBapoB B MarasuHe. Torma {<x, > |x € A, ye Ru y—
1ieHa x} — oTHomeHne MHOXkecTB 4 u R. O6nacTe ompenenceHus OTHOIICHHS eCTh A,
a MHOYKECTBO 3HAYEHHUH €CTh MOJMHOXKECTBO MHOKECTBA R, KaKIbIil 271EMEHT KOTOPOTO
SIBJISICTCS IIGHOI HEKOTOPOTO TOBapa B MarasuHe.

8. IlycTth A — MHOKECTBO KCHILHH, a B — MHOXXECTBO MY)X4YHH, Torma {<x, y> |y
SIBISIETCSL MY)KEM X} €CTh OTHOLICHHE MHOXeCTB A W B. O6macTe OnpenencHus ecTb
MHOXECTBO BCEX 3aMY)KHUX JKCHIIUH, @ MHOXXECTBO 3HAUYCHUH — MHOXKECTBO BCEX JKCHa-
THIX MY)KYHH.

Paccmorpum onepannu HaJ OTHOLIEHUSMH. KOHEUHO K€, IOCKOJIBKY OTHOILCHHS
SBIISIFOTCS. MHOXKECTBAMM, HaJ HUMH MOXHO ITPOU3BOJUTH OOBIYHbIE OYyJIE€BHI ONEpalnu.
Ho ecTb u crienuanbHble i1 OMHAPHBIX OTHOILIEHUN OMepaIii.

C xax1pIM OTHOIICHHEM p Ha X x Y cBsi3aHOo oTHOImeHue p~! Ha ¥ x X.

Oo0parHoe OTHOIIEHUE

Ilycmo p € X x Y ecmb omnowenue na X x Y. Toecoa omnowenue p~!
Ha Y x X onpedensemcs credyowum oopazsom:

p! :{<y,x> |xeX,ye Yu<x,y>€p}.

Hpyeumu crnosamu, <y,x> € p~! moeda u monvko mozoa, Ko2da
<X, y> € p ualu, 4mo pasHoCuibHo, YP~'x mozda u monvko mozoa,
ko20a xpy. Omnowenue p~' nasvlieaemcs o6pamublm omuouieHuem
K OQHHOM) OMHOUEHUIO P.

1. Tyets p = {<1, r>, <I, s>, <3, s>}, Torma p~! = {<r, 1>, <s, 1>, <5, 3>}.

2. Myctb p = {<x, y> | y siBAsIETCSA My*KeM x }, Torma p~' ecth oTHOIIEHHE {<X, }> |
y—KeHa X }.

3. Jlyisi OTHOLICHUS PABEHCTBA OOPATHBIM SBISIETCS OHO CaMO, OTHOMICHHS < H >
B3aMMHO OOpaTHBI.

HMGH JABa 3aJaHHbBIX OTHOIIICHUA, MOKHO O6pa3OBaTB HOBBIC OTHOIIICHHUA YKaBaHHBIM
HUXKE CIIOCOO0OM.
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KoMmno3unnus orHoImIeHu

Komnozuyueii omnowenuit p C X x Y u ¢ C Y x Z nasvieaemes om-
HoweHue @ o p C X x Z, maroe, umo qgop = {<x,z> |xe X, zeZ
u cywecmgyem y € Y, 015 Komopoco <x, y> € p u <y, z> € cp}.

1. ITycTb p M @ — OTHOLIEHUSI HA MHOXECTBE JIFOAEH A, ONPEECIICHHbIE CIEAYIOINUM
obpazom:

® Xy, €CIIA U TOJIBKO €CIIU X — MaTh ;
® Xy, €CIIH U TOJIBKO €CIIU X — OTEI ).

HNmeem <x, y> € ¢ o p TOrIa U TOJIBKO TOTJa, Korja x — 6alylika Mo JIMHUM OTIa
s y. U <x, y> € p o, TOra U TOIBKO TOTAA, KOIJa X — JAeAylIKa [0 JMHUM MaTepu
JUISL ).

2. Nycte A={1,2,3}, B={x,y},aC={s, t,r, q}, u nycth oTHOLICHHs P Ha A x B
u @ Ha B x C 3a1aHbl B BUJE!

p=1{<1,x> <1, y> <3, x>};
@ = {<x, s>, <x, t>, <y, r>, <y, ¢>}.
Torga
@op={<l,s> <1, > <l,r> <1, g> <3, s>, <3, >},
MIOCKOJIBKY
e u3<l,x>ecpu<x,s>eq@ cuenyer <l, s>¢e@op;
o m3<l,x>ecpu<x,>cqcnenyer <l,>cqop;

o u3<l,y>ecpu<y,r>cqecuenyer <l, r>eq@op;

.oy

o u3 <3,x>¢cpu<x,>ec@caenyer <3, > € @op.

@ Teopema 4. [1ys m0OBIX OTHOIICHHIA BBITIOIHSIOTCS CIEAYIONINE CBOM-
CTBa:

%’éw ()" =p;

Jloxazamenbcmeo. [lepBoe CBONCTBO 04eBUIHO. {7151 MOKa3aTenbCTBa BTOPOTO CBOM-

CTBa MOKaXeM, YTO MHOXKECTBA, 3alIMCAHHbIC B JICBOM M MPaBOil 4acTAX pPAaBEHCTBA, CO-
N -1

CTOST M3 OJHMX M TeX K€ DJIIEMEHTOB. JIeHCTBUTENIbHO, <X, Z> € (y o (p) < <z, x> €
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€ Yo () < CYIIECTBYET Y TAKOE, YTO <z, J™> € U <), X> € Y <> CYIIECTBYET ) TAKOE, UTO
<y, z> €@~ u<x, y>ey! Torna u TonkKo ToOrMA, KOrMa <X, z> € (!l oyl

@ Teopema 5. KoMIIo3u1Msl OTHOLIEHUH SABJISIETCS ACCOLIMATUBHOM OIepa-
IAEH.

T

Lloxkazamenvcmeo. Ilycts nanel Tpu oTHOWEHUsA P C A x B, p S BxCuyc CxD.
Jlokaxem, 4to (Yo @) op =yo (¢op). deiictButensHo, <a, d> € (Yo @) op < <a, b> ¢
epu<b,d>eyoq st HEKOTOPBIX b € B < <a,b> e p u <b,c>c o u <c,d> €y
TUTsE HEKOTOphIX b € Bu c € C <> <a,c> € o p u <c, d> € y A1 HEKOTOpbIX ¢ € C <
< <a,d>eyo(gop).

Onpedenum nekomopwvie c80UCMBA OMHOULEHUU.

o Omnowenue P Ha MHoOoHcecmee X Haszvieaemcs pe¢.71el<cu8-
Hbim, eciu 013 1106020 dnemenma x € X 6bINOAHAENCA XpPX.

o Ommuowenue p na muodcecmee X HA36186AeMCcs CUMMEMPUY-
HbIM, ecu 01 100bix X, y € X u3 xpy ciredyem ypx.

o Omnowenue p Ha mMHOdcecmee X HA3bIBACCS MPAHIUMUE-
HbIM, ecnu 01 00X X, V, z € X u3 Xpy u ypz credyem xpz.

o OmHowenue p Ha MHOJcecmee X HA3bIBAEMC sl AHMUCUMMENI-
PUYHBIM, ecu OJis I00bIX X, Y € X U3 Xpy u ypx ciedyem x = y.

3ameuanue 1. Eciu 1uid OTHOLIEHHUS P BOOOIIE HE CYHIECTBYET TaKHX X, V U Z,
9TOOBI BBITIONHSIIOCH <X, V> € p U <y, > € p, TO OTHOIICHUE TPAH3UTUBHO.

3ameuanue 2. Ecnu 1711 OTHOIIGHUS P BOOOIE HE CYIIECTBYET TAaKUX X M ), YTOOBI
BBIIOJHAIOCh <X, }> € p U <), X> € P, TO OTHOIICHUC aHTUCUMMETPHUYHO.

ObocHOBaHME 3THUX ABYX yTBEp:KJIEHUH cM. B maparpade 5.1 maBsl 5.

1. IlycTh OoTHOWIEHHE P 33a/laHO Ha MHOXECTBE R U xpy, €Ciau U TOJIBKO €ClH X < ).
Torna p peduiekcuBHO, TOTOMY 4TO X < X JJsi Bcex x € R. OTHoIIeHne p HE CUMMET-
puuHO, Hanpumep, | < 2, Ho 2 < | He BbIoONHEHO. OTHOIIEHUE P, OYEBUAHO, SBISETCS
TPAH3UTHUBHBIM, HOO €Ci X < Yy U y < z, TO X < z. OTHOIIIEHUE SBISETCS aHTUCUMMET-
PUYHBIM, TIOCKOJIBKY X < ) U ) < X BIIGKYT X = ).

2. Mycrs py = {<1, 2>, <2, 3>}, p, = {<1, 2>, <1, 3>}. Torna OTHOLIECHUE P; HE
TPaH3UTUBHO, TaK Kak <l, 2> € p; u <2, 3> € p;, HO <1, 3> ¢ p;. Ho oTHOWmIEHUE P,
SIBIISICTCSI TPAH3UTUBHBIM, TIOCKOJIBKY HET BOOOIIE TaKWX DJIEMEHTOB X, ) M Z, YTOOBI
BBITIOJIHSJIOCH YCIIOBHE XPo) U YP2Z.
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3. Ilycth A —HemycToe MHOXECTBO U p = & (myctoe oTHomeHue Ha A). Torma
OTHOLICHUC P ABJIACTCSA CHUMMCTPUYHBLIM, TPAH3UTUBHBIM, aHTHUCUMMCTPUYHBIM. Ecan
xe A = @, To p emie U pedIeKCUBHO.

3.4 OKBMBANEHTHOCTb U NMOPsiA0K

PaCCMOTpI/IM JBa Ba)XXHBIX KJlacCa OTHOIIICHHI: OTHOIIICHMUS SKBHBAJICHTHOCTH H OT-
HOMICHUA TOPAaKaA.
OTHollIeHNEe Y)KBHBAJIEHTHOCTH

=
Ped)ﬂeKCMGHOG, cummempudHoe u mpaH3umueHoe OmHoOueHue P Ha
A é MmHoocecmee X Hazvleaemcss OMHOUWIECHUEM IKGUBAICHMHOCMU HA

muoxcecmee X.

1. OTHOlIEeHHE paBEeHCTBA Ha MHOXKECTBE ILIENBIX YHCEN €CTh OTHOILEHHE SKBHBA-
JICHTHOCTH.

2. OTHOIIEHHE PaBHOCUIBHOCTH Ha MHOXKECTBE (DOPMYJT JIOTHKHU BbICKa3bIBAHUH SIB-
JSI€TCSl OTHOIIEHUEM SKBUBAJIEHTHOCTH.

3. Hycts A = R*\{<0, 0>} — MHOXECTBO TOYEK Ha ILIOCKOCTH 3a MCKIIOYEHHEM
Havana koopauHatr. OTHoIIeHHe p Ha 4 onpenenum Tak: <a, b> p <c, d> Toraa u TOJIbKO
TOT/Ia, KOT/la TOUKH <a, b> u <c, d> 5exar Ha OJJHOU MPSMOH, MPOXOAAIICH Yepe3 Hadaao
KoopauHaT. JIerko nokasarb, 4TO OTHOIIEHHE P SBJISIETCS OTHOUIEHWEM 3KBHBAJICHTHOCTH.

4. OTHOIIEHHE CPAaBHUMOCTH IO MOYNIO HAaTypajbHOrO YMCIa # Ha MHOXECTBE
nenbix gucen Z: x =y (mod n) TOraa M TOJNBKO TOTMA, KOTJa X — Y IEIUTCS Ha 7. JTO
OTHOIIIeHHE pedIeKCUBHO Ha Z, TaK Kak JJs J000ro x € Z UMEeM X — X PaBHO HYJIIO,
Y, CJIEJIOBATENIbHO, JEIUTCS Ha #. DTO OTHOLIEHHE CUMMETPHUYHO, TaK KaK €CIH X = )
(mod n), T0o y = x (mod n). DTo OTHONICHUE TPAH3UTHBHO, TaK KaK eciu x =y (mod n),
TO ISl HEKOTOPOTO IIEJIOTO0 ¢] UMeeM X—y = f1n, a eciu y = z (mod 7), TO U1t HEKOTOPOTO
IEJIOTO #, UMeeM Y —z = thn. Otciona x —z = (4 + i)n, T.e. x = z (mod n).

5. PaccMoTpuM OTHOLIEHHWE P, ONpPENENIEHHOE Ha MHoXecTBe N Tak: npm, €cin
U TOJIBKO €CIIU 1 — JenuTelnb m. OTHOUIEHUE P HE ABJSAETCS OTHOLIEHUEM SKBUBAJICHT-
HOcTH. YTOOBI IOKA3aTh 3TO, JOCTATOUHO YOETUTHCA, UTO XOTS OBl OJJHO M3 TPEX CBOMCTB
He BbInonHAeTcs Ui p. OueBUIHO, YTO P HE SBJISETCS CUMMETPUYHBIM OTHOILIEHHUEM,
TaK Kak, Hapumep, 2 — AeauTens 4, HO 4 He SABISAETCS eIuTeNeM 2.

6. llycte A ={1, 2,3, 4,5, 6} u otHOolIeHne p; Ha A ompeneneHo kak p; = {<1, 1>,
<2,2>, <3, 3> <4, 4>, <5, 5>, <6, 6>, <1, 2>, <1, 4>, <2, 1>, <2, 4>, <3, 5>, <5, 3>,
<4, 1>, <4, 2>}. Toraa oTHoOUIEHHE PE(IEKCUBHO, TPAH3UTUBHO M CHMMETPHYHO, TIO-
3TOMY P| €CTh OTHOIIEHHE SKBUBAJIEHTHOCTH HAa MHOXECTBE A.



3.4 DKBMBaNeHTHOCTb U NOPAAOK 59

IIycmy p — omnowienue sxeusarenmuocmu na muoxcecmse X. Knac-
COM IKGUBATICHMHOCHIU, NOPONCOCHHBIM DIEMEHMOM X, HA3bI8AEMCsl
NOOMHOICECMBO MHOJICecmea X, cocmosiujee u3 mex d1emenmos y € X,
ons komopwix xpy. Knacc sxeusanenmmocmu, noposcoennwiii snemen-
mom x, obosnauaemcs [x]:

[x] = {y [y eX uxpy}.

1. OTHoOlLIEHHE PABEHCTBA Ha MHOXECTBE LEIBIX YUCEN MOPOXKIAET CIIEAYIOLINE
KJIACChI 9KBHMBAJECHTHOCTH: JUIs JII060r0 snmementa x € Z umeeM [x] = {x}, T.e. kax-
b KJIACC KBUBAJICHTHOCTH COJICPIKHUT TOJIBKO OJIUH DJIEMEHT — YHCIIO X.

2. OTHOLIEHHE CPAaBHUMOCTH IO MOJIYJIIO YMCJIA 7 HA MHOXKECTBE LEIbIX yucen Z
TIOPOKIAET CIEAYIONIME KIaCChl YKBUBAJIECHTHOCTH: BMECTE C JIOOBIM YUCIOM a € Z
B 9TOM K€ KJIACCE DKBUBAJIEHTHOCTHU COJIEPIKATCS BCE YMCIIA BUJIA a + kn, Tie k — 1ernoe.
OueBugHo, yto Bce umcna 0, 1, 2,..., n — 1 MOpOXKAAIOT pa3auUHbIE KIACChl SKBUBA-
JIEHTHOCTH, KoTopsie 06o3uaunm [0], [1], [2],..., [# — 1]. Ouu Ha3biBatoTCs Kraccamu
ébluemos no modyno n. Bee ocTanbHbIE KIACCHI 3KBUBAICHTHOCTH JUISL 3TOTO OTHO-
IICHHUS COBMAJAIOT C HUMH, TaK Kak JH000e YUCI0 a € Z MOXHO TPEACTaBHTh B BUIE
a=qgn+r,tne 0 <r<n.

3. OrHomrenue p; = {<1, 1>, <2, 2>, <3, 3>, <4, 4> <5, 5>, <6, 6>, <1, 2>, <, 4>,
<2, 1>,<2,4>,<3, 5>, <5, 3>, <4, 1>, <4, 2>} ecTh OTHOLICHHEC IKBUBAICHTHOCTH Ha
mHoxkectse {1, 2,3, 4,5, 6}. Jlerko Bugets, uto [1] = {1,2,4} = [2] = [4],[3] =
={3,5} =[5] u [6] = {6}. Bcero mmeercss Tpu pasaMYHBIX KJIaCCa SKBUBAICHTHOCTH:

{1,2,4},{3,5} u {6}.

@ Teopema 6. I1ycTh p — OTHOIIEHHE SKBUBAJIEHTHOCTH HA MHOXKECTBE X .
£ Torma: 1) ecnmu x € X, 1o x € [x]; 2) ecnu x, y € X u xpy, 10 [x] =[]
%é (T. €. KJTacC SKBUBAJICHTHOCTH TTOPOXKIACTCS JTFOOBIM CBOMM AJIEMEHTOM).

Lokazamenbcmeo. A NOKa3aTeNIbCTBA MEPBOM YaCTH YTBEPKACHHA JOCTATOYHO
BOCIIOJIB30BaThCs PEICKCHBHOCTBIO OTHOIICHHMS P: XPX H, CJEA0BATENBHO, X € [x]. Jo-
Ka)keM BTOPYIO 4acTh yTBepskaeHus. [1ycTs z € [y]. Torma ypz, u B CUILy TPAaH3UTHBHOCTH
OTHOILICHHS P UMEEM XPz, T.€. z € [x]. Otciona [y] € [x]. AHaNOrHYHO, B CHIIy CHMMET-
PUYHOCTH P MOXKHO MOKa3arh, 4To [x] C [y], a 3HauwuT, [y] = [x].
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C Ry
Pazouenuem muooicecmea X nasvieaemcs MHOMCECME0 NONAPHO Hene-
2 é pecexarowuxcs noomHodxcecms X, makux, Ymo Kaxicowvlil 31eMeHm MHO-
[ 3 orcecmea X npuHaoneHcum oOHOMY U MOAbKO OOHOMY U3 IMUX NOOMHO-

aHcecmse.

X ={1,2,3,4,5}. Torna {{1, 2}, {3, 5}, {4}} —pas6uenne muoxecrsa X. [Tycts
X — MHOKECTBO CTYIEHTOB yHHBepcHTeTa. Torma pa3bHeHHeM 3TOr0 MHOXECTBA SIBIIsI-
eTCsl, HAalPUMEP, COBOKYITHOCTh CTYICHYECKUX TPYIIL.

’ IIEHWE SKBUBAJIEHTHOCTH Q: XP) TOTIA U TOJIBKO TOTJa, KOraa X U )
%é MPUHAJICKAT OTHOMY TIOAMHOXKECTBY pa3OHEHUsI.

Hoxazamenbcmeo. PereKCUBHOCTh U CAMMETPUYHOCTH P O4eBUIHBIL. I1ycTh Tenepp
xpy u ypz. Torna x, y € X; u y, z € X, rae X;, X, —noaMHOXkecTBa U3 pazoueHus X.
[Tockonbky y € X7, y € X5, To X; = X;. CnenoBarensHo, X, z € X| U xpz.

@ Teopema 8. Besikoe OTHOIICHHE SKBHBAICHTHOCTH P OIMPEACIISET pas-
OueHre MHOXeCTBa X Ha KJIACCHI HKBHUBAJEHTHOCTH OTHOCHUTEIBHO

%’é 9TOr0 OTHOUIECHHS.

Jokazamenscmeo. JlokaxeM, 4T0 COBOKYITHOCTh KIIACCOB AKBUBAICHTHOCTH OTIPE/ie-
aset pa3buenne MHOXKecTBa X. B cuity Teopemsl 6 x € [x], , ClieqoBaTeNnbHO, KaXIblid
3IEMEHT MHOXKECTBa X MPUHAIIC)KUT HEKOTOPOMY KJIaccy SKBHBaJeHTHOCTH. U3 Teope-
MBI 6 BBITEKACT TAKKe, YTO JIBA KJacca IKBUBAICHTHOCTH JHOO HE TePEeceKaroTcs, 100
COBIIAJIAIOT, TaK KaK eciu z € [x]| U z € [y], To xpz, oTkyma [x] = [z], u ypz, oTKyna
[v] = [z]. CaenoBarenbHo, [x] = [y].

Co080KYyNnHOCMb K1ACCO8 IKBUBALEHMHOCMU dIeMeHmMO8 MHOdcecmea X
1O OMHOWEHUIO IKBUBATICHMHOCMU P HA3bl8AEMCsl (haKmop-mHoicec-
meom mHodxcecmsea X no omuowenuio p u o6osnavaemces X /p.
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1. JInst OTHOIICHHS SKBUBAICHTHOCTH P = {<I, 1>, <2, 2> <3, 3> <4, 4> <5, 5>
<6, 6>, <1,2>, <1, 4>, <2, 1>, <2, 4>, <3, 5>, <5, 3>, <4, 1>, <4, 2>} Ha MHOXKECTBE
A={1,2,3,4,5, 6} dakrop-mHoxecTBO A/p; paBHO {{1, 2,4}, {5, 3}, {6}}

2. Ha muaoxectBe N x (N\{O}) OMPEIEeITNM OTHOIICHHUE P: <X, V> p <u, V> <> XV = Y.
3710 OTHOWIEHHE PePIEKCUBHO: <X, y> p <X, }>, TaK KaK Xy = }X; CHMMETPHYHO: €CJIH
<X, y> p <u, v>, To <u, v> p <x,y>, TaKk KaKk U3 XV = yu CICOAYCT, YTO U Uy = VX,
TPAaH3UTUBHO: €CJIM BBIIIOJIHEHO <X, > P <u, V> U <u, v>> p <w, z=, TO <X, > p <w, z>,
TaK KaK, IIEPEMHOXas JIEBbIE W IMpPaBble YAaCTU PABEHCTB XV = YU U Uz = VW, TOCIE
COKpAILICHHS MTOJIy4aeM Xz = YW.

Kitacc 5KBUBaJIEHTHOCTH, ITOPOKACHHOM Mapou <x, y>, I 9TOr0 OTHOLICHUS P OIl-
penensiercst cooTHoImeHueM [<x, y>| = {<u, v> | x/y = u/v}. Kaxnuslit k1acc 3KBHBaICHT-
HOCTH B TOM CJIy4ae OMNPENENseT OAHO IMOJIOKHUTEIBHOE PAllMOHAIIBHOE YUCiIO. Takum
o6pa3zom, pakrop-MHOKECTBO N X (N\{O}) /P €CTh MHOXECTBO TIOJIOKHUTEIBbHBIX PAIHO-
HaJIbHBIX Yncel. IMEHHO Tak CTpOro ONpENesIFOTCS PAllMOHAIBHBIE YHCIA C TOMOILBIO
TEOPUH MHOYKECTB.

DneMEeHThl MHOTUX MHOKECTB MOKHO Pa3MECTHUTh B OIIPEIEICHHOM NOPSAJIKE Ha OC-
HOBE HEKOTOPOro, 3apaHee OrOBOPEHHOro cornamenus. Hanpumep, Ha m0060M MoAMHO-
KECTBE A MHOXKECTBA LIENBIX MOJOXKHUTEIbHBIX YUCENT MOXHO JOTOBOPUTHCS O TaKOM
PAacIONOKEHUH SIIEMEHTOB, IPH KOTOPOM MEHBIINE AJIEMEHTHI OyyT HaXOIUTHCS JIeBee
6onpmmx. [Ipy 3TOM MOXHO CKaszaTh, YTO Ha MHOXECTBE A ONPENEICHO OTHOIIECHUE
NOpsJKa XPY, TAC P €CTh OTHOLICHUE «MEHBILIE WA PAaBHOY.

YacTuyHbIi NOPAAOK

=
Q Omnomeime yacmuliyHoco nopﬂ()Ka p HA MHoOJ2fcecmee X, ()Jl}l KOWZOpOZO
3

00ble 08a dleMeHma CpasHUMbL, m. e. OJisl 100biX X, Y € X umeem xpy
(S UU YPX, HA3bIBAEMCS. OMHOWEHUEM TUHEIUH020 NOPAJKA.

Mmnoocecmeo X ¢ 3a0aHHbIM HA HeM 4ACMUYHbIM (TUHEUHbIM) NOpsiO-
KOM HA3bl8Aemcsl 4acCmu4Ho (MUHEHo) ynopa004eHHbIM.
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1. OTHomleHHE X < y HA MHOXKECTBE JEHCTBUTENBHBIX YUCEN €CTh OTHOIICHHE 4Ya-
CTUYHOIO MOPSAJKA, IPUYEM ITO JIUHEHHBIA MOPSIOK.

2. OTHOWIIEHHE X < Y HA MHOXXECTBE JIEMCTBUTEIBHBIX YUCE HE SBJISETCS OTHOLIE-
HUEM YaCTUYHOTO MOPSJIKA, MOCKOIBbKY HE PEQIEKCUBHO.

3. Bo MHOXecTBE MOAMHOXKECTB HEKOTOpOro yHuBepcyMma U oTHomenue 4 € B ectb
OTHOULIEHUE YaCTHUYHOT'O MOPsIIKa, HO OHO HE SIBJISIETCS. OTHOLLIEHUEM JIMHEHHOTO TOPSJI-
Ka B 00IIIeM ciryvae.

4. CxeMa opraHuzaliyl MOJYMHEHUS B YUPEKICHUH €CTh OTHOIICHHWE YAaCTHYHOTO
NopsiJika Ha MHOXKECTBE JIOJDKHOCTEH.

5. OTHOILIEHHE HA MHOYECTBE CJIOB, ONPEJECIEHHOE TaK: «CIOBO W CBSI3aHO OTHO-
HIEHUEM P CO CIIOBOM V, €CIIM W = V WJIM W MOSBJISETCA B CIOBApe MEpPE] CIOBOM V»,
SIBJISICTCSI OTHOIIIEHUEM JIMHEHHOTO TIOpsIZIKA (J1eKcukozpaguueckuii nopaook).

6. Ha MHOeCTBE MOJIOXKUTEIBHBIX LEIBbIX YHCEJI MOXKHO BBECTU Pa3JIMYHBIEC JIMHEH-
HbI€ TOPSAJIKH, IPUYEM HEKOTOpbIE BBIIVISIASAT BECbMa 3K30THYHO. ByneMm ucnoiab3oBaTh
IPUBBIYHOE 0003HAUYEHHUE < JIJIS CIEYIOIIETO MOPSIIKa.

3<5<7<9¢<...

<2x3<2%x5<2%x7<2x9¢
<22x3<22x5<22x7<22x9¢«..
<2 x3<2V x5 xT7<23x9¢..

K27 <23 < 222« 1.

CHauana uAyT BCE HEYETHBIE YMCIIA, IIOTOM BCE HEYETHBbIE, YMHOXXEHHbIE Ha 2,
notoM —Ha 4 u T.a. [locne 6ECKOHEUHOTO MHOMKECTBA TAKUX OCCKOHEUHBIX «CEKIIUI»
CTOUT CEKIUs CTETeHEeN JABOWKU, BBICTPOCHHBIX B 00paTHOM mopsiike. Takast ynopsiao-
YEHHOCTb HAaTypaJIbHBIX YKMCEN Ha3bIBAeTCs nopaokom Lllapkoeckozo, ¢ KOTOPHIM CBSI3aH
OJIUH U3 SIPKUX PE3YyJIbTaTOB B TEOPUU HEIMHENHOW NMHAMUKHU [2].

3.5 ®yHKUUM

@OyHKIMS U3 MHOXeCTBa X BO MHOXECTBO Y TpeacTaBiseT cOOOH crernuanbHOoe
oTHOIIeHUe Ha X x Y, o0manaroiiee CIeayroIMMH CBOHCTBAMU:

1. OGnacTbio OmpeeeHrs] OTHOIICHUS SIBIISIETCS Bce MHOXKECTBO X . CliesioBaTelb-
HO, JUISl KQXKJIOTO 3JeMEHTa X U3 X CyIIEeCTBYET AJIEMEHT y U3 Y Takoi, 4To x
U y CBSI3aHBI IAHHBIM OTHOIIICHUEM.

2. Ecnm x OTHOCHUTCS K ¥ U X OTHOCHUTCS K z, TO ) = z. B TepMuHax ynopsiao4eH-
HBIX ITap 3TO YTBEPXKJICHHE O3HA4YaceT, YTO €CIHU <X, y> U <X, z> IPHUHAJICIKAT
OTHOULIEHUIO, TO ) = Z.
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Takoe ompeneneHue MOHATHA «(PYHKIIUN» BBEI
Mupuxie! (puc. 3.5). ITo cyTH gena, Ipu TAKOM OIpe-
JIeICHUM MBI OTOXJIECTBIIIEM (YHKIHUIO C ee Tpadu-
KOM. DTO OJTHO M3 BO3MOXKHBIX ompenesieHuil. [[pyroe
orpeseneHne, Koraa (QyHKLIUS paccMaTpHUBaeTcs Kak
MPAaBUJIO BBIUMCIICHUS HEKOTOPOTO 3HAYEHUS, HCIIOJb-
3yercs B Iase 8. . \

Hamum Gornee dhopmanbHOE orpeeneHne QyHKIHH. |

Puc. 3.5 — Ilerep dupuxie

Ommnowenue f na X x Y Hasvieaemcs ynkuyuen (uiu omoopaicenu-
em) u3 X 6 Y u oboznauaemcs yepes f: X — Y, ecnu onsa xasxcoo-
20 x € X cywecmsyem eduncmeeHnvlll nemenm y € Y, makou, umo
<x, y> € f. (Upyeumu cnosamu, uz <x,y> € f u <x,z> € f ciredyem
y=z)

Ecau f — ¢ynxyus, mo emecmo <x, y> € f nuwym y = f(x) u 2cosopsm,
umo y — 3HaueHue, COOMeemcmeyouiee apZymeHmy X.

Ecnu ucnonv3yrom mepmun «0omoodpaxcenue » emecmo mepmuna « QyHK-
yuay», Mo y Ha3vleaemcs o0pa3om I1eMeHma Xx.

Mmnoocecmeo X nazvieaemcs obdnacmuvto onpeoenenus @Gyukyuu f,
a MHoxcecmeo Y Ha3bl6aemcs 001acmobio ROMEHYUATLHBIX 3HAYEHUL.

Ecmu A € X, mo mnoocecmeo f(A) ={y | f(x) =y 013 nexomopozo x uz
A} nazvisaemcs oopazom muosxcecmea A. Obpas ececo mnodxcecmea X
Ha3bl8aemcs 001acmulo 3Ha4eHuil Qynkyuu f.

Ecmu B € Y, mo mnooxcecmeo f~1(B) = {x | f(x) € B} nasvigaemcs
npooépazom muodicecmea B.

Qyukyus f: X — Y nazvieaemcs makce omoopaxcenuem,; npu dmom
eosopam, umo [ omobpadxcaem X 6 Y. Eciu <x, y> € f, max umo y =
=f(x), mo 2o6opsim, umo snemenm x omo6padtcaemcsi 8 LemMeHm y.

[TockonmbKy (GYHKIUH SBISIOTCS OMHAPHBIMH OTHOUICHUSIMH, TO K HUM NPHUMEHUM
WHTYUTHUBHBIA TPUHIAIT 00BEMHOCTH, T. €. 1Be (PYHKIMHU / ¥ g paBHBI, €CIIM OHU COCTOSIT
U3 OJTHUX U T€X K€ AJICMEHTOB.

Hasosem f n-wecmmoii gyuxuueit us X B Y, ecnu f: X' — Y. Torma mumem
vy = f(x1,..., x,) U TOBOPUM, YTO y —3HaueHHUE (DYHKIMU NPU 3HAYCHHUH apTyMEHTOB
Xlyeoos Xpe

1HeTep Hupuxne (1805-1859 rr.) — HemeUKuii MaTeMaTHK, BHECIINI CYIIECTBCHHBIA BKJIA]l B Mare-
MaTUYECKHI aHAJIU3, TCOPHIO (PYHKIMHA ¥ TCOPUIO YHCEI.
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r|p|/||v|ep 314 o

l. Mycts X = {-2,-1,0,1,2},a Y = {0, 1, 2,3,4,5}. Onpexenum OTHOLICHHE
feX xYxak f={<-2.5><-12> <0, 1>, <1, 2>, <2, 5>}.

2. Myers X = {-2,-1,0,1,2} u Y = {0, 1, 2, 3, 4, 5}. ®ynkuus [ X — Y ompe-
nenena cootHourerneM f(x) = x> + 1. Ecim 4 = {1, 2}, 10 f(4) = {y | <x, y> € f s
Hekotoporo x u3 A} = {y | y =f(x) mns wexoroporo x u3 A} = {2, 5} siBusiercss o6pazom
A npu otoOpaxkeHuu f .

Ecmu B={0,2,3,4,5} c Y, 10/ '(B)={x|f(x)eB} ={-1,1, -2, 2} sBusiercs
npoobpasom B, tne -1 € f~1(B), k. f(-1) =2, 1 e f~(B), n.x. f(1) =2, -2 e f~1(B),
T.K f(-2) = 5,2 € f-1(B), T.x. f(2) = 5. 3amerum, uto 3n1ementsl 0, 3 U 4 HE BHO-
CSIT HUKAKUX 3JIeMEHTOB B f ! (B), MOCKOIBbKY OHHM HE MPUHAIJIEKAT 007IaCTH 3HAYCHHUI
byHKIMN f .

ITpoo6pa3 moxer GbITh mycThiM. Tak, Hampumep, B ciydae W = {0, 3} mpoobpa3
f~Y(W) myct, mOCKONBKY HE CyNIeCTBYeT Takoro x € X, mist koroporo f(x) = 0 wim
f(x)=3.

O6macte 3Hauenuit Gyukiuu f umeet Bua f(X) = {y | f(x) = y must Hekotoporo
xu3 X} ={1,2,5}. Dnemenramu f(X) SBISIOTCS Te M TOJIBKO TE HIEMEHTHI 00IacTH
MOTEHIHAIBHBIX 3HAYCHHUH Y, KOTOPBIE «HCIONIB3YIOTCA» (DYHKIHEH f .

3. OproroHanbHasi IPOEKIUS OKPYKHOCTU A Ha mpsAMyIo B (puc. 3.6).

A

P R O3S

Puc. 3.6 — OproronanpHasi MpoeKIUs

OGpa3 OKpY>XHOCTH €CTh 3aMKHYTHIi 0Tpe3ok [P, S]. [IpooGpa3 moboii ToukH OT-
KpBITOro orpeska (P, S) ecTh IBYXTOYEUHOE MHOXECTBO HA OKPYKHOCTH; MPOOOpasbi
Touek O U P conmepkaT TOJNBKO MO OAHOM Touke, N U M COOTBETCTBEHHO; MpooOpa3
TOYKHU S €CTh IIyCTOE MHOXECTBO.

[Tycts nana ¢yukuus f: X — Y. [loguepkHeMm eme pa3 Tpu 0COOEHHOCTH HAIIETO
onpenenenus Gpyakuuu (puc. 3.7):

® HECKOJIBKO BJIIEMEHTOB U3 00J1acTH OmnpeaAcCICHUA X MOTYT UMC€Tb OJUH U TOT K€

o6pas B obnactu 3nauennii (f(e) = f(d) =f(c) =1);

e He BCe 3JeMEHThI U3 Y 00s3aHbl ObITh 00pa30M HEKOTOPHIX AJIEMEHTOB X (HET
areMeHTa x € X, takoro, 4to f(x) = 4);
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e s JM0OO0ro 31eMeHta u3 X, eciu CylecTByeT o0pa3, TO OH JIOJKEH ObITh
€IMHCTBEHHBIM (U1 (PyHKLIUHM HEAOIMyCTUMO, YTOOBI OJHOMY JJIEMEHTY X € X
COOTBETCTBOBAJIO JIBA Pa3HbIX 3HaueHUs f(X)).

QS O
DA W =

X / > Y

Puc. 3.7 -f:{a, b,c,d, e} - {1,2,3,4,5}

3ameuanue 3. OOume cBoiicTBa 00pa3oB U MPOOOPA30B MHOKECTB NPHU JHOOBIX
OTOOPAKCHUSAX SIBIISIOTCS CIICACTBUEM CIICAYIOIINX YTBEPKICHHIA:
IMycte f: X - Y nuACX u BCY, Torna umeem:

a) yef(A) Torma u TOIBKO TOTJIA, KOT/A CYIIECTBYET TaKow x € 4, uto y = f(x);
6) xe€f~!(B) Torma u Toapko TOTNA, Korma f(x) € B;

B) m3x €A caenyer f(x) €f(A4).

VYTBepkaeHue, oOpaTHoe B), B OOILIEM cilydae He BbINMONHACTCS. JleHCTBUTENBHO,
Bo3bMeM f(x) = x> u A = [0, 1]. Torma ecmu x = —0.5, To umeem f(-0.5) = 0.25 €
€[0,1]=f(4). Ho -0.5 ¢ 4.

Oyukuus f: X — Y MoxeT ObITh KJIacCU(PUIMPOBaHA B 3aBUCUMOCTH OT TOTO, CY-
IIECTBYIOT JIM 3JIEMEHTHI U3 Y, CBA3aHHBIC JaHHBIM OTHOLICHHEM C OoJyiee 4eM OIHUM
3JIEMEHTOM U3 X, M CBSI3aH JIM KXIbIH dIeMeHT U3 o0iactu 3HaueHuit f(X) ¢ cooTBet-
CTBYIOIIMM 3JIEMEHTOM 00JacTH OnpeaesieH s X .

NHBbEeKTUBHOCTH

Dynxyus (omobpanxcenue) f: X — Y nazvieaemcs UHbeKmMUGHOU (UHD-
eKmueHbIm), eciu 015 1oowix X1, X2 € X, ye Y uz y=1f(x1) uy =f(xz)
cnedyem, umo Xi = X (uau, unave, uz <xi, y> € f u <x,, y> € f cue-
dyem, umo x| = Xx). Menee ghopmanvro, gpynxkyus f unvexmuena, eciu
0151 8CEX X1, Xy BbINONHAEMCs: X| # X enevem [ (x1) # f(xp). Hnvexyus
makoice Hazvieaemcs enoxcenuem (06pas f(X) «exnaovieaemesi» 6 Y).

Dynxyua (omodpaxcenue) f: X — Y Hazvieaemcs CHOPbEKMUG-
HOUl (CIOPbeKMUBHBIM), eciu 01 1106020 2nemenma y € Y cywecmsy-
em onemenm x € X, maxoti, umo y = f(x). Cropvexyus nasvidaemcs
makaice Hanoxcenuem (oopas f(X) «naxnaovieaemesy na Y).
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BuekTuBHOCTH

Qyukyus (omobpadicenue) f Hazvieaemcs: OUEKMUSHOU (OueKmue-
HbIM), eciu [ 00HOBPEMEHHO UHbeKMUBHA U ciopvekmusHa. Ecau cy-
wecmseyem ouexyus f: X — Y, mo 2o8opam, umo f ocywecmansem
63AUMHO 0OHO3HAUHOE coomeemcmeaue mexncoy muoxcecmeamu X u Y.

Paccmorpum getbipe QyHKIHMU, OTOOpaXKaroline MHOXKECTBO JNEHCTBUTEIHHBIX YH-
cen R Bo MHOXecTBO nelicTBuTeNnbHBIX uncen f;: R—> R, i=1, 2, 3, 4:

1) ¢yukuws fi(x) = e° HHBEKTUBHA, HO HE CIOPHEKTHBHA;

2) dymxums f3(x)
3) oyuknus f3(x) = 2x + 1 OrekTHBHa;
)

4) dyukmms f4(x

=x3-x CIOPBCKTUBHA, HO HC MHHCKTHBHA,

= xz HE ABJIICTCA HU I/IH'bGKTI/IBHOﬁ, HHU CI-OpLGKTPIBHOfI.

Paccmompum mpu mnoocecmea X, Y, Z, u nycms O0aHvl Hekomopwle
omoobpadsicenusn f: X - Y u g: Y - Z. Hx mooxcem 3anucamo 8 suoe
yenouxu

f g

X——Y———Z

Paccmampusas omobpasicenus f u g Kak OmHouleHus, Mol MOXCEM NPU-
MEHUMb K HUM ONepayuio KOMnO3Uyuu.

Komno3zuyus oeyx dpynkyuii f u g ecmo omunowenue gof = {<x, z> |
cywecmayem maxoe y, umo y =f(x) u z = g(y)}.

A\ @ Teopema 8. Komnosunusi 1ByX (GyHKIUA ecth (QyHKIus. [Ipu 3ToM,
(D)
%’éw ecmf: X->Y, g2 Y—>Z t0g0f: X > Z.

Hokaszamenvbcmeo. JIeWCTBUTENBHO, ecu <X, y> € gof u <x, z> € g o f, TO cyIle-
cTByeT Takoe u, uto u = f(x), y = g(u), u cymectByer Takoe v, 4ro v = f(x), z = g(v).
[Tockonbky f — QyHKLHSA, TO U = V; IOCKOJBKY g — QYHKIHUS, TO V = Z U, CIIEJJOBATEIILHO,
g of — gynkuus. Bropas yacte yTBepKIeHHs OYEBUIHA.

Takum o6pasoM, s modoro x € X umeem (gof)(x) = g(f (x)).

BepHo Takke U cienyromiee yTBep:KaeHHUE.
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@ Teopema 9.

%’é 1. Komno3umus AByX MHBEKUIUNA — UHBEKIHUS.
2. Kommo3umus JBYX CIOPBEKLMN — CIOPBEKLIHUS.

3. Kommo3unus AByX OMEKIMi — OMeKLus.

Tootcoecmeennvim omoopasricenuem mHodxcecmsa X 6 cebsi Hazvieaen-
¢ omobpadicenue ex: X — X, makoe, umo 01 1106020 x € X umeem
ex(x) =x. Toeoa, ecru f: X - Y, moeyof =f, foey =f.

Ilyemo =1 — omnowenue, oopamnoe f. Bolsichum, npu Kakux yciogu-
sax omnowenue f~! 6ydem gyuxyuei. Eco nasvieaiom mozoa oopam-
HoOUl hynKyuen unu, eciu f ocywecmensiem omoodpasjiceHue MHoxice-
cmea X 80 MHodCcecmeo Y, 00pamubim omoopaxceHuem.

@ Teopema 10. Otobpaxkenue f: X — Y umeer obparHoe 0TOOpaXKeHHE
QW /711 Y - X Torma u TOJILKO TOIja, Koraa / — OUeKIus.

B

Hokazamenvcmeo. Ecmu f — Gueknus, T0, MOCKOIBKY f CIOPBEKTHBHO, f~! ompe-
neneHo Ha mHOXectBe Y. Kpome Ttoro, f~! — dyHkuus, Tak kak ecmu <y, x> € f~!
U <y, x;>€f1, 10 <x1, y> € f 1 <xp, y> €[, a B CHIIly HHbEKTUBHOCTH / UMEEM X| = X;.

[Tycts Temeps oToOpaxkeHue f mMeeT oOparHoe oTobOpaxkeHue f~!, ompemeneHHOe
Ha MHO)XXECTBE Y cO 3HaueHUsIMH BO MHOkecTBe X. Torna f CIOpbEKTHBHO, IMOCKOJBKY
m000i1 3neMeHT y € ¥ uMeeTr npoodpas x € X. [Ipu 3ToM f MHBEKTUBHO, TaK KakK €CIIH
<X, V> €f U <xy, y>€f, T0 <y, x1>€f~ u<y, x,> €[, anockoneky f~! — QpyHKIMS,
TO X1 = X».

IIycts f: X — Y. 3amMeTuM, 9TO JUIs TOTO, YTOOBI 0OpaTHOE OTHOIICHHE f~! ObI-
no dyukmumeit Ha f(X), mocrarouno WHBEKTHBHOCTH (QyHKuuH f. [TosTomy (yHKIWMs
f(x) = x> R > R, He Oyayun Ouekireil, He UMeeT 00paTHOM GyHKIUH. DTa QyHKIHS
HEe UMeeT OOpaTHOM, eciu Jaxke oHa OyneT oToOpaKeHHEM Ha MHOXECTBO HEOTpHUIla-
TEJIHBIX BEIECTBEHHBIX YHCEI.

ITockonbKy (yHKIHS €CThb OTHOIICHHE, TO BBIMOJIHAIOTCS CIEAYIOLINE CBOWCTBA
UHBEKTUBHBIX QYHKIMH f U g:

DGORENE

2) (gof)'=fTlog™
Ecmu f: X — Y —Guekuus, 0 f ' of = ey u fof~! =ey.
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3.6 MoLWWHOCTb MHOXECTB

HetpynHo ycraHoBuTh cremyromuid GakT: 0ea koneunvix muodxcecmea X u Y ume-
10M 00UHAKOBOE KOIUYECMBO INIEMEHMO8 mo20a U MOJbKO mo20d, K020a Cywecmsyem
ouexyuss X na Y. DTO yTBEpXKIEHHE SIBISETCS OTHPABHOW TOYKOM JUIS CIIEIYIOIIETO
OIIpENICTICHHUS.

=
@ ,ZZGCZ MHOIMHCECMeBa HA3bIBAIONMCA paeuomomublmu, ecjiu MeDdey HUMU
N é MOIHCHO YCMAHOBUNIb 63AUMHO OOHOB’HCF{HOQ coomeemcmaeue.

Jisi KOHEYHBIX MHOXKECTB 3TO O3HAYAET, YTO B HUX OJMHAKOBOE YMCIIO 3JIEMEHTOB,
HO OTIpENeICHuEe MMEET CMBICH U Ui OECKOHEYHBIX MHOXeCTB. Y mepBhIM 31ech ObLT
KaHTop — ero ompeneneHust u pe3ysibTaThl 0 OECKOHEYHBIX MHOXKECTBAX, XOTS MEPBO-
Ha4YaJIbHO W OBUIM BOCIIPHHATHI C TPYJOM, HO, B KOHIIE KOHIIOB, HAIIIJIM ITOBCEMECTHOE
NPUMEHEHHE.

Ho mpexne dem paccmarpuBaTh OTHOLICHHWE PABHOMOIIHOCTH JUIs OECKOHEYHBIX
MHO)KECTB, TIO3HAKOMHMCSI C TIPUMEPOM OCCKOHEYHOCTH, M3BECTHBIM II0JI Ha3BaHHEM
«orensb ['mnpbeptay. laBua ['mnp0epT WHOTIA HAYWHAT JICKIUU O HEOOBIYAWHBIX CBOM-
CTBax OECKOHEYHOCTHU C ITOTO MpUMEpa.

Omenv T'unvbepma: «Omom Kocmuueckuii omenb 001a0aem YHUKANbHbIM CEOU-
CMBOM. HUCIO OOHOMECHHBIX HOMepOo8 8 Smom omene beckoneuno. Hymepayus ecocmu-
HUYHBIX HOMepo8 Hauunaemcs ¢ 1 u udem nociedosamenvuo: 1, 2, 3,... O0HadxicOovl 6ce
HoMepa omens OKA3AIUCh 3aHAMbl NOCMOANbYAMY, A NPUObIBAem HOB8bll 20CMb U Y3HA-
em, umo c80600HbIx mecm Hem. [lopmbe, nocie HekOMoOpPo2o pazmviulienus, yeepsem
eocms, 4mo Haudem 01 He20 c80000nbld Homep. OH NpOCUm Kax#co020 NOCMOANbLYA
nepeceiumsbcs 8 COCeOHUll Homep: NoCmosivya uz Homepa 1 nepecenumscsi 8 Homep 2,
nocmosbya uz Homepa 2 — nepecerumscs ¢ Homep 3 u m. 0. Kaowcowiti uz nocmosiivyes,
HCUBLUUX 8 OmeTle, NOTyYaem HOB8blll HOMED, d HOBblU 20CMb NOCeNAemcs 8 0C80000UE-
wutics Homep 1.

B opyeoii paz nopmve cymen 0ononHumenvbHo noceiums 8 YeaiuKoM 3anOTHEeHHbIl
omelib mpoux npubsblewux 2ocmeti. /s 3moeo kaxcowlii nocmosiiey u3 nomepa n (n =
=1,2,3,...) nepecenuncst 6 nomep n + 3. B omom cuyuae oceob6oounuce nomepa 1, 2
u 3. Ouesuono, umo maxum 0O6PA30M MONCHO 8 YETUKOM 3ANOTHEHHbII Omelb NOCenUmb
HO8bIX k eocmetl, 20e k modcem Obimb KaK Y20OHO B8ENUKO.

bvin nocmpoen ewe 00un xocmuueckuti omenb ¢ OECKOHEUHbIM YUCIOM HOMEPOS,
U 8CKOpe OH modice OKA3aICs 3aHAMbIM noaHocmuio. Ho, Kk cooicanenuio, 6mopoii omeins
CKOpO ceopell, Xomsl, K C4acmolo, 8ce e20 NOCmosnbybl He nocmpadanu. Ilopmve nepgo-
20 omeisl cymell paccenums OeCKOHeUHOe MHONCECMB0 NOCMOSIbYEE U3 8MOPO20 Omeis
8 ceoem omeie, 20e 8ce Homepa OvlLIU 3aHAMbL. [N 3Mo20 HAO00 2ocmell U3 nepeo2o
omens U3 HOMepo8 n nepeceiums 6 Homepa 2n. Bce, kmo dcun ¢ omene 00 npudObLIMUSL
HOBbIX 20Cmell, OCMAICs 8 Omele, HO NpU 2MOM 0C80000UNOCL HECKOHEUHO MHO20 HOMe-
Ppo8 (6ce me, «aopecay KOMOPbIX HeUemmsvl), 8 KOMOPbIX HAXOOUUBbLL NOPMbE PACCENUT
HOBbIX 20Cmel.

Teneps M3y4nM MOHSATHE PABHOMOIIHOCTH OoJiee cTporo. Bo-mepBrix, Mbl 00HApPY-
KHJTU TIapaloKCaTbHBIN BBIBOJI, UTO «OECKOHEUHAst 4aCTh MOXKET UMETh CTOJIBKO XKe Jie-
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MEHTOB, YTO U IIeJI0€ OECKOHEUHOE MHOXKECTBOY», HAPUMEP MHOMXECTBO YETHBIX UHCEIN
PaBHOMOILIHO MHOKECTBY LieIbIX uuces. TouHo Tak ke orpesku [0,1] u [0,2] paBHO-
MOIIHBI, TIOCKOJIbKY OTOOpaskeHHe X — 2X SIBIISETCS] OMEKIUEH.

OTHolIeHNE paBHOMOIIHOCTH, OYEBUIHO, SBJISETCS OTHOIIEHHWEM SKBUBAJIEHTHOCTH
Ha MHOXKECTBE BCEX MHOXKECTB (TPaH3UTHUBHOCTH cienyeT u3 teopemsl 9 (3)). st skBuU-
BAJICHTHBIX O€CKOHEYHBIX MHOXKECTB MBI TOBOPUM, UTO Y HUX OJIMHAKOBAS MOUHOCHb.

1. Isa otpeska (A, B) u (C, D) UMEIOT OJJMHAKOBYIO MOIIHOCTH (pHc. 3.8).

E
4 B
F
c AN QD
0 1 2

Puc. 3.8 — bueknus Mexay IByMsi OTpe3KaMu

2. JIroOble Be OKPYXKHOCTH Ha IJIOCKOCTH paBHOMOUIHBI. JIroOble 1Ba Kpyra Ha
IUIOCKOCTH PaBHOMOILHBI (JOCTaTOYHO COBMECTUTH LIEHTPHl OKPYXXHOCTEH M KpyroB
U 111 OMEeKIIMU MCIIOIb30BaTh TOMOTETHIO).

3. JIto6oi1 OTKPBITHI OTPE30K PABHOMOIIEH MHOXECTBY BEIIECTBCHHBIX YHCEN R.
Jlig aToro 3amedaeM, yTo JitoObIe ABa OTpe3Ka paBHOMOUIHBI. [10IyOKpyKHOCTH paguy-
ca | paBHOMomIHA 0Tpe3Ky (-1, 1) (Mcmonb3yeM OPTOrOHANBHYIO OUEKIIUIO TOTYOKPYXK-
HOCTH Ha 0Tpe30K). IlomyokpykHOCTh paBHOMOIIIHA Beel mpsMoil (puc. 3.9).

\\ G
<« : : | —— — L
3 =2 - 0 1 2 3

Puc. 3.9 — ITomyokpyHOCTb paBHOMOIIIHA BCEH MPAMOI

4. MNonyuntepsansl [0, 1) u (0, 1] UMEIOT OJMHAKOBYIO MOIIHOCTH (HMCIIOIb3yEM
ouekuio x - 1 —x).

5. MHOXecTBO OECKOHEYHBIX MMOCIIEA0BATEILHOCTEH HyJIeH U €IMHUIl PAaBHOMOIITHO
MHOECTBY BCEX IMOJIMHOKECTB HaTypaJIbHOTO psifa. B camoMm fnerne, conmocTtaBuM ¢ Kax-
JI0M TOCNIEe0BaTeIbHOCTHI0O MHOXKECTBO HOMEPOB MECT, Ha KOTOPBIX CTOSIT €AUHHIIBI:
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HarpuMmep, MOCIIeI0BATEIbHOCTh U3 OJHUX HYJEH COOTBETCTBYET ITyCTOMY MHOXECTBY,
U3 OJJHUX E€IUHMII — HaTypaJbHOMY sy, a nociuenosarenbHocTs 10101010. . . — MHOXKe-
CTBY YETHBIX YHCEIl.

6. MHo)xecTBO OeckoHEUHbIX mocienoBarenbHocTed nuugp 0, 1, 2, 3 paBHOMOIITHO
MHOXKECTBY O€CKOHEUHBIX mocienoBarenbHocTe mudp 0 u 1. B camom nene, MOXXHO
3akonupoBarh 1udps 0, 1, 2, 3 rpynmamu 00, 01, 10, 11. O6parHoe mpeoOpa3zoBaHUE
pa3buBaeT Mociae0BaTeIbHOCTh HYJCH M €IMHUIl Ha Maphl, TOCIE Yero Kaxjaas rapa
3amensiercsa Ha nugpy ot 0 1o 3.

7. MHOXecTBO OECKOHEUHBIX MocieaoBarenbHocTel mudp 0, 1, 2 paBHOMOITHO MHO-
JKECTBY O€CKOHEUHBIX TocienoBarenbHocTedd mudp 0 u 1. DT0 MHOKECTBO 3aKITIOUYCHO
MEXJly JByMsI MHO>KECTBaMHU OJHOW M TOM € MOUTHOCTHU (CM. MpEAbLAYIIHHA pUMep),
Y TI03TOMY PAaBHOMOIIIHO KaXKJIOMY M3 HHUX (CM. CIEIYIOIIYIO TEOPEMY).

1676 Teopema 11 (Kanmopa—bepnwmeuna). Ecnu MHOXecTBO M paBHO-

’ MOIIIHO HEKOTOPOMY ITOJIMHO>KECTBY MHO)XKeCTBa N, a MHOXECTBO N

%é PaBHOMOIIHO HEKOTOPOMY IOAMHOKECTBY MHOXkecTBa M, To M u N
paBHOMOILIHEI (puc. 3.10).

Puc. 3.10 — Teopema Kanropa—bepHireitna

JlokazarenbCcTBO CM. Hampumep, B [3, c. 20-21].

Teopema KanTtopa—bepHuiTeiiHa 3HAYUTENBHO YNPOIIAET JOKA3aTEIbCTBA PABHO-
MOIIIHOCTH: HAIPUMEp, €CJIU Mbl XOTUM J[0Ka3aTh, YTO OyOJUK U IIap B MPOCTPAHCTBE
PaBHOMOIIIHBL, TO JIOCTaTOYHO 3aMETHTb, YTO U3 OyOJIMKa MOXKHO BBIpEe3aTh MaJIeHbKHUMA
map (paBHOMOIIHBIM OOJIBIIOMY), a U3 IIapa — MAJIEHbKUN OyOJHK.

Koneunsle 1 GeCKOHEUHbIE MHOKECTBA OTIIMYAIOTCS 110 CIEAYIOLIEMY BaXXHOMY MPH-
3HaKy — omnpezesneHue Paccena.

beckoneunoe mmuosrcecmeo —maxoe mHoxcecmeo X, umo cyuwjecmey-
em 63aUMHO OOHO3HAYHOE COOMEEMCmMEUe HA KAKOe-Iub0 nooOMHodN Ce-
cmeo Y c X.
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MuoskectBo Harypanbhbix uncen N = {0, 1, 2, 3,...} MOXHO MMOCTaBUTh BO B3aHM-
HO OJIHO3HAYHOE COOTBETCTBHE C MHOXKECTBOM HEOTPULIATENBHBIX YETHBIX YHCEN C IO0-
Molbl0 Ouekuuu n — 2n. IlockonbKy HeOoTpUIaTeIbHbIE YETHBIC YHCIA COCTABISIOT
coOCTBEHHOE TIOIMHOXeCTBO MHOkecTBa N, To mo npusHaky Paccena N siBisercst Gec-
KOHEYHBIM MHOKE€CTBOM (UYTO MBI U MOAO03PEBAIIU 10 3TOTO!).

Cuémnoe MHOIHCECM B0 — MHONCECTBO, PABHOMOUWHOE MHOMCECEY HA-
mypanvubix uucen N, m.e. eciu e2o MONCHO NpeoCmasumv 6 uoe
{x0, X1, X2,...} (30ecb x; — snemenm, coomeemcmayOWULl Yucy i, co-
omeemcmaue 83auUMHO 0OHO3HAYHO, MAK YMO X; 6Ce PA3IUYHDL).

Harmmpumep, MHOXKECTBO LieNbIX 4ncen Z CUETHO, TaK KaK LENble YUCIIa MOXKHO pac-
MOJIOKHUTE B mociemoBarenbHocTs 0, 1, =1, 2, -2, 3, -3,... MOImHOCTb CUETHBIX MHO-
xecTB o0Oo3HauyaeTcsi, coriacHo Kanrtopy, cumBoiioMm R, (R — «aned» —neppas OykBa
B JIpeBHEEBpPEUCKOM ali(haBUTE).

%’é 1. IloaMHOXECTBO CUETHOIO MHOKECTBA KOHEUHO MM CYETHO.

Bcsikoe OeckoHEUHOE MHOKECTBO COACPIKUT CHECTHOC MMOAMHO-
KECTBO.

3. OObeauHEHHUE KOHEYHOTO WM CYETHOIO YMCJIa KOHEYHBIX WA
CYETHBIX MHOKECTB KOHEUHO WJIM CYETHO.

Lokazamenbcmeo.
1. ITycth B — NOAMHOXKECTBO CYETHOIO MHOXECTBA

A= {X(), X],)Cz,...}.

BreiOpocuM U3 mocienoBaTenbHOCTH Xg, Xi, Xp,... T€ YICHBI, KOTOPbIE HE MPUHA-
nexar B (coxpaHsis Mopsaok ocraBmuxcs). Torga ocrasiimecs: dieHsl 00pa3yroT audo
KOHEUHYIO IOCJIEI0BaTENBHOCTh (M TOTAa B KOHEYHO), Tub0 OeckoHeuHyto (u Torma B
CYETHO).

2. Ilycth A GeckoHeuyHo. Torna oHO HE MYCTO M COACPKHUT HEKOTOPBIN 3JIEMEHT b.
Bynyun 6eckoHEYHBIM, MHOXKECTBO A HE MCUEPIILIBACTCS JIEMEHTOM by — BO3bMEM Ka-
KOW-HUOYNB e1ie AMeMeHT by u T. 1. [lomydurtcst mocnenoBarensHOCTh by, by, . . .; TOCTPO-
€HHE HE MPEPBETCS HU Ha KAaKOM Iare, MoCKoJbKy A OeckoHewHo. Tenepb MHOKECTBO
B = {by, b,...} u Gyner HCKOMBIM MOIMHOKECTBOM. (3amMeTHM, 4TO B He 00sI3aHO COB-
najath ¢ A, naxe eciu A C4€THO.)
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3. Ilycth uMeeTcsl CHETHOE YUCTO CUETHBIX MHOXECTB Ay, A1,... Pacnonoxus aie-
MEHTBI Ka)KJIOTO M3 HUX CIIEBA HANpaBO B IIOCJIEAOBATEIBHOCTH (Ai = {aio, a,-l,...})
¥ TIOMECTHB 3THU MOCIEIOBATEIILHOCTU APYT MOJ APYTOM, IMOJIyYUM TaOIuIy

Qoo dor  do2  Aps
ajp ap apz ap
ayo dy1 a4z A3
aszp dsz; dyx  4szj

Tenepp ATy TaOIUILy MOKHO Pa3BEPHYTH B MOCIIEIOBATEIIBHOCTD, HAIPUMEP TTPOXOJIS
110 OYEPEIN THATOHAIIN:

apo, Ao, A10, A02, A11, A20, A03, A12, A21, A3, - .

Ecnu MHOXecTBa A; He TepeceKauch, TO Mbl MOJYYMIM UCKOMOE Ipe/ICTaBIeHNE
g ux oowbenuHeHus. Ecnu mepecekanuch, TO U3 MOCTPOCHHOM MOCIEeN0BaTEIbHOCTH
HaJI0 BBIOPOCHUTD ITOBTOPEHHUSL.

Ecny MHOXECTB KOHEYHOE YMCIIO WM KaKue-TO U3 MHOXECTB KOHEUHBI, TO B 3TOM
KOHCTPYKLIMM YacTH YJIEHOB He OyleT —Hu OCTaHeTcs JIMOO KOHeyHoe, JUO0 cuéTHoe
MHOECTBO.

OmnucaHHbII NMPOXOJ MO AMArOHAISIM 33JaeT B3aUMHO OJHO3HAYHOE COOTBETCTBHE
ME3KITy MHOKECTBOM BCEX Map HaTypaibHbIX umcen N u N.

r|p|/||v|ep BA8 e

MprMepbl CHETHBIX MHOXECTB

MHuoxecTBO Q pallMOHANIBHBIX YKCeNl CYETHO. B caMom 1nene, panmoHaIbHbBIE YUC-
Ja MPEJCTAaBISIIOTCS HECOKPATUMBIMU APOOSIMHU C LEJIBIM YUCIUTENEM U 3HAMEHATENeM.
MHoxecTBO Ipobeli C TaHHBIM 3HaMeHaTeeM CYETHO, M03TOMY (Q IpeaCcTaBUMO B BHJIE
o0beMHEHNs CYETHOTO yucha c4ETHRIX MHOXecTB. Ha pucynke 3.11 mokazaHo, Kakum
00pa3oM MOXKHO 33/1aTh IEPEUUCIICHHE BCEX MOJOKUTEIbHBIX PAMOHAIBHBIX YHCEN.

MHuosxectBo N¥, 371eMeHTaMH KOTOPOTO SIBISAIOTCS HAGOPH! U3 k HATYPaIbHBIX YHCeT,
CUETHO.

e MHOXECTBO BCEX KOHEYHBIX IOCJIENOBATEIBHOCTEW HATypaJbHBIX YUCEN CUET-
HO. B camoM nene, MHOXXKECTBO BCEX MOCIIEIOBATEIBLHOCTEH JTaHHOW JJIMHEI
c4€THO (TIpenbIAYIIUNA MPUMEp), TaK YTO WHTEPECYIOIIee HAC MHOXXECTBO pas-
OuBaeTcs Ha CUETHOE YUCIIO CYETHBIX MHOXKECTB.

e B mpenpinymeM npuMepe He 00s3aTelbHO TOBOPUTH O HATypajbHBIX YHCIAX —
MOXHO B3STb JIF000€ CYETHOE (MM KOHEUHOE) MHOXecTBO. Harpumep, MHOXe-
CTBO BCEX TEKCTOB, MCIHOJB3YIOIIMX PYCCKHM ay)aBUT (TEKCT MOXKHO CUHUTATh
KOHEYHOU TMOCJIeI0BaTEIbHOCThIO OYKB, MPOOETIOB, 3HAKOB NMPETMHAHUS U T.11.),
CU€THO; TO e caM0Oe MOXKHO CKa3aTh O MHOXECTBE (BCEX MBICIUMBIX) KOMIIbIO-
TEPHBIX NIPOrpaMM H T. 1.
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|
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5/1 5/2 5/3 5/4 5/5

Puc. 3.11 — MuoxectBo Q c4éTHO

@ @ Teopema 13. Eciiu MHOXeCTBO A OECKOHEYHO, @ MHOKECTBO B KOHEUHO
WM cY€THO, TO o0benHeHne 4 U B paBHOMOIIIHO A.

£

Jlokazamenvbcmeo. bynem cuurtarb, uTo B He mepecekaeTcs ¢ A (€cau 3TO He Tak,
BBIOPOCHM TIEpPECEUCHHUE W3 B, OCTaBIIEECS MHOXECTBO Oy/leT MO-TIPEKHEMY KOHEYHO
Wi c4€THO). Beienum B 4 cueTHOe MOIMHOXKECTBO P, ocTarok o0o3HaunM depes Q.
Torma Hamo nokasarb, yto B + P + Q paBHOoMouiHO P + O (B AaHHOM ciydyae 3HaK +
o0o3HauaeT oObeNMHEHNE HemepeceKaromxcss MHOkecTB). [lockonbky B + P u P ob6a
CU€THBI, TO MEXIy HHMH CYIIECTByeT Ouekuus. Ee nerko mpomonkuTh 0 OUEKIUH
B+ P+ (Q nHa P+ Q (kax[plil 5IeMeHT MHOKeCcTBa (J COOTBETCTBYET caM cebe).

CymniecTBYyIOT 11 OECKOHEUHBIE MHOKECTBA, KOTOPBIC HE SBIISIFOTCS CUETHRIME? Kitac-
CHYECKUN MPUMEP HEPAaBHOMOIITHBIX 0€CKOHEUHBIX MHOXECTB JIAET «IMaroHaJIbHast KOH-
crpykuus Kanropay.

167 @ Teopema 14 (Kanmopa). MHOXeCTBO OECKOHEUHBIX MTOCIICTOBATEIILHO-
cTeit Hy.]'IeI/I U €ANHUIL HECYETHO.

S ot cmmm e~

Jloxazamenbcmeo. [1peanonoxum, 4To OHO CUETHO. Torna Bce Mocaea0BaTeIbHOCTH
HyJI€l W €IMHUIl MOXXHO TEPEHYMEpOBaTh: 0O, O.f,... COCTaBUM OECKOHEYHYIO BHH3
HOCJIeI0BATENIbHOCTh, CTPOKAMU KOTOPOW OyIyT HalllU MOCIIEeI0BATEIEHOCTH:
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Oy = Ogp o Co2
(&5 = OO0 Onn 012
(&%) = Oy 021 022

(4epe3 o;; MBI 0003HaYaeM j-i 4JIeH i-i MOCIeN0BaTeNFHOCTH). Teneps paccMOTpUM I0-
CJIEIOBATENBHOCTh, 0OPA30BAHHYIO CTOSIIMMU HA JUATOHATH WICHAMH Ogg, 011, 02, - - -}
€€ i-i YJeH eCTh 0O; U COBIIAJACT C i-M YJIECHOM i-M IOCJIEI0BAaTEILHOCTH. 3aMEHNUB BCE
YJICHBI HA TTPOTHBOTIONIOKHBIC, MBI ITOJYYUM TIOCIIEI0BATEIBHOCTD [3, Y KOTOPOM

[31' =1 -0y,

TaK YTO ITOCIJICJOBATEIBHOCTD [3 OTIMYAeTCs OT JIIOOOW W3 TOCIENOBaTeIbHOCTEH O
(B mO3UIMHU ) U MOATOMY OTCYTCTBYET B TalOiuie. A Mbl NPEANONIOKUIN, YTO TabIH-
11a BKJIIOYAET B ce0sl BCE MOCIIE0BATEIBHOCTH — IPOTUBOPEUHE.

MuoxectBo-creneHb P(N) — MHOXKECTBO TOJMHOKECTB HATYPAJIBbHOIO psijia — PaB-
HOMOIIIHO MHOKECTBY O€CKOHEYHBIX MOCIIEAOBATEILHOCTEH HyNel U equHuIl. J{efcTBu-
TEJIbHO, COMOCTaBUM Ka)xJA0My MOAMHOXeCTBY 4 C N OGeCKOHEUHyI0 MOCIeA0BaTelb-
HOCTb O, Oy, O,..., TAE O, = 1, ecniu n € A, u a,, = 0 B mpoTUBHOM cityyae. O4eBUIHO,
TaKoe COOTBETCTBHE siBJsieTcs Ouekiuei. Tenepb Mbl MoxeM nepeopMyInpoBaTh TEO-
pemy 14.

@ Teopema 15. Otpesok [0, 1] paBHOMOIIIEH MHOECTBY BCeX OECKOHEY-
HBIX MOCIEA0BATEILHOCTEN HYJIEH U €IUHUIL.

(S oo i .

Hoxazamenscmeo. Kaxnoe aucno x € [0, 1] 3anuceiBaercst B Buae OECKOHEUHON
nBouyHOM apoOu. [lepBrlif 3HaK 3ToM apobu paBeH 0 win 1 B 3aBUCUMOCTH OT TOTO,
MOMAJaeT JU YKCJIO X B JIEBYIO WJIM IPaByl0 MOJOBHHY OTpe3ka. YToObl ompeaenuTh
CIIEYIOIMN 3HAaK, HaJO0 BbIOPaHHYIO MOJOBHHY IOJEIUTH CHOBA IOIMOJIaM M MOCMOT-
peTh, Kyaa nonaaeTr x, v T. .

OTO )€ COOTBETCTBHE MOYKHO ONMCATh B JPYIYIO CTOPOHY: MOCJEN0BaTEIbHOCTU
X0X1X3. .. COOTBETCTBYeT uncio (mpunamiexamee [0, 1]), sustomeecss CyMMon psiia

Xo X1 X2
U}

2 4 8

OnucaHHOE€ COOTBETCTBUE HE BIIOJIHE B3aMMHO OJHO3HAUHO: JIBOMYHO-PAI[MOHAIIb-
n
Hble yncna (Buzma m/2") umeror aBa mpexacrasinenus. Hanpumep, 3/8 = 0.11000... =
= 0.010111... CooTBeTcTBHE CTaHET B3aMMHO OJIHO3HAUHBIM, €CIIM OTOPOCUTH JIpoOH
¢ enuHMICH B mepuone. Ho Takux apobeit cy€THOE Yncio, MOATOMY Ha MOITHOCTH 3TO
HE TTOBJIUSIET.
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Mownocmb MHOMCECMBA OElICMBUMENbHBIX YUCE HA3bIBAENCS MOW-
HOCMbI0O KOHMUHYYMA (OM IAMUHCKO20 C108d, 03HAYAIOWe20 «Henpe-
DBIBHBIILY,; UMeemCsl 8 BUOY, YO MOYKA HA OMPe3Ke MOdiCen Henpepvls-
HO 08U2aMbCsl OM 00HO20 KOHYA K Opyeomy). Mownocmes koHmunyyma
0003HAYUM CUMBOJIOM C.

Horasamenscmeo. KBaapar paBHomoleH MHOxecTBy [0, 1] x [0, 1] nmap neficTBu-
TEJbHBIX YHUCEN, KaXKI0€ U3 KOTOPBIX JIEKUT Ha oTpeske [0, 1] (meron koopauHar). Mbl
y’K€ 3HaeM, YTO BMECTO YHCEJI Ha OTPE3KE MOKHO TOBOPUTH O MOCIEI0BATEIBHOCTAX
Hynel u eguHul (teopema 15). OcTtanoch 3aMeTUTh, UYTO Mape MOCIeN0BaTeIbHOCTEN
HyJleW ¥ eqUHML (X0X|X2..., YoV1)2...) MOXKHO IOCTaBUTh B COOTBETCTBHME IIOCIIENI0BA-
TENIBHOCTh — CMECh X()0X1)1X2)2. . . U UTO 3TO COOTBETCTBUE OYJIET B3aUMHO OJJHO3HAYHBIM.

MosKHO JT0Ka3aTh TakKe, 4To JIF000e KOHEUHOMEPHOE MpocTpancTBo R” mMeet momi-
HOCTbh KOHTHHYYyMa.

Kanrop nokazan u o6o6menue teopemsr 14.

@ Teopema 17. Hukakoe MHOXeCTBO X HE PaBHOMOIIHO MHOXECTBY

w P(X') Bcex cBOMX MOJMHOKECTB.
£ e SOOI

Lokazamenbcmeo. O4EBUIHO, HE CYLIECTBYET B3aMMHO OJIHO3HAUHOT'O COOTBETCTBUS
MESKJy TTyCTBIM MHOXECTBOM & M €ro MHOKecTBOM-creneHbio P(@) = {@}, comepxa-
MM OJIVH 3JI€MEHT. Teneph MpeanoNokKuM, 4To X — He MyCTO U YTO CYIIECTBYET OHeK-
st f mexxay X u P(X). TTokaxkeMm, 9TO MOCIEAHES MPEINONI0KEHHE TIPOTUBOPEUUBO.

Otobpaxenue f OMEKTHBHO OTOOpa)kaeT AIEMEHTHl MHOXKEeCTBa X Ha IMOJAMHOXeE-
cTtBa MHOkecTBa X. Hanpumep, mycTh X — MHOXKECTBO TMOJIOKUTEIBHBIX LEJBIX YUCET
U IyCTh

f(1)={2,5,7,9, 10},

f(2)={2,4,6,8,...},

f3) =g,
f(4) = {1,2, 3,4,5,6, 7,...},

f(5)={1,2},

B nekortopsix ciay4asx n € f(n). B Haem npumepe 2 € f(2) u 4 € f(4). Ognaxo
Lef(1),3¢£(3), 58/(5).

[TonsiTHO, YTO MO0 IEMEHT 71, KOTOPBIA QYHKIUSA f OTOOpakaeT B MyCTOE MHO-
’KeCTBO, OyeT 00J1a1aTh CBOMCTBOM 7 ¢ f (1), a BCIAKUIT SIIEMEHT m, KOTOPBIA QyHKIHS f
otobpakaeT Bo Bce X, Oyaer obmanarb cBoiictBoM m € f(m). Ilycte W = {x |xeX
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uxé¢f (x)} [Tockonbky 0TOOpakeHHE  CIOPBEKTUBHO, TO CYIIECTBYET JIEMEHT a € X,
takoi, uto f(a) = W. llpunamiexur nmu a mHoxectsy W? Ecnu a € W, 10 a upu-
HA/IJIC)KUT MHOXKECTBY TEX DJIEMEHTOB X, KOTOpbIE f/ HE OTOOpa)kaeT Ha MHOXKECTBA, UX
conepskamtie. CremoBarensto, a ¢ f(a) = W. Takum 00pa3oM, MbI IPHUXOIUM K IIPO-
tuBopeunto. Eciu ke a ¢ W, 1o a ¢ f(a) = W. I1o3TOMYy a yIOBJIETBOPSET YCIOBHIO
MIPUHAJJICKHOCTA MHOXKECTBY W, T.e. a € W. CHoBa nonydaeMm npoTtuBopeune. Mrak,
B JIIOOOM Cilydae Mbl IPUXOAMM K MpoTHBOpeunto. CreoBaTesibHO, YTBEPXKICHHE O CY-
IIECTBOBAHUM B3aWMHO OJHO3HAYHOTO COOTBETCTBHS f MEXIy X M €ro MHOXXECTBOM-
crenienbio P(X') HeBepHoO.

r|p|/||v|ep 319

Iycts X ={1,2,3,4} u

F(1)=42,4},
f(2)={1,2,3,4},
f(3)={1,3},
f(4) =a.

Torna W = {1, 4} — MHOXECTBO U3 J0KA3aTEIbCTBA TEOPEMBI U B HEro He 0TOOpa-
JKAETCS HUKAKOHM DIIEMEHT.

Tak KaK MHOXeCTBO X pPaBHOMOIIHO HeKoTopoi yactu P(X) (Ouekuust x < {x}),
a P(X) He paBHOMOIIIHO HUKaKOMY TIOAMHOXECTBY X (B cuiy Teopembl Kantopa—bepH-
IITEHHA), TO MO)KHO TOBOPHTH, YTO MOIIHOCTh X Menbiue mownocmu P(X).

Yro o3HauaeT HOML B 0003HaueHUH Ry? UTo Takoe, ckaxeMm, R;? OObuHO ®R; 000-
3HA4aeT HAaUMEHBIIYI0 HECUETHYIO MOIIHOCTh. CpaBHEHHE MOLIHOCTENH MMEET TOYHBIN
cMbIcil. Jerno B TOM, 4TO pa3inyHble MOIIHOCTU JIMHEHHO ynopsgouuBatorces [3]. B pa-
6ote Kanropa 1878 roma Obuta copMyaupoBaHA KOHMUHYYM-2UNOME3A: BCSKOE TMOJ-
MHOXKECTBO OTpe3Ka JUOO KOHEYHO, JIMOO CYETHO, TNOO PAaBHOMOIIHO BCEMY OTPE3KY.
Hpyrumu cnoBamu, ®; = ¢. O ganpHemen cynp0e 3Toi runore3sl cM. maparpad 6.7 u3
IJIaBHI 6.

1. Kakue nBa HeonmpenensieMbIX OHATHS UCIIOJIB3YIOTCS B TEOpUH MHOXKECTB KaH-
Topa?

2. B uem cocrout nmapanokc Paccena?

SIBngercs nn MEepeCCYCHUC ABYX MPOU3BOJIBHBIX OTHOIIIEHUH TaKXK€ OTHOIICHU-
em? ToT ke BOIIPOC OTHOCHUTEIHHO OObEIMHECHHUS.

4. SIBnsiercs MU MPOU3BOJIbHAS (PYHKIMS MHOKECTBOM?
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5. VIMEIOT 1M OAMHAKOBYI0 MOIIHOCTh MHOXecTBa P(Z) — MHOXECTBO-CTEICHb
MHOXXECTBa LeJbIX uyucen ¥ P(Q)— MHOXKECTBO-CTENIEHb MHOXKECTBA DalHo-
HaJIbHBIX 4ncen?

%’%@ PekomeHayemasi nutepaTtypa K rnase 3

[1]  HeneiiBoga H. H. Ilpuknannas noruka : yue6. mocodue / H. H. HeneiiBona. —
2-e u3n., ucnp. u jpom. —HoBocubupcek : M3n-Bo Hosocu6. yn-ta, 2000.—
521 c.

[2]  3ro3pkoB B. M. CunepreTuka Juisi mporpaMMHECTOB : yue0. mocooue / B. M. 3103b-
KoB. — Tomck : TYCVYP, 2001. — 194 c.

[3] Bepemarna H.K. Jleknum nmo mMaremMarnyeckoil JIOTMKE M TEOPHM aJITOpHT-
moB / H. K. Bepemarun, A.lllens. —4-e u3n., gom. — M. : MITHMO, 2012. —
Yacts 1 : Hauana Teopun mHOXkecTB. — 112 c.
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MPOMNO3NUNOHATIBHAA JNOIMKA

JKentast peka TedeT ThICAYM MHJIb Ha CEBEP. . .

3areM NOBOPAaYMBAET HAa BOCTOK U TE€YET HENPEPHIBHO,
He BaxxHO, Kak oHa u3rubaercs ¥ MOBOpadHBaeTC,
E€ BOJIHBI BBIXOJAT U3 UCTOYHHMKA HA rOpeE.

Kynv-Jlyno. XKenesnas ¢retima

4.1 BblcKasblBaHUS N BbiCKa3dblBaTeSibHble (DOPMbI

IIpocThie BhICKA3BIBAHUS

[Tonsitrie npocmozo (snemenmapro20) GvlCKa3bl6aHUs SIBISCTCS TEPBOHAYATLHBIM
(HeompeeIsIeMbIM) MMOHATHEM B MaTEMAaTHICCKOHN JIOTHKE.

[Ton BeICKa3pIBaHUEM OOBIYHO MOHUMAIOT TTOBECTBOBATEIHLHOE MPENTIOKECHHE, YTBEP-
JKIAroIIee 4To-T1M00 0 4eM-JI100, U TIPU 3TOM MBI MOXKEM CKa3aTh, YTO OHO JIOJIKHO OBITh
WUCTHHHBIM WJIH JIOKHBIM B JIAHHBIX YCJIOBHSX MECTa W BpeMeHH. Jlocuueckumu 3Haye-
HUSIMU 8bICKA3bI6AHUT IBIITIOTCS «UCTNUHA» T «10XCHY.

[MprMepbl NPOCTbLIX BbICKa3bliBAHUN

1. Huxomnait ['orons — aBrop nosectu «Tapac byias6ay.

2. JlureparypHble mpousBeneHus o cobakax «Kamranka», «Mymy» u «benomno-
ObIii» HamucaHbl AHTOHOM YeXOBBIM.

3. Teopema ITudaropa: B mpssMOyroiabHOM TPEYrojJbHUKE CyMMa KBaJpaToB Kare-
TOB PaBHA KBaJpaTy TMIIOTEHY3BI.

4. Teopemy Iludaropa Bunepssie noxaszan [lugarop.
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5. Cumdonus Ne§ IllyGepra ocTanach HEOKOHYECHHOM.

6. LyGept He cMor 3aBepuTh cuMPoHHI0 No8 OTOMY, UTO €ro *H3Hb 000PBaJIaCh.

BrickazpiBanus 1, 3 u 5 ABAAIOTCA MCTHHHBIMH. BEICKa3piBanme 2 10HO. McTHH-
HOCTH BBICKA3bIBaHUM 4 U 6 HEH3BECTHEL.
Crnenyroiine mpeayioxKeHNs BbICKa3bIBAHUSIMU HE SIBJISTFOTCSL.

7. Kak npoiitu B Oubnuoreky?

8. Croii, xT0 HIeT!

9. HarypanpHOe YHCIIO 71 ABJSETCSA MPOCTHIM YUCIIOM.
10 Yucno 1076 ouens mao.
11. Osnerun mobur Tarbsny.

12. Mmue kaxercs, uto «Tapaca Byns0Oy» Hanucan Tapac [lleBueHko.

[Ipensioxxenust 7 u 8 He ABIIAOTCS MMOBECTBOBATEIbHBIMU. B mpennoxennn 9 He co-
JEPIKUTCS HUKAKOTO YTBEP)KIIEHUS, M HEIb3sl CTAaBUTh BOMPOC 00 €ro MCTUHHOCTH WU
J0XHOCTU. EClM MOICTaBUTh B 3TO MPEIOKEHHUE BMECTO /1 KaKoe-HHOY/Ib HaTypalbHOE
YHCIIO0, TO MOXHO TOTJa YTBEPXKAaTh 00 €ro MCTMHHOCTH WJIM JIOKHOCTU. Y TBEpXKIe-
HUe 10 cyObEeKTHBHO, MMO3TOMY HEJb3S TOBOPUTH 00 €ro MCTUHHOCTU WM JIOKHOCTH.
YTBepxkaenue 11 mpuHIUIIHATEHO HEPOBEPSIEMOE, MTOCKOJIBKY OTHOCHTCSI K BHYTPEHHE-
My MHUPY Y€JIOBEKa U TOHMMAETCS Pa3HbIMU JIIOABMHU HEOJIMHAKOBO. C Ipyroil CTOPOHHI,
npemiokenne «OHETWH ckas3ai, 4To OH JroOHT TaThsiHY» €CThb UCTHHHOE BBICKA3hIBA-
Hue. [Ipennoxxenue 12 He UMeeT OHO3HAYHOM UHTEPIIPETAIIMN U BBIPAXKAET OTHOLLICHUE
TOBOPSIIETO K BhICKa3biBaHuto «Hukomnait ['orons — aBTop moBectu «Tapac byns6ay.

[Ipennoxxenus, KOTOpbIE HE MOTYT UMETh YETKOW M OJHO3HAYHOW HMHTEPIPETAIIHH,
poccuiickuii Mmatemaruk H.H. HeneiiBona Ha3wsiBaeT keazuevickazvieanuamu [1, c. 18].
KBazuBbicKa3pIBaHUSAMU SBISIOTCA npeaioxkeHus 10-12.

[ToHsITHE UCTHUHHOTO BBICKA3bIBAHHS B JIOTUKE COIVIACYETCSl C TPAAULMOHHBIM IIO-
HSITUEM HCTUHBI B €CTECTBEHHOM si3bike. VcTuHa oObekTHMBHA. B jormke J0Xb Takxke
00bEKTHUBHA, HO B €CTECTBEHHOM $I3bIKE CYOBEKTHBHA. UeTIOBEK SIBIISCTCS JITYHOM, €CIH
OH CO3HATEJIBHO rOBOPHUT JI0kKb. P. Cmaninuan B kHure [2] npuBoaut npumMep: «B ogHom
U3 y4eOHHMKOB M0 aHOMAJILHOH MCUXOJIOTHUHU Sl IPOYUTA O CJIEAYIOIIEM IPOUCIIECTBUH.
Bpauu B ncuxuarpuueckoil JieueOHUIIE COOMPATUCh BHIMHUCATh MAIMEeHTa, CTPpajarolie-
ro mu30(ppeHnel, U peluImiii MOABEPIHYTh €ro MPOBEpPKE MPHU MOMOIIN JETEKTOpa JIKU.
Cpenu npourx mamyeHTty ObLT 3agaH Bompoc: «Bel Hanmoneon?» Ilanuent orBeTHis ot-
pHuLaTenbHo. JleTeKTop MoKasall, YTO OH JDKET.

HNMenHble U BBICKa3bIBaTeIbHbIE (DOPMbI

bykBa n, Bxonsuas B npenioxenue «HarypanbHoe 4Yncio 7 SBISETCS MPOCTHIM
YHCIIOM», UTPaeT pojib NMepeMeHHO. B maremaruke nepemennas —>3TO S3bIKOBOE BBI-
pakeHue, ciyxaiiee Il 0003HaueHUs! MPOU3BOJIBLHOTO 00bEKTa U3 HEKOTOPOTo (pUKCH-
POBAaHHOT'O MHOXXECTBA, HAa3bIBAEMOT'0 OOJIACTHIO BO3MOXKHBIX 3HAUCHHH 3TON IMepeMeH-
HOU — yHusepcymom. Ecnu mepeMeHHast ynotpeOisercss TakuM 00pa3oM, 4TO JIOIycC-
KaeTcsl MOJICTAaHOBKAa BMECTO Hee 0003HaueHui (umen) OOBEKTOB YHHUBEPCYMa, TO ATa
NepeMEeHHasi Ha3bIBACTCS C8OOOOHOIL.
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Mpumep 4.2 oo

1. TlepeMeHHbIE X, y U Z ABISIIOTCS CBOOOTHBIME B BBIPAKCHHUHU X2 + )? = 22,

2. TlepemeHHast X B BbIpaKeHUH X + sin(1/x) siBasiercst CBOGOIHOM.

OnHako B MaTeMaTHKE BCTPEYACTCs U TaKOe YMOTpeOJeHHe MEepEeMEHHbIX, MPU KO-
TOPOM HE IPEAINOIaraeTcs U He JOIYCKAeTCs BO3MOXKHOCTH IOACTAaHOBKHA BMECTO HHMX
UMEH KOHKPETHBIX 0OBEKTOB.

IIpumMepamu TakuX CUTYaLUH SBJISIOTCS BBIPAYKEHUS:

sinx

lim—— =1,
x>0 X

> 1 m?
,; K6

B nepBom ciiydae nepemMeHHas X MPUHUMAET YHCJICHHbIE 3HAUEHUS U3 MHOXECTBa
BEIIECTBEHHBIX YHCEI, a BO BTOPOM ciydae, HepeMeHHas kK — HarypanbHoe. Ho, oueBua-
HO, MOZICTAHOBKH YHCEJI B 3T BBIPAXKECHUS BMECTO X U kK OECCMBICICHHHBI.

B ToM ciyuae, korjga 1o cMbICIy BBIpaXEHHUs, COAEPIKAILETO IEPEMEHHYI0, MTOJCTa-
HOBKa BMECTO He€ UMEH KOHKPETHBIX 0ObEKTOB HEIOIyCTUMa, 3Ta EpeMEHHasi Ha3bIBa-
eTcs ceazannoil. Ho Mbl MOkeM 0e3 U3MEHEHHUSI CMbIC/Ia BBIPAKEHUS! 3aMEHUTD CBSI3aH-
HYIO IIEPEMEHHYIO JTI000M pyToil MepeMeHHOH, OTCYTCTBYOIIEH B JAHHOM BBIPAXKCHUH.
[Ipuuem «HOBas» MepeMeHHas CTAaHOBUTCS TAK)KE CBA3aHHOW. B OHOM BBIpaK€HUH OJI-
Ha U Ta XK€ TepeMEHHas MOXKET YHOTpeONsAThCS M KaKk CBOOOAHAs, M KaK CBsA3aHHAs.
Hampumep, B BeIpakeHUN '

. sinx
X+ lim—
x—=0 X
camoe JIEBO€ BXOXKJICHHE MIEPEMEHHON X SBJISIETCS CBOOOTHBIM, a BCE OCTAJIbHBIE BXOXK-
JEHUs TIepEeMEHHOM — cBsi3aHHBIMU. [loaTOMYy B 0O0IIeM cilydyae Halo FOBOPUTH O CBO-
OOIHBIX U CBSI3aHHBIX 6X0MCOCHUAX TIEPEMEHHDIX.

Bripakenue x + sin(1/x) He sBIsETCS UMEHEM YKCIIA, HO CTAHOBHTCS TAKOBBIM, IO~
clie 3aMEHBbI CBOOOIHOW MEepeMEeHHON X JIIOOBIM HE HYJIEBBIM BEIECTBEHHBIM YHCIIOM.
Bripakenue x> + 2 = z? He ABISIETCS BBICKAa3bIBAHMEM, MMOCKOJIBKY HE 00J1aaeT UCTHH-
HOCTHBIM 3HAaU€HUEM, HO CTAHOBUTCS BbICKa3bIBAaHUEM I10CJIE 3aMEHbI CBOOOIHBIX Mepe-
MEHHBIX X, ¥ U Z YUCJIaMU. JT0 HaOII0eHNE PUBOIUT K CIEAYIOIIEMY OINPEIEICHHIO.

Bripakenue, coneprxkariee CBOOOIHbBIE BXOXK/IEHHS TIEPEMEHHBIX U MTpeBpalarolee-
Csl B UMl HEKOTOPOTo 00BbeKTa (MM COOTBETCTBEHHO BBICKA3bIBAHUE) BCAKHN pa3, Korjaa
BMECTO BCEX CBOOOTHBIX BXOXKJICHUH KXKIOW MEPEMEHHOMN MOICTABISAETCS UMsI KaKOTO-
HUOYIb 00BEKTa U3 YHUBEPCYMa, Ha3bIBACTCS UMEHHOU hopmoinl (M COOTBETCTBEHHO
évicKazvleamenvHoul ghopmoir). llepemeHHbIC, IMEIOIINE CBOOOIHBIC BXOXK/ICHHS B IMEH-
HYIO WJIM BBICKa3bIBaTEIbHYIO (POpPMY, Ha3bIBAIOTCS €€ napamempamu. J{is BbICKa3bIBa-
TEIbHOU (POPMBI MBI 4acTo OyaeM ynoTpebnsaTe 06o3HaueHue Buaa 4(xy, xa,. . ., X, ), 5B-
HO yKa3bIBas Bce ee mapamerpsl. Toraa, ecnu ¢y, ¢, ..., €, — AIMEHa KaKuX-In00 00beK-
TOB M3 YHHBEpPCyMa BO3MO)KHBIX 3HAYEHUU MEPEMEHHBIX Xi, X7,..., X, COOTBETCTBEHHO,
t0 yepes A(cy, ¢a,. .., ¢,) 0003HAYACTCS BBICKAa3bIBaHKE, MOMydeHHOE U3 A (X1, X2,. . ., X;,)
MOJICTAHOBKOM ¢ BMECTO X|, C; BMECTO X3, ..., C;, BMECTO X,,.



4.1 BbicKa3biBaHUA U BbIiCKa3biBaTesllbHble (hopMbI 81

ITycts P(n) 0603HauaeT BBICKA3BIBATENBHYIO (OPMY «7 U 1 + 2 — IPOCThIC YUCIIa-
OnusHens, Toraa P(29) — HCTHHHOE BBICKA3bIBAHHE.

CJ107kHBIE¢ BBICKA3bIBAHUSA U JIOTHYECKHE ONepanuu

W3 ogHuX BBICKa3bIBaHUI pa3IMYHBIMU CIOCOOAMU MOXKHO CTPOUTH HOBBIE OoJiee
CJIOKHBIE BBICKa3bIBAaHUS.

CrnoxxHble BBICKA3bIBaHUS 00pPA3yIOTCs M3 AJIEMEHTAPHBIX BBICKA3bIBAHUI MpUMEHe-
HUEM TpPEX BHUJIOB Ollepaluil.

e Mooanbrhocmu NPUMEHSIOTCS. K BBICKA3bIBAaHUSIM M U3MEHSIOT HAIlle OmHOule-
Hue K HUM. [lonmydarorcs kBa3uBbIcKa3blBaHUs. Hanpumep, MOAaIbHOCTBIO SIB-
astiercst «Ilo cnoBam Cranuna, Tporkuit 6611 Bparom CCCP». Takue kBa3uBbI-
CKa3bIBAHHS U3YUYAIOTCS B MOOAIbHOU JI02UKe" .

e Keanmophvie KoHCmMpyKyuu TPHUMCHSIOTCS K BBICKa3bIBAaTCIbHBIM (opmam
U OarT BBICKAa3bIBAHUE. HaHpHMep, TAKOBBI BBICKA3bIBaAHUS ((21.]'[5[ BCEX X BBbI-
nonaeHo A(x)» u «CymiecTByer x, s KOTOpOro BeimomHeHo A (x)», tae A(x) —
KaKasi-TO BBICKa3bIBaTeNbHAs (hopma.

o Jlocuueckue ceaszku (onepayuu) NIPUMEHSAIOTCA K BBICKa3bIBAHUSAM M JAIOT HO-
BOE BBICKa3bIBaHME, HAIIPUMEP U3 BbICKa3bIBaHUM «I peMut rpom» u «CBepkaer
MOJHHUSD» € TIOMOIIBIO JJOTMYECKOM CBA3KH «ECHH. . ., TO. . .» 00pa3yeTcs CI0KHOE
BbICKa3bIBaHue «Ecnu rpeMHUT rpoM, TO CBEpKAaeT MOIHUSIY.

KBantopHble koHCTpykiMM BHJa «/lmst Beex...» n «CylIecTBYET...» H3ydaroTcs
B J02uKke npeoukamos (cM. mnaBy 5). CylIecTBYIOT M JIpyrHe KBaHTOPHbIE KOHCTPYK-
1M, Harpumep « /st 6oIbIIMHCTBA X BBIMOAHEHO A (x)». OHM H3yJaroTCs B MOJIAIbHON
JIOTHKE.

B nozuxe svickazviéanuii NCNIOIB3YIOTCS TOJIBKO Jorudeckue onepauuu. Ilox ngoru-
YeCKOW oreparyeid TOHUMAETCs CIIoCco0 MOCTPOSHHS CIOKHOTO BBICKAa3bIBAaHHS U3 JIaH-
HBIX BBICKa3bIBaHUM, MPU KOTOPOM MCTMHHOCTHOE 3HAUEHUE CJIO0XKHOI'O BBICKA3bIBAHMS
MOJTHOCTBIO OTPENENAETCS] HCTUHHOCTHBIMU 3HAYEHUSIMH MCXOJHBIX BbICKa3bIBAaHUM.

Bbonee TouHO MBI TipeIonaraeM, yTo AJis BbICKa3bIBAHUN BBITIOTHSIOTCS CIEAYIOIIHNE
JIBa COMVIAIICHUS.

"MoyanbHble JIOTHKH M3y4aroT MOJANBHOCTH — KATErOPHH, BHIPAXKAIOIINE OTHOIIGHHE TOBOPSIIETO
K COAEpKAHHUIO BBICKA3bIBAHUS, OTHOIIEHHE TOCIEIHEr0 K JEHCTBUTENHLHOCTH. MOJAIBHOCTH MOXKET
MMETh 3HAYCHHE yTBEPXKICHWS, MPUKA3aHUs, TIOKETaHus U Jp. BeIpakaeTcsl crenuaibHBIMU (opMamMu
HAKJIOHEHWH, UHTOHAIMEW, MOJAILHBIMH CJIOBaMHU (HAIIPUMED, «BO3ZMOXKHOY, «HEOOXOIUMOY, «JIOJIKECHY);
B JIOTUKE TaKHWE CIIOBAa HA3BIBAIOTCS MOJAIBHBIMHU OIEPATOPaMH, C WX MOMOIIBIO YKa3bIBAETCS CIIOCOO
MOHUMAaHUS CY>KJI€HUI (BBICKa3bIBAHUM).
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Coenawenus.

1. HWmeroTrcs UCXOIHBIE HEOTIPEAEIISAEMBIE TIOHSTUSI UCHUHA U JIOIHCh
(o603nauenusi: I u 0 v M n JI), KOTOpBIE SABISIOTCS UCHIUH-
HOCMHBIMU (102U4eCKUMU) 3HAYEHUAMYU BbICKa3bIBAHUMN.

2. Jlornyeckoe 3HAYEHHUE CJIOKHOTO BBICKA3hIBAHUS 3aBUCHUT
JIUIIBb OT JIOTHYCCKUX 3H3‘I€HI/Iﬁ €ro KOMIIOHEHT, a HE OT €ro
CMBICIIA.

PaccmoTpum sorudeckue onepanum.
OTpunanmne
[Tycth, HamipuMep, UMEETCS BhICKa3bIBAHUE

«Connye spawjaemcs 6oKpye 3emauy. 4.1)

Mg MoxeM O6p330BaTI) HOBOC NPCAJIOKCHUEC, IMTOCTABUB IICPEA JAHHBIM MPCIII0NKE-
HUCM CJIOBA «HCBCPHO, YTO»:

«neeeprno, umo Connye epawjaemcs 6oKpye 3emauy, (4.2)

KOTOpOE, OYEBUIHO, CHOBA Oy/leT BhICKa3bIBaHUEM (MCTUHHBIM). O003HAYMM BBICKA3HIBA-
Hue (4.1) OykBoii 4, Toraa BeICKa3biBaHUe (4.2) TPaIUIIMOHHO 0003HaYaeTcs A U Ha3bl-
BaeTCs ompuyanuem gvickazvieanus A. CUMBOI «—» Ha3bIBACTCS onepavueii (Céa3Koil)
ompuyanusa. Yacto ucnons3yercs 0603HadeHne A.

3aMeTuM, YTO MBI MOTJIM Obl MOCTYNHTH MO-APYTOoMy AJisi 0Opa3oBaHMs OTpHUIa-
HUSI A, @ IMEHHO, MBI MOIJIU OBI ITPOCTO MU3MEHHUThH CKa3zyemoe B MpeiokeHuu (4.1):

«Connye ne spawjaemcs 60Kpy2 3emMauy. (4.3)

C rpammaruueckoit Touku 3peHus (4.2) u (4.3) —»3T0 pasHble npemsioxenus. Ho
MOCKOJIBKY B JTAJTbHEHUIIIEM MBI OyJIeT HHTEPECOBATHCS JTUIIb ICTHHHOCTHBIMU 3HAYCHHEM
NPEUIOKEHUH, TO BBICKa3bIBaHUs, TOA00HBIE (4.2) U (4.3), MBI OyZIeM OTOXKIECTBIISITh.

CBsi3ka OTpHUIIAaHUE CIIOBECHO BBIPAKACTCS TAKKE BBHIPAKCHUSIMH:

o «He A»,
e «A4 HEBEpPHOY,
e «A OXKHOY,

o «A4 He MOXET OBbITbY»

® WM T.II

IIpasuno ons ompuyanus. Y TBEpKAEHUE -4 UCTUHHO TOTNA U TOJBKO
TOrna, Korna 4 JI0)KHO, U JIOKHO B IIPOTUBHOM CIIy4ae.
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KonbloHKIus

[lyctb Temepb mMMeeTcs J1Ba BbICKasbiBaHMs: A U B. Mbl MoxkeM o0pa3oBaTh HO-
BOE NPEJIOKEHUE, COCUHUB JBA JAHHBIX MPEUIOKEHUS COI030M «u»: «4 u B». Takoe
BBbICKa3bIBaHUE «4 U B)» €CTEeCTBEHHO CUUTaThb UCTUHHBIM TOJIBKO B CiIydae, KOrJa BbIC-
Ka3pIBaHUS 00a MCTHHHBI. Hampumep, MbI MOXEM MOCTPOUTH CIIOKHOE BBICKa3bIBAaHHE
u3 BbICKa3biBaHUi (4.1) u (4.2), UCHIONB3YS COI03 «U»:

«Connye spawaemces 8okpye 3emnu, u nHesepro, umo ConHye pawaemcst 6OKpye 3emauy.

BrickazbiBanue «4 U By Ha3bIBaeTCs KOHbIOHKYU el BhICKa3bIBaHUH A 1 B 1 0003Ha-
yaetcs A&B (ucnonpiyercs Takke o0o3HaueHue A A B). 3ameTum, 4To Juist 00pa3oBaHUs
KOHBIOHKIIUA MOTYT OBITh UCIIOJI30BaHbBI M APYTHE COIO3HI:

e «A, HO U B Takxke»,

e «A BMecTe ¢ By,

e «A, HECMOTpS Ha By,

® «HE TOJILKO A, HO U By,
® «Kak A, Tak u By,

e «A, x0TI u By

e UTIL

Bce onu 3anuceiBaroTcs oguHakoBO: A&B. Pa3Hble cioBa 31€Ch OTpa)xaroT pa3HOe
OTHOIIIEHUE K QakTy, He MeHss camoro (axTa. CooTBETCTBEHHO, NIepeBoisi A& B Ha ecTe-
CTBEHHBIN SI3BIK, HY>KHO BBIOMPATh MOAXOAAIIHNMA, Hauboee BEIpa3UTEIbHbIN BapUaHT.

IIpasuno ons konvionkyuu. Y TBEepK1eHue A&B UCTUHHO B TOM U TOJb-
KO B TOM ClTydae, KorJia ICTUHHBI KaK A, Tak U B, U JJO)KHO B OCTaJIbHBIX
cllydasx.

B onpenenennn koHbIOHKIMU A&B BbICKa3blBaHUA A U B paBHONPABHBI, HO JaXe
JUISL 3TOM IIPOCTOM CBSI3KM €€ MareMaTHYECKUN CMBICI HE BCErJa COBIANAET C CONEPKa-
TEJIbHBIM.

r|p|/||v|ep A4

Mprmep Knunu

B camom nene, maremarnuecku A&B u B&A o3HayaeT OIHO M TO K€, a COIEpika-
TCJIBbHO BBICKA3bIBAHU

«Mawa eviuina 3amyssc, u 'y Hee poouncs pebeHoK» u
«Y Mawu poouncs pebenok, u ona 6bluLIa 3aMyHC»

MIOHUMAIOTCSl HECKOJIBKO ITO-pa3HOMYy. [1oCKOIBbKY KaX10€e U3 3THX MPEAoKEHUM BbIpa-
JKaeT ellle HEKOTOPYIO MPUUNHHO-CIIEICTBEHHYIO CBSI3b UCXOIHBIX BBICKAa3bIBaHUI.
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Mpumep 4.5 oo,

BCpHGMCH K BBICKAa3bIBAHUIO, KOTOPOC PaAHCC IMPUBOAWIOCH B KaUYCCTBC IMPOCTOIO
BBICKA3bIBAHUA

«/lumepamypuvie npouszsedenus o cobaxax «Kawmanka», «Mymy» u «benonoowiiiy
Hanucanvl Anmonom Yexoevimy.

He mensist cMbIcia, MBI MOXKEM TPeoOpa3oBarh €ro u MOJTyYUTh KOHBIOHKIIHIO! Tpo-
CThIX BbIcKa3biBaHU A&B&C, tae A: «Anton YexoB Hanucan «Kamrauky», B: «AHTOH
Yexo Hanucan «Mymy», C: « AuToH UexoB Hanucan «benomo0briiy.

JAu3broHKIMs
CI10’kHO€ BBICKA3bIBaHUE «A WIH B» CUMBOJINYECKH 3amuceIBaeTcsa AV B. 3Hak V Ha-
3bIBACTCS OU3BIOHKYUEH. DTa Ke CBsI3Ka MPUMEHSETCS PU NIEPEBOAE YTBEPKICHUMN:

«A nnu B unu 00a BMecTe»,

«m00 A, 1ubo By,

«A4 w/vunu By

® M T II

IIpasuno ons ouzvionkyuu. Y TBEpKIeHUE A V B 10)KHO B TOM U TOJIBKO
B TOM CIIy4yae, KOIZa JIOKHbI KaK 4, Tak U B, 1 UICTUHHO B OCTaJIbHBIX
ClIyqasx.

JIM3BIOHKIMST COOTBETCTBYET HEpa3AeIUTEeNbHOMY «uinm» («4 win B ninn ob6a BMe-
cTe»). B ecTecTBEeHHOM SI3bIKE «HJINY» UCTIONB3YETCS TAaKXKe KaK pas3/ieluTeabHas CBs3Ka:
«TO WM Apyroe, HO He oba BMecTe». Hampumep, BbICKa3bIBaHHE C pa3/ieIUTEIbHBIM
CUIIA»

«A noJjaedy camoienom uiu A noedy Ha noesoey

HeJb3s 3alUCcaTh, UCIONb3Ys TOJIBKO AUIBIOHKIINIO (O MPEACTABICHUH «Pa3/eIUTEIbHO-
T0 WJIN» CM. 3aMEUaHHe 2).

B cooTBeTrcTBUUM ¢ cornamieHuEM 2 MbI MOXKEM MPUMEHSATh KOHBIOHKIIMIO M JU3b-
IOHKITUIO K BBICKa3bIBaHUSM, HE CBSI3aHHBIM 1O CMBICITY. [loaTOMY ciemyromue mpesio-
JKEHUS SIBJISIIOTCS BBICKA3bIBAaHUSIMHU (TIEPBOE — UCTUHHOE, @ BTOPOE — JIOKHOEC):

«Cuee benviti unu 2 x 2 = 5y,
«Cnec benviti u 2 x 2 = 5y,

!Onepanyst KOHBIOHKIIMH JIBYMECTHAS, TOATOMY MBI JOJKHBI HCTIONB30BaTh CKOOKH U TIHCATh, HAMPH-
mep, 1aK (A&B)&C, HO B CHIIy acCOLMATHBHOCTH KOHBIOHKIHMHU (Teopema 3 (myHkt 3) maparpada 4.3
IaBbI 4) CKOOKH MOXHO OITyCTHUTb.
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HUMmniaukanus

CnoxHoe BbIcka3biBaHue «M3 A cnenyer B» cUMBOIMYECKH 3amnMchiBaeTcs 4 O B
wii A — B. 3Hak D (M —) Ha3pIBaeTCs umnaukayueii. [pyruMy BapuaHTaMH CoAepIKa-
TEJbHBIX YTBEP)KJIEHUI, COOTBETCTBYIOIIMX UMIUIMKALIUHU, CIYXKarT:

e «A4 nocrarouyHoe ycloBHE JJs By,
e «B HEoOxomuMoe ycloBHe s A»,
e «A, ToabKo eciau By,

e «B, ecmu A»,

e «B ciy4ae A BBIOJHEHO U By,

e «A ecTb By,

e «A Biedyetr By.

B mmmmukanum A 5 B BeICKa3bIBaHUE A HA3BIBAIOT MOCKIIKOH, a B — 3aKIIOUECHHUEM.

Urobsb! npusHath npemioxenue «M3 A crnemnyer B» BbICKa3bIBAaHHEM, HEOOXOIHUMO
OTIPENICTUTh €T0 UCTUHHOCTHBIC 3HAUEHUS B 3aBUCMMOCTH OT MCTUHHOCTHBIX 3HAYCHUI
A u B. Ecnu 4 uctuHHO, a B N0OXHO, TO, KOHEUHO, npemioxkenne «13 A cnexyer B»
HY’KHO CUUTaTh JOXKHBIM.

B npyrux ciyuasix npaBuiia BBIYMCICHUS UCTUHHOCTHOTO 3HaueHus A O B Hyxna-
I0TCS B KOMMeHTapusaX. [IpaBuia BIUHUCICHUST OTIMPAIOTCS HA COACPKATECIBHBINA CMBICI
CBS3KU D: U3 A MOXHO CJeNaTh BBIBOJ (BBIBECTH CIICJICTBHE) B M Ha HAIlM THITOTE3bI
(cornamenus 1-2).

PaccmoTpum omnpeneneHHy0 Ha MHOXKECTBE IIEJIbIX YMCEI BRICKA3bIBATEIbHYIO QOp-
my A(n):

«Ecnu n denumces na 6, mo n oenumcs na 3».

OOu1enpu3HaHo, YTO 3TO yTBEp)KJIEHHE sBIsieTcs BepHbIM. [loaToMy OyayT MCTHH-
HBIMH U BbicKa3biBaHus A(6), A(5) u A(3).

Ecnu 6 oenumces na 6, mo 6 denumces na 3.
Ecnu 5 oenumea na 6, mo 5 oenumcsa na 3.
Ecnu 3 oenumcea na 6, mo 3 oenumcsa na 3.

Ho MOJIB3YysACh COITIAIICHUEM 2 M 3aMeHIA YTBECPXKACHUA O NCIMMOCTH Ha 6 Ha mx
KOHKPETHBIC JIOTUYCCKUC 3HAYCHUA, ITOJIydacM, YTO TOTAa TOJIKHO OBITh

(M-oHN)=H
(JI>Jd)=H
(JI-N)=HU

[[pyr MU CJIIOBaMH, JOJIZKHBI OBITH UCTHHHBI YTBCPIKIACHUS:

U3 ucmunvl ciedyem ucmuna. 4.4)
U3 nowcu cnedyem 10duch. 4.5)
U3 norcu cnedyem ucmuna. (4.6)

Uctuanrocts A(6), A(5) n A(3) MbI TODKHBI TIPUHATH, €CIIH MBI JKellaeM obecrie-
YUTh BO3MOXXHOCTh MOJCTAHOBKH B JIOKa3aHHBIC TEOPEMBbl KOHKPETHBIX 3HAYCHUH Tepe-
MEHHBIX. A 0 COTMANICHUIO 2 HaM MPUXOAUTCS NPUHSATH U (4.4)—(4.6).
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Ompenenenne (JI o U) = U u cooTBeTcTBYIOMIEE €My yTBEpxkKIeHUE (4.6) KaKyTCs
HECKOJIBKO MapajokcaibHbIMU. HO MBI 3HaeM, YTO U3 JIOKHBIX MPEANOIOKEHUN MOXHO
MHOT/IA COJEPKATEIbHBIM PACCYKACHUEM MOJYYUTh UCTUHHBIEC cienctBus. Hampumep,
U3 JIOXKHOTO MPEINOJIOKEHNS «CYIIECTBYIOT PyCalIKW» CIEAYET UCTUHHOE — «KyIaThCs
HOYBIO B OJJMHOYKY B HE3HAKOMOM MECTE ONacHO». [[puHIMIIHAIBHO HENpaBWIbHAS CU-
crema Mupa Iltonemesi, B KOTOpoil IeHTpoM BceneHHOU CiyXUT 3eMJis, O4E€Hb TOYHO
OMKCHIBAECT BUIUMBbIC ABMXKEHUS IUiaHeT. CornameHue 2 OmsATb-TaKH 3acTaBisIeT Hac
pacupoCTPaHUTh 3TY UCTUHHOCTh Ha BCE MBICIIMMbIE B MaTEMAaTHKE CITydau.

[IpaBna, mpu 3TOM NPUXOIUTCS MPU3HATH (POPMAITBHO UCTUHHBIMU U MPEATIOKCHHS
THUIIA!

«Ecnu 2 x2 =35, mo cnez uepmwiiiy.

Taxum 06pa3om, eciiu CUuTaTh, YTO HCTUHHOCTh UMILTUKAIIMH ONPEAENIIeTCS NCTHH-
HOCTBIO €€ YacTel (a He HANMYUEeM MEX]y HUMH KaKUX-THOO MPUYUHHO-CIIECTBEHHBIX
CBsi3eil), TO ompeneneHne MMIUIMKALMK MOJHOCThI0 000CHOBaHO. Takoe ompeneneHue
UMIUTUKAINUU B GUIOCO(UHN HA3BIBACTCS «MAMEPUATbHAA UMIIUKAYUS.

IIpasuno ona umnauxayuu. YTBepKacHUEe A O B TOXXHO B TOM U TOJb-
KO B TOM Cily4ae, Korna A UCTUHHO W B JIO)KHO, U UCTUHHO BO BCEX
OCTaJbHBIX CITydasiX.

JKBHUBAJECHIUA
CBs3ka «A4 TOTNma M TOJBKO TOTMA, KOoTrma B» cuMBOJIHYECKH 3amuchkiBaeTcd A ~ B.
3HaK ~ Ha3bIBACTCA IKGUeaeHyuei. Tol ke CBI3KON MepeBOIATCS MPENTIOKEHUS:

® «A DKBUBAJICHTHO B»,

«A4 Heo0XoIMMOe U JI0CTaTOYHOE YCIOBHUE A By,
e «ecmu A, To B 1 Ha0G0pOT»
® UTIL

[Tpumep >KBUBaJICHINY:

«/[na mozo, umobwvl mpey2onbHUK UMell pagHvlie CMOPOHbI, He0OX0OUMO U 00Cma-
MOo4HO, YmoObbl OH UMEN PABHbIE VTlbLy.

Ilpasuno ona skeusanenyuu. YTBepkaeHue A ~ B HUCTUHHO Torna
U TOJIBKO TOTZA, KOTJa MCTUHHOCTHBIE 3HaueHUA A U B COBIAJAIoT,
Y JIO)KHO B IIPOTUBHOM CITy4ae.

OueBHAHO, MOXHO CYHMTaTh, 9T0 A ~ B eCTh COKpalleHHas 3aluch (OpMyYIIbI
(A>2B) & (B2 4).

3aMeTHM, YTO €CJIH JIOTHYECKUE CBS3KH MPHMEHSTh K BBICKa3bIBATENIBHBIM (hopMaM,
TO B pE3yJIBTaTe MOJIyYaeM CHOBA BBICKa3bIBaTEIbHBIE (POPMBL.

Bce ckazaHHOE BBIIIIE O MPABHIIAX BBIYKMCIICHHUS HCTHHHOCTHBIX 3HAYEHUHN TSl CIIOK-
HBIX BBICKA3bIBAHHI MOKHO CBECTH B KQUeCTBE UTOTa B CIEAYIONLYIO Tabuuiy 4.1.
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Tabnuma 4.1 — IlpaBuiia BEIYMCIEHUS] HCTUHHOCTHBIX
3HAUECHHUM IS JIOTUYECKUX OIEepalui

A&B | AvB | A>B

TR R RN
gl s e = w
SSbhi
n
SIESIRSTSIR
o]

= ===
= ===
SIESIEETES

[ToxokecTh CUMBOJIOB, 0003HAYAIONIUX MEpecedeHne ABYX MHOXKECTB (N) U KOHb-
IOHKIIMIO JIBYX BBICKa3bIBaHUM (A), a TakKe CHMBOJIOB, 0003HaYalOIUX O0OBEAMHEHUE
JIByX MHOKECTB (U) U IU3bIOHKIIMIO JIBYX BbICKa3bIBaHUM (V), BOBce He ciyyaiiHa. [Iyctb
MHOXecCTBa X M Y MMEIOT XapakTepucTuueckue cBoiictsa P u O cooTBeTcTBeHHO. Torna
XuY={x|xeXvxeY}nXnY={x|xeXAxeY} JlononHeHne MHOKECTBa,
B CBOIO OY€pE/ib, COOTBETCTBYET OTPULIAHUIO BBHICKA3bIBAHMUS.

Jlornyeckue onepanuy 1Jis1 aBTOPe(epeHTHBIX BbICKA3bIBAHUMH

Ecnu BpICKa3bIBaHUE SIBISIETCS aBTOPE(EPEHTHBIM U «TOBOPUT» HPSAMO HIIU KOC-
BEHHO O CBOEM HCTMHHOCTHOM 3HAY€HHWM, TO JJIs TaKUX BBICKA3bIBAaHWH HEPEAKO He
BBITOJIHEHBI JIOTUYECKHE MPaBUIIa, O KOTOPHIM BBIYUCIISIOTCS HCTUHHOCTHBIE 3HAYCHUS
CJI0)KHOTO BBICKa3bIBAHHUS.

A. Onepayua ompuyanue. VICTUHHOCTb OTPULIAHUS CAMOCCBHIJIOYHOTO MPEAJIONKE-
HUA HEC ONPCACIIACTCA TOJIBKO HCTUHHOCTBIO CaMOT'0 MPCAJIOKCHU.

e JlBa cienyromux NpeIioKeHUs] BEPHbI, HECMOTPSI HA TO, YTO OJHO U3 HHX SIB-
JE€TCSL OTPULIAHUEM JIPYTOrO:
«Bocbmuim cnosom 6 smom npeonodxcenuu A6IAemMcsa Yyacmuya «Hey,
«Bocomuim cnosom 6 smom npeonodxcenuu He AGNAEMCA YACMUYA «HeY.

e Hecmotps Ha TO, 4TO J1Ba MPEIJIOKESHHSI IPOTUBOTIOIOXKHBI IPYT APYTY, OHU 00a
HEBEPHBI:

«YHucno cnoé 6 3anucaniom 30ecv npeoiodceHUul pasHo OeGamuy,
«Hucno cnoe 6 sanucannom 30eco npeonodHceHul He PAGHO 0eBMUY.

b. Onepayusa konvionkyus.

A: «V nmoodeti na pyxe nams nanvyesy — UCmuHa,

B: «B smom npeonosicenuu namov cio8» — UCmuna;

A&B: «V modeii na pyke namb nanvyes, u 6 3MOM NPEONOHCEHUU NAMb CLO6» —
JI0JACh.

B sToMm ciydae copep)kaTelbHOE UCTMHHOCTHOE 3HAYEHHUE (= JIOXKb) MOCIIEIHEro
NPEUIOKEHUST OTJINYaeTCcsl OT UCTUHHOCTHOTO 3HA4YeHHs (= MCTHHA), KOTOPOE IOHKHO
OBITH BBIYMCIICHO ISl KOHBIOHKIIUU JIByX UCTUHHBIX BBICKA3bIBAaHHIA.
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4.2 A3bIK NOMMKN BbiCKa3bliBaHUN

PaCCMOTpeHHBIG HaMU JIOTUYCCKHUC TIOHATHUA CIIyKaT OCHOBOM AJig IIpEBpalICHUs
JIOTUKU B MATCMATHYCCKYIO HAYKY. By,Z[GM 3allMChIBATh BBICKA3bIBaAHHUA B CHMMBOJIHMYCCKOM
BHUJIC. 21.]'[5[ 9TOI'0 BBCJIEM I/ICKYCCTB@HHBIﬁ SI3BIK — S3bIK J102UKU BbICKA3bIGAHUIL.

AJ'I(baBI/IT sA3bIKa COCTOUT U3 TPEX MHOXKCECTB.

1. Jlnst obGo3HaueHHs JIOTMUYECKUX OMNepanuii (TakkKe Ha3bIBAEMBIX JIOTMYECKHUMHU
CBSI3KAMM) HCIONB3YIOTCSA TSTh CUMBOJIOB: — («OTpHILIaHUE»), A («KOHBIOHK-
us»), V («IU3BIOHKLIUA»), O («UMIUTUKAUL»), ~ («d3KBHUBajgeHIMs»). [locnen-
HHE 4YeTbIpe CHMBOJIA HA3BIBAIOTCS OUHAPHBIMU JIOTUYECKHUMHU OIIEpalUsiMHU,
a mepBas JOrM4yecKasi Orepanusi Ha3bIBACTCs YHAPHOIL.

2. CyeTHOE€ MHOXECTBO CHMBOJIOB, HA3bIBAEMBIX MPONO3ZUUUOHAIbHLIMU hnepe-
MeHHbIMu (VITU 8bICKA3bI8AMEIbHBIMU NEPEMEHHBIMU), MBI Oy/ieM n300paxaTh
OOJIBIIMMU JIATUHCKAMHU OYKBaMH, BO3MOXKHO, C HMHJCKCAMH — HAaTypaJbHBIMU
yucnamu, Harpumep O, R, X, Y, Z, P, Py, Py,..., P,,...

3. JIBe ckoOKu «(», «)», COOTBETCTBEHHO Ha3bIBaeMble .J1eeas W npaeas, OynyT
UCIIOJIB30BATHCS IS ITyHKTYaIlH.
Kak BuIHO U3 ompeneneHus, anpaBUT COIEPKUT CYSTHOE MHOKECTBO CHMBOJIOB.

llonamue «npono3uyuonanvhas gopmynay onpeoensiemcs cieoyio-
WUMU UHOYKIMUBHBIMU NPABUTAMU, C NOMOWbIO KOMOPBIX Mbl CO30aeM
HOBble POPpMYIbL U3 YIHCEe NOCMPOEHHBIX POPMYIL:

o Fy: Kaoswcoas nponosuyuonanvnas nepemennas ecmos gopmyna.
o Fy: Eciu A ecmb ¢hopmyna, mo -A — maxoice popmyna.

o F,, F;, Fy, Fs: Ecu A u B— gpopmynwr, mo (A&B), (Av B),
(A > B), (A~ B)—maxkoce ghopmynsi.

Jis mo0OsIx popmynn A u B Oynem HaszbiBath Gopmyity —A ompuyanuem gpopmyinst A
1 cooTBeTcTBeHHO (hopmyisl (A&B), (AvB), (A > B), (A ~ B) OyayT Ha3bIBaThCS KOHB-
roHKYUell, OU3bIOHKYUell, uMniukayueti u sxeuganenyuei opmyn A u B. B ummmukanuu
(A > B) dhopmyny A Ha3BIBAIOT MOCHUTKOM, a B — 3aKiroueHneM.

Mgl Gynem ucrnonb30BaTh B (hopMysax OoJblIne JaTUHCKHUE OYKBbI, HHOTJA C HUX-
HUMH HHICKCAMHU.
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= N
e Taxum obpazom, Mbl onpedenunu A3bIK J10ZUKU BbICKAZLIGAHUIL. 10
A é ynopaoouennasn napa <A, F>, 20e A— anghasum nozuxu evickazviéa-

Hu, F — ¢hopmynvl n02uxu 6vickazvl8aHui.

Korza MbI, Hanpumep, nuiieM GopMyTy —.(C > (X1 A (B sz))), TO MpEJIoaraem,
yro C, X, X;, B—pono3uliMoHalIbHbIE IEPEMEHHBIE, UMEHYIOIINE KaKHe-TO BBICKA3bI-
BaHus. Ecnu ke dhopmyna uMmeet BUI

-(Ca(Xin (BVX2))), 4.7)

T0 Toraa npexnoinaraem, uro C, X4, X5, B— npousBoibHbie GopMyiibl!, Kaxmast U3 KO-
TOPBIX MOXET COBIAIaTh C MPOIO3UIIMOHAIBLHOM MEPEMEHHOM, a MOXKET OBITh OCTPOCHA
Y3 MPOMO3HUIIMOHATBHBIX MEPEMEHHBIX MO NpaBwiaMm Iy, I, F3, Fy, Fs. B aTom cnydae
dbopmyina (4.7) noHnmaeTcsi 6€30THOCUTETHFHO K KAaKUM-THMO0 BBICKAa3bIBAHUSM, a TIPOCTO
KaK CHHTAKCHYECKH MPABUIBHOEC BBIPAXKEHHE, COCTABICHHOE W3 CHMBOJIOB aj(aBuTa
S13bIKA JIOTHKH BBICKa3bIBaHH.

bynem mnst popmyn A u B nucare A = B, eciu dpopmynel A u B uneHTHYHBI (THITO-
rpadcku TOXIeCTBEHHBI). Eciu kakas-To ¢popMysa He SBISETCS HHU MPOIO3UIIMOHANb-
HOH TMepEeMEHHOMU, HA YaCThiO Ipyroi GopMyIibl, TO MbI OyJieM OMyCKaTh BHEIIHHUE CKOO-
ku. [Toatomy MbI Oymem cumtarh, uto A = (A). Takke Ui COKpAIICHHS 3alMCH MBI
Oynem nucars -P BMecTo —~(P), eciu P — IpOU3BOJIbHAS TIEPEeMEHHaSsI.

JInst ynoOcTBa 3anmucy U 4TeHHs (pOpPMalbHBIX BBIPOKCHUI MPUHATO CUHUTATh, YTO
CBSI3KM D M ~ CBSI3BIBAIOT ciabee, yeM & M V, a —— caMasi CUIIbHAs CBSI3Ka, U OATOMY

bopmymy
- ((4&B) > (Cv (-(D))))

MOKHO Tiepenucars B popme
—|(A&B >Cv —|D)

Jlo TmaBbI 5 cI0BO «TepeMeHHas» OyaeT 0003HaYaTh NPONOZUYUOHATLHYIO NepeMeH-
HY10, @ CIIOBO «(POPMYIIay — npOnO3UYUOHATLHYIO POPMYTY.

EAnHCTBEHHOCTH 1€KOMIO3MIIUH

Moxet ObITh mokazaHo [3, c. 103; 4], yro kaxnas Gopmyna CTPOUTCS €IUHCTBEH-
HBIM 00pa3oM M3 mepeMeHHbIX. TouHee, Ui Kaxaoi popmynbl X TOJIBKO OIHO U3 Clie-
JIYIOIIHUX YCIOBUM UMEET MECTO:

1. X — npono3uiMoHanbHas NepeMeHHasl.
2. CymectByer enuHcTBeHHast popmyna Y, takas, 4yro X = -Y.

3. CymectByroT enuHcTBeHHas mapa Gopmyn Y u Z U eAMHCTBEHHAs OMHApHas

ornepauus O (O MoxeT 0003Ha4YaTh JIFOOYIO JIOTUYECKYIO ONEpaluio), TakKue, 4To
X=YDoOZ

[Tostomy Ay 0By = A, 0 B, TonbKO B TOM cllyuae, eciid 00a BXOXKIeHHs O 0003Ha-
YaloT OJIHY M Ty ke OuHapHyro onepauuto u A1 = A, u By = Bs.

'O6parute BauManme: s cumponoB C, X1, Xo, B ucnonssyercs mpudt Arial.
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Hoadopmyasl popmya

Onpeoenenue nooghopmynel, Kax u onpeoenerue Gopmyivl, peKVPCUSHO.

1. Iloogopmynoii npono3uyuoHaIbHOU NEPeMeHHOU  S6Aemcsl
MOJILKO OHA cama.

2. Iloogopmynoii gopmynvt -A sersiemcs cama gopmyna -A,
Gopmyna A u mobas noogopmyna gopmynst A.

3. Ioopopmynou gopmyrer A0 B (O —awobas bunapuas nozu-
yeckas cesska) sensiemes cama gopmyna A 0O B, opmyner A
u B, mobas noogopmyna gopmyner A u mobas noogopmyna
Gopmyner B.

B cuny enMHCTBEHHOCTH IEKOMIO3MIIMM MHOXECTBO BceX MOAGOpMYIT (GOpMyIIbI
OIpENEIAeTCS OMHO3HAYHO.

Mpumep 4.8 oo

MuoxxecTBoO oz opmy Gopmysst ﬂ(C > X1&(B vV Xz)) eCTh

{~(C>X&(BV X)), CoX&(BVX,), C, Xi&(BVXa), X1, BV Xa, B, X}

Jlerko MpOBEPUTH, YTO OTHOLICHUE «gopmyra A ecmb noogopmyra gopmynvr By
€CTb OTHOIICHHE YAaCTUYHOI'O MOPSAKA.

BBeneM mnossTHME MHTEpHpETAUMU SI3bIKA JIOTWKM BbICKa3blBaHW. WHTEpnpeTupo-
BaTh S13bIK JJOTWKH BBICKa3bIBAHUN — 3TO 3HAUUT COMOCTABUTH KaXK O MPOMO3UIMOHAIIb-
HOW MEepeMEeHHOM HEKOTOpOoe KOHKpPETHOE BhICKa3biBaHUE. Eciau B (opmyne 3aMeHHUTH
KOKIYI0 MPONO3UIUOHAIBHYIO IIEPEMEHHYI0 Ha COOTBETCTBYIOIEE BBICKa3bIBAHUE, TO
naHHas GopMyiia MpeBpamaeTcs B HEKOTOPOE BBICKA3bIBAHWE, HCTUHHOCTHOE 3HAYEHUE
KOTOpOro OyAeT 3aBHCETh JHUIIb OT UCTUHHOCTHBIX 3HAUEHHWH TeX BBICKa3bIBAaHHM, KO-
TOPBIE UCIOJIB30BAHBI JUUIsl TOCTPOCHUS JAHHOIO CIOKHOTO BbICKa3blBaHWA. Ho ncTuH-
HOCTHOE 3HaueHHe (POPMYJIbI HE 3aBUCUT OT CMbICJIA BBICKA3bIBAaHHUM, KOTOpPbIE UCIOJb-
30BaJIUCh.

Humepnpemauueii si3vika 102uKU 6b1CKA3bI6AHUL HA3bIEAENICA T1000€
omobpadicenue ¢: P — {H, JI}, 20e P— cuemnoe MHOdMCECMBO CeX
nponozuyuonanvhvix nepemennvix, { M, JI} — mnoowcecmso, cocmosiujee
U3 08yX UCMUHHOCMHBIX 3HAYEHUII.

Jobyo unmepnpemayuio © MONACHO NPOOOIHCUMb 00 OMmMobpadice-
nus @: F - {H, JI}, 3a0anno20 na mnodxcecmee écex popmyn pexyp-
CUBHBIM OnpedeneHUeM.
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IlycTe

st onpedenenus @(A) wacmuuno ynopsoouum éce nodgopmyisl gop-
mynvl A omuocumenvHo nopsoka «ovims nodgopmynouy. M danee ons
7106011 nodgopmynel B ucnonvzyem cnedyowue npasuia.

1. Ecau B—npoussonvhas nponosuyuonanbas nepemeHHas, mo
@(B) = ¢(B).
2. Mlanee, npeononazas, yumo @ yjce onpeoeieHo 01 cex noo-

Gopmyn popmyner B (ne cosnaoarowux ¢ camoii B), onpedens-
em @(B):

e FEcau B=-C, mo nonacaem @(B) = -¢@(C).

e Ecau B=CoD, mo norazaem @(B) = ¢(C)oe(D) (0oba
6xo0xcoenusi O 0003HaAUAIOM 0OHY U My dHce OUHAPHYIO 10-
2UUECKYIO CBA3KY).

B oanvueviwem mul, kax npasuno, 6yoem 0603Hauamov pacuiuperue uH-
mepnpemayuu Ha Qopmynvl  mem Jice CUMBOIOM @, KaK U Ois nepe-
Mmennwix. Byoem naszvieamos @©(A) ucmunnocmusim 3nauenuem gop-
mynvt A 6 unmepnpemavuu .

Ilycmv A — npouseonvrnas opmyna u Xy, Xa,..., X,, n > 0, —ece ne-
pemennvie, exoosuue 6 A. I[lpuceoum kascoou nepemennou X; (i =
=1, 2, ..., n) Hekomopoe UCMUHHOCMHOe 3HaYeHUe (0ObIYHO 2080pam,

umo 8 IMoM ciyuae umeem Habop O UCMUHHOCMHbBIX 3HAYEHUL NPONno-
BUYUOHATLHBIX NePeMeHHbIX, 6x00suux 6 popmyny A). Takum obpasom,
Mbl onpeoensieM UHMePnPemayuio A3vlka 102UKu evickasvlganuul. Tou-
Hee, Mbl UMeeM OeCKOHeYHOe MHONCeCMB0 UHMeEPNnpemayull, UCmuH-
HOCMHble 3HAYeHUsl KOMOPBIX QUKCUPOBAHBI MONbKO HA NepeMeHHbIX
X1, Xa,. .., Xy u cosnaoarom mam. O6o3navum yepe3 © 0OHY U3 MAKUX
unmepnpemayuti. fcno, umo ucmunnocmuoe snavenue (A) aersiemes
OOHUM U meM dice OJis 6CeX UHmMepnpemayuil ¢ Habopom O UCIMUHHOCHI-
HbIX 3HAYeHUl nepementvlx X1, X,. .., X,.

Ilosmomy @(A) maxoce Hazviealom UCHMUHHOCHIHBIM 3HAYEHUEM
dopmynvr A na nabope G UCHMUHHOCHHBIX 3HAYEHUI NEPEMEHHBIX
dopmynet A.

Mpumep 4.9 oo

A=~((xv(-¥>x))>-7)

u {JI, U} —Habop MCTHHHOCTHBIX 3HAYCHHUI MepeMeHHbIX X u Y cooTBeTcTBeHHO. Ta-
KUM 00pa3oM, ompejeieHa WHTeprperaunus ¢, s kortopoir @(X) = JI, (YY) = A
Torna no npasuiaam BbruucieHus @(A) nomydyaeM UCTHHHOCTHOE 3HAUCHHE

1q6p63 ) 00o03HauaeTcs MMPpON3BOJIbHAS UHTEPIIPETAlMA C YKA3aHHBIMH 3HAUYCHUSAMU HAa NNEPEMCEHHBIX

XnY.
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P(A) = (X v (=¥ 2.0)) 5 =Y) = ~(@(X v (<Y 5 X)) 5 ¢(-)) =
=~((0(X) v (=Y 2.X)) 2 ~p(1)) = ~((Av (@(=7) 2 ¢(x))) > -] =
=~((1v (~p(¥) 2.)) 2J1) = ~( (A v (-M 2.J1)) 5T =
= (v (U201)) 2J1) = (v M) 5 01) = ~(M 5.J1) = T = U

Taxum 06pazom, hopmyina A sBisiercs ucTHHHOW Ha Habope {X =JI, ¥ = U}. U Ha
aTOM ke Habope dopmyna (X v (=Y 5.X)) o Y noxua.

Ecnu Hac MHTEpecyloT UCTUHHOCTHBIE 3HaueHUs (POpMyIibl Ha BCEBO3MOXKHBIX Ha-
00opax MCTUHHOCTHBIX 3HAUEHUI €€ MEepeMEHHBIX, TO COOTBETCTBYIOIIME BBHIYUCICHUS
MOXHO MPEACTaBUTh B BUJI€ TaK Ha3bIBACMON madauysl ucmunnocmu 3toi GopMyIibl.
Bort kak BeINISANT Takas Tabnuna st popmyiel A U3 IPEbIAYILIEro mpuMepa.

X|Y[-Y|-YoX|[Xv(-YoX)|(Xv(-YoX))o-Y|A
AU | J 71 71 J 7]
AT U 71 71 71 J
AR T 71 71 J 7]
A[A| H J J 71 J

JlanHas Ta0nuia UMEeT YeThlpe CTPOKH B COOTBETCTBUHU C YHUCIOM HaOOpPOB MCTHH-
HOCTHBIX 3Hau€HU, KOTOpble MOXHO COCTaBUTH JIJISl IBYX MEpeMeHHbIX. Boobie, eciaun
B (opMynax MMeeTcs 1 MepeMeHHHIX, TO ee TabJHuIa HCTUHHOCTH COEPKUT 2" CTPOK.
Cron0up! coOTBETCTBYIOT MoAdopMynaM (HOpMYIbI U pacroiaraloTcsi B TabJIHIE B CO-
OTBETCTBUU C YACTHYHBIM TOPSAKOM Ha moAdopMyiax cieBa HallpaBO, HAYUHAS C TIepe-
MeHHbIX. KonnyecTBo cTon0110B MOKET ObITh KaK YroHO OO0JIbLIOE, Jake Uit POPMYIIbI
C OJHOU NepeMeHHOH (Hampumep, eciau Kaxaas noadopmyiia ecTh OTpULAHHUE MpPEeabl-
Iytien moadopMyIib).

ITokaxeM, KaK ¢ MOMOILBIO JIOTUKHU BBICKA3bIBAHUI MOYKHO pEILATh JIOTHYECKUE 3a/1a4H.

3aoaua 1. I3BecTHBI cnenyroniie GpaxTol:

1. Ecau A BuHoBeH u B He BUHOBeH, TO C BUHOBEH.

2. C HUKOIIA HE JIEHCTBYET B OMHOUKY.

3. A Huxorza He XoauT Ha zieno BMmecte ¢ C.

4. Huxro, kxpome A, B u C, B npecTyIUIeHUM HE 3aMellaH, U, [0 KpalHel mepe,

OJIMH U3 3TON TPOWKH BUHOBEH.

[TonHOCTBIO JOKa3aTh, KTO BMHOBEH, @ KTO HE BMHOBEH, M3 3THUX (DaKTOB HE TO-
JYYHUTCS, HO YTOOBI BBIIBUHYTH HEONPOBEPKUMOE OOBHHEHHE MPOTHUB OJHOTO M3 HHX,
Marepualia BIOJHE 10CTaTOuHO.

Pewenue. O603HaUNM UYepe3 MPOIO3UIIMOHATBHBIC TIepeMeHHble A, B u C BbICKa-
3bIBaHMSI «IIEpCOHA A BUHOBHA», «MI€pcoOHa B BUHOBHa» U «1epcoHa C BUHOBHa» COOT-
BeTCTBEHHO. Torma ¢gakTel 1-4 MOXKHO 3amucars B BUae Gopmyi:

1. A&-B>C.
2. CoAVB.
3. 4> -C.

4. AvBv_C.
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JInst penieHus 3a1a4n JOCTATOYHO OTNPENENIUTh, U KaKuX 3HAYCHUH TepeMEHHBIX
3TH (POPMYIIBI OJJHOBPEMEHHO HCTHHHBI.

ITepBblii crioco6 penieHus: Mbl BBICKa3bIBaEM TUIIOTE3bI U PACCy’KAaeM M0 (opMyIiam.

[Tycts C —uctuHa, Toraa no gopmyne 2 umeeM, 4to A v B = U. Jlanee, ecnu 4 = U,
to o Qopmyne 3 C = JI. Tloayuunum mpoOTUBOPEUHE C UCXOTHBIM TPEIOIOKCHUEM.
CnenoBarensHo, B = U.

ITycts Teneps C — noxb. Torma mo ¢opmyne 1 nomyuaem A&-B = JI. Ilocnenuss
dopmyna MoxeT ObITh JTOXHOH, ecnii B = WU. Ecnu ke B = JI, TOo Torga A0JDKHO OBITH
A = JI. CnenoBatensHO, B 3TOM CIIydae BCE TPH IEPEMEHHbIE JIOKHBI, YTO IIPOTUBOPEUHT
UCTUHHOCTH (hopmynel 4. Takum obpazom, B = U.

[Tomyunnu, uro HezaBucuMo oT C mepeMeHHas B Bcerna uctunHa. Cliej0BaTeNbHO,
B —npectynHuk.

Bropoii crioco06 — pemienne «B 100»: cTpouM TaONUIly UCTHHHOCTU Cpasy AJs 4e-
TBIPEX UCXOIHBIX (HOpMYII (CTONOLBI At HEKOTOPBIX MOAGOPMYIT OITyCKaeM).

A|B|C|A&-B | AvB | A&-B>C | CoAvB | A>-C | AvBvC
N nunlu J 41 n n J 41
JI AU J 41 n n 41 n
n gl n 41 n n J 41
n|n|Jj J 41 n n n n
J|J |1 J J n J n n
J || J J J n n n n
n\|Jg|J n n J n n n
J|J | J J J nu n n J

Amnanusupyst TaOnuIly, BUAUM, 4TO BCE YeThIpe (JOPMYIbI HCTUHHBI TOJIBKO B TpeX
CTPOYKAX M KaXIbli pa3 TOJIbKO NepeMeHHast B uctuHHa. CrieioBaresibHO, B — NPECTYITHHUK.

Paiimony CMamnadn B HECKOJIBKHUX CBOMX KHHMTax (Hampumep, B [2]) paccMmoTpen
pa3iIMyYHble BapUaHThl OPUTHHAIBHBIX 3a71a4 C PBILAPSIMHU U JDKELAMU.

[TyTemecTBEHHUK MOMAAaeT Ha OCTPOB, TJ€ KUBYT TOJBKO PhILAPU U JKELbI. Phima-
pH BCerzna roBopsT Mpasay, JKelbl Bcerna AryT. IlyremecTBeHHUK BCTpedaeTcs ¢ pas-
JUYHBIMM TPYIIIAaMU OCTPOBUTSH, 3a/1a€T UM BOIIPOCHI C LI€JIbIO, KaK MPaBUIIO, Y3HATh
KTO TIEpe]] HUM, phIaph WK Jikell. TpeOyeTcs mo oTBeTaM OCTPOBUTSH BBIICHUTH, KTO
OHHU €CTb.

[IpuBeneM HECKOIBKO THUIMHMYHBIX 33a]1ad U OOCY/IUM HUX pelIeHUs.

3aoaua 1. IlyTemieCTBEHHUK BCTPETHII JBYX OCTPOBHUTSH O U [3. OCTPOBUTAHUH O
ckazan: «Msl 00a jokens». Kro Ha camom aene o u Kto 3?7

Pewenue. Poiiapp HE MOXKET YTBEPXKIaTh, 4TO OH Jokel. [loaToMy o Jpken, HO OHU
BMecTe ¢ 3 He MOTYT OBITh 00a JDKEIlaMu, TaK KaK B 3TOM CIIy4ae O. TOBOPHII OBl TIPaBy.
[TosTOMy mosyyaem: o JDKeIl, a [3 pblapb.

3aoaua 2. Teneps o roBopuT Apyryo dpasy o cede u 3: «Ilo kpaiineit mepe, omuH
u3 Hac Jokery. Kro o u xto 3?7

Pewenue. Ilycts o mxen. Torna ero ¢gpasa JIoXp U OHA 00a pbILIapu, HO 3TO MPO-
TUBOPEUUT HCXOAHOMY mpeanosoxeHuto. [loatomy o peinaps. M U3 ero mpaBauBoro
3asBJICHUS CIICAYET PEIICHUE: O PhILaph, a [3 JHKel.

Mgl pemanu HedopmanbHO. Ho oka3piBaeTcs, MOXKHO MOJYYUTh OTBET, UCHOJB3YS
A3BIK JIOTUKH BBICKAa3bIBAHUM.
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[Tycts o ogun U3 xutenei octpoa. O003HAUUM uepe3 A BBICKAa3bIBAHHE «O. PbI-
nape». Torma -4 o0o3Ha4aeT BBICKa3bIBaHUE «O. JUKeI». IlycTh o yTBep)kKaaeT Heko-
TOpO€ BbICKa3biBaHUEe P. Ham Heu3BeCTHO, pbILAPhL Ol MM HET, U TaK XK€ HEU3BECTHO,
BBICKa3bIBaHHE P — nCTHUHA Wi JI0Kb. HO HECOMHEHHO, eclin o, phIlapb, TO P UCTUHHO,
¥ HAo0OpOT, ecnu P UCTUHHO, TO O. philiapb. CnenoBarenbHo, hopmyna 4 ~ P nomkHa
Bcerna ObITh UCTHHHOW. M TOYHO Tak ke ISl TF0OOTO JPYroro >KUTENs [3, TOBOPSIIEro
KaKoe-TO BbICKa3blBaHHE (J, TOJKHA OBITh UCTHHHA (opmyna B ~ O, rae B o6o3Hauaer
BBICKa3bIBaHUE «f priuapby». Y perieHueM 3agadu SBIseTCS MHTEPIPETALUs sI3bIKa JIO-
THKH BBICKa3bIBaHHI, B KOTOPOil Bce TaKUM 00pa3oM COCTaBIICHHBIC (POPMYJIBI SIBIISFOTCS
UCTHUHHBIMH.

Pewenue 3a0auu 1. Iloctpoum Tabnuily UCTUHHOCTH A Gopmynbsl A ~ ~A&-B,
MIOJIy4CHHON U3 YCJIOBHS 3a1a4M.

-A&-B | A ~ -A&-B

=== S~
= ===

= ===
== ==

ITo Tabnure monydaeM eIMHCTBEHHOE pEIIeHHE: O JDKELL, [3 PhIaph.
Pewenue 3a0auu 2. TloctpouM TabIuIly UCTUHHOCTH 1isi GopMyibl A ~ —(A&B),
MOJIyYEHHON U3 YCJIOBHS 3a/1a4H.

~(A&B) | A ~ ~(A&B)

SIS
= === W
SIESHESIEE
=== =

[To Tabmure moxyyaeMm €IMHCTBEHHOE PEIICHHE: O PHIAPh, [} JIKEI.

Bepuemcs k aBropedepeHIy, 0 KOTOpPO# IIjIa pedb B KOHIIE IIepBOro maparpada.

Kpaiinsis omacHoCTh aBTOpedepeHnnn oosrpana B napadokce Kappu'.

[Iycte A — npounsBoisibHOE BbICKa3biBaHueE. [IycTh B — BbickasbiBaHue «Eciu B, 10 A».

Mpsl He 3HaeM, BepHO J BhIcKasbiBaHue B. Ho ecnu Obl Bhicka3biBaHue B ObLIO
BEPHBIM, TO 3TO BJIEKJIO Obl UCTUHHOCTh A. HO MMEHHO 3TO W YTBEp»IaeTcsl B BBICKA-
3bIBaHUU B, TakuM o0pa3oM, B — BepHo. Ho Torna nokazano u 4.

Takum o6pazom, Kappu nmokasan, yTo 0ObIYHAs UMIUIMKALKS B JIIOOOH cUCTEME C aB-
TopedepeHIrel 03BOIsIET BHIBECTH JTH000€ MPEeIIoKeHHE, YTO SBJISIETCS IPOTUBOPEUHEM.

[Tepedopmymupyem napanokc Kappu Ha si3bIKe 3a7a4 O phIAPsIX U JHKEIax.

3aoaua 3. B >10T pa3 f roBopur o cebe u o cienyromee: «Ecau s peinapb, To o
poinapb». Kro onn?

Pewenue. Nimeem, dopmyna B ~ (B 2 A) ectb uctuna. [TocTpoum TabIHIly UCTHH-
HOCTH.

'Kappu, Xackemt Bpykc (1900-1982 IT.) — aMepHKaHCKHii MaTeMaTHK U JIOTHK.
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A | B|Bo2A|B~(BoA)
n u n n
n| Jja n JI
J | J JI
J | JI n JI

Tak kak B ~ (B> A) —wuctuna, to B = U, A = U, cienoBarensHo, 3 U 0. — PHIAPH.

Taxum oOpaszom, napagokc Kappu Bo3HUKAeT, KOTa MBI IIpeAroaaraeM, 4To GopMmy-
na B~ (B> A) ecTb UCTHHA.

B GonpmmHCTBE CciydaeB B 3a/iadax C phIIApsMH U JDKEIAMHU HCIOJIBb30BaHUE Ta0-
JIMI] KICTUHHOCTH JOCTAaTOYHO TpymoeMko. Ho mprMeHeHne mporno3uiuoHAIbHOM J0TH-
KM TO3BOJIUT OBICTPO HAWTH pElICHUE, €CIM MbI IIPOrPAMMHBIM MyTeM OyJeM HaXOAUTh
UHTEPIPETALUH, B KOTOPHIX UCTHHHBI 3aJJaHHbIC (POPMYJTbl. MOXKHO, HAITpUMeEp, HCIIOJIb-
30BaTh CUCTEMY KOMIbIOTEpHOH anreOpsl Mathematica [5].

4.3 TaBTONOrNMN U PABHOCUNBLHOCTU

OmnpenenuM HECKOIbKO BaKHBIX BUIOB (POpPMYII.

Dopmyna Ha3bl8aemMcs 6bINOJIHUMOI, ecliu Cyuecmayem unmepnpema-
yus, 8 KOMopou sma Gopmyna UCMUHHA.

Dopmyna Ha3bl8AEMCsl ONPOBEPHCUMOIL, eCiu CYUjecmayem unmepnpe-
mayus, 8 KOMopotl ma Gopmyna 10H#CHA.

Dopmyna A nazvieaemcs magmonozuei (11y moicoecneeHHo UCIUH-
HOIL), ecu hopmyna UCMUHHA 80 6cex UHMEPNPEemMayusx, 8 SMom Ciy-
yae mvl 6ydem ucnoiv3o8ams obosnaueHue EA.

Dopmyna nazvieaemcs npomugopeduem (Ui moHcOeCmeeHHO 10)c-
HOIL), eciu (hopmyna 10ACHA B0 BCeX UHMEPNPEMAYUSIX.

KoneuHo, Kax10e U3 3TUX OMpPEIEICHU MOKHO SKBUBAJICHTHBIM 00pa3oM chopmy-
JUPOBATh, UCTIONB3YS TIOHATHE HaOOpa UCTUHHOCTHBIX 3HaueHui. Hanmpumep, dopmymna
ABJIACTCA MPOTUBOPCUMUEM, €CJIM OHA JIO)KHA HE3aBUCHUMO OT TOr'0, KaKM€ 3HAYCHUA ITPU-
HUMAIOT BCTPCYAIOIIUCCA B HeH IMPOMO3NIHUOHAJIBHBIC ICPEMECHHEIC.

HpI/IBG,Z[GM YTBCPIKACHUA, KOTOPLIC ABJIAKOTCA OYCBUAHBIMHU CJICACTBHUAMHU HAHHBIX
ONPEICIICHHIA:

e A —TaBTOJIOTHUS TOI/IAa U TOJBKO TOT/A, KOTna A He SIBISIECTCS OMPOBEPKUMOIA;

e A — TOXIECTBEHHO JIO)KHA TOTIA U TOJBKO TOrAa, Korma A He SBISETCS BBINOJI-
HHMOM;

e A — TaBTOJOrHs TOIIA M TOJIBKO TOIIA, KOrJa —A — TOXIECTBEHHO JI0KHA;

e A— TOXACCTBCHHO JIOXKHA TOTrAa U TOJIBKO TOIr'Ja, KOraa -A — TaBTOJIOT U,
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@6 Teopema 1. Iloocmanogxka eémecmo NPONO3UYUOHATLHBIX NEPeMeH-
’w noix. Ilyctb A — dopMysa, B KOTOPYIO BXOIAT TOJIBKO IPOIO3HUIIHU-
%é OHaJIbHBIC TIepeMeHHbIe X, X3,..., X, a B— dopmyna, nonydeHHas

u3 A ogHoBpeMeHHO# mojactaHoBkoit Gopmyn Ci, C,,..., C, BMecTo
X1, X5,..., X, cootBeTcTBeHHO. ECcitn A — TaBTOsI0THS (IPOTHBOPEUHE),
T0 B — TaBTosnorus (IpOTHBOPEYHUE COOTBETCTBEHHO).

Jokaszamenbcmeo. PaccMOTpUM MPOU3BOIBHYIO UHTEPIPETALIUIO (p, OTIPEACICHHYIO
JUTS BceX TIEpEeMEHHBIX Y1, Y),. .., Y}, comepxkamuxcs B popmynax Cy, C,,. .., C,. Eciu
A — taBrosiorus, TO A0KaxeM, uro B — taBronorus. Ot nporusHoro. [lycts Y, Va,. ..,
Y, — Bce mepemeHHbIe, coaepxamnuecs B popmynax Cp, C,,..., C,. Toabko 3Tu mnepe-
MEHHBIC SIBIITFOTCS MPOTIO3HIIMOHABHBIMHA TIEPEMEHHBIMH, MPUCYTCTBYIOMUMHU B (op-
myie B. PaccMOTpyM HMHTEpHpETAIMIO (p, ONPEACIICHHYIO JJIsi BCEX MEPEMEHHBIX Y7,
Ys,..., Yy, u npeanonoxum, uto Qopmyna B noxna B 3TOW mHTepmperanuu. Torma
@(Cy), 9(Cy),..., (C,) —HeKkoTOpBIil HAOOP UCTUHHOCTHBIX 3HAYCHHUH JUIS MEpEeMeH-
HBIX X1, X>,..., X,, COOTBETCTBEHHO, NMPU KOTOPHIX (opMyia A noxHa (Tak Kak Gopmy-
na B noctpoena u3 noadopmyn C;, C,,..., C, Takum xe obpa3om, kak A mocTtpoeHa
u3 X, Xz,..., X,). Honyuunu nporuBopeurie. Ciydaii, korma A — mpoTUBOpeUHe, JT0Ka-
3BIBACTCS aHAJIOTUYHO.

[Tycts umMeeTcst HekoTopas TaBrosiorust A. B cuny teopemsl 1 nmobast mojcTaHOBKa
NpOM3BOJIBHBIX (opMysn B GopMyny A BMECTO MPOMO3UIMOHAIBHBIX MEPEMEHHBIX J1a-
€T TaBTOJIOTHIO. [109TOMY TaBTOJIOTHH SIBJISFOTCS CXEMaMH HCTUHHBIX BBICKAa3bIBAHUH,
B KOTOPBIX BBIPAKAIOTCS J102UUECKUE 3AKOHDL.

[Tepeunciaum HeKoTOpbIe BaxkHbIe TaBToNorHu (A, B, C — npousBoibHbIe HOPMYITEI):
E AV -A (3aKon uckarouennozo mpemoezo v tertium nondatur);
EADA;
EA>(BoA);
= (A>B)>((B>C)>(A>C)) (uennoe paccysucoenue);
|=(AD(BDC))D((ADB)D(ADC));
E (A&B) > A; (A&B) > B;
EAD (B > (A&B));
EA>(AvB);B>(A>B);
9. (-B>-A)> ((ﬁB 5A)> B);
10. & ((A>B)>A)> A (3axon Mupca);
11. = -(B&-B) (3axon npomusopeuusn);
12. E(A>B)v(BoA).

® N kWD =
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TaBronorus 12 BbIpa)kaeT Ha MEPBBIA B3MIAJ NapaOKCATbHBIA 3aKOH: AJIs JTFOOBIX
BBICKa3bIBaHUI A u B x0T Obl onHa U3 uMIuMKanuii A > B u B o A sBisgercs HCTUHHOM.

Kaxayro M3 3TUX TaBTOJIOTHI MOXXHO 0OOCHOBaTh, HallPUMEp, COCTABHB TaOIHUILY
U BBIYKMCIHMB 10 Heil 3HadeHue dopmyisl, cuutas A, B u C — npomno3uinoHanbHbIMH
HIepEMEHHBIMHU.

Hcnonb3oBanue TabIMIl KCTHHHOCTH SIBJISIETCSI YHUBEPCATbHBIM CIIOCOOOM IS yC-
TAHOBIICHHSI TOTO, SIBISICTCS JH (POPMYJa BBHIMOJHUMOMW, OMPOBEPIKUMOM, TaBTOIOTUEH
wiu npotuBopeurieM. Ho eciu B popmyrie Gosee Tpex mepeMeHHBIX, TO 10 Mepe yBe-
JMYEHUS KOJTMYECTBA IEPEMEHHBIX OCTPOCHUE TAOIHIIBI YETIOBEKOM CTAaHOBHUTCSI OUYCHb
TPYAOEMKHM U HEBO3MOXHBIM. VICTOIB30BaHHE KOMITBIOTEPHBIX MPOrPAMM ITO3BOJISIET
YBEJIMYHUThH KOJUYECTBO MIEPEMEHHBIX B pacCMaTpUBaeMbIX (popMmyliax, HO TOXKE 10 HEKO-
TOPOTO Tpezea.

TaBroOrHYHOCTH (HOPMYI HEKOTOPOTO BUIa MOXKHO YCTaHOBUTH C MIOMOLIBIO JTOKa-
3aTe’bCTBA OT MPOTHUBHOTO. [101pOOHO METON JO0Ka3aresibCTBa OT MPOTUBHOTO OMHCaH
B naparpade 7.3 massl 7.

[MTokakeM, KaK HUCIOIBb30BaTh JIOKA3aTEIbCTBO OT MPOTHUBHOTO TSI HEKOTOPHIX (Hop-
myn A = B 5 C. Bel npennonaraere, 4ro gopmyna A noXHa U, Jenas OTCIOJa BBIBO-
Il 00 UCTUHHOM 3Ha4eHHU MOAPOpMYIT GopMyibl A, IPUXOIUTE K TPOTHBOPEUUIO HITU
ompezeNsieTe 3Ha4eHHUs TIEPEMEHHBIX, TIPH KOTOPBIX (opmyra jgoxHa. s dopmyn yka-
3aHHOTO BUjIa JOKHOCTh B o C onHo3HauHO ompexensetr: B —uctunna, a C— noxHa.
IT10T MeTo 3PPEKTUBHEH, YeM TIOCTPOCHUE TAOIUIBI HICTHHHOCTH, B TOM Cliy4ae, Koraa
UCTUHHOCTHBIN aHa 3 MoaGOpPMYyIT MOXKHO TPOU3BECTH OTHO3HAYHO HJIH C HEOOJBIIUM
nepedopom.

3aoaua 1. SlBnsiercs mu popmyna ((P =) Q)&P) > Q TaBTOJNOTHEH?

Pewenue. Tpennonoxum, 4to ((P ) Q)&P) > QO JIOKHA TIPH HEKOTOPBIX 3HAYCHUSIX
IPOIO3UIMOHATIBHBIX NepeMeHHbIX P 1 Q. [IpencraBuM Haly paccyKAeHUs B BHIE Ta0-
muuel. Kaxnas cnemyromas cTpodka TablIuIbl €CTh JOTHYeCKOe CICCTBUE MPEAbLITyIeH
CTPOKH.

(P>0)&P)>0=1
(P>Q)&P=H 0=
P>Q0=HU,P=HU
N > Q= WU (noacrasuiu B popmyny U Bmecto P)
o=HU

[Tomyunnu nportusBopeune (Q = MU u Q = JI 0OHOBPEMEHHO), CIIENOBATENIBHO,
HCXOHOE MPEAMOIIOKCHUE O JIOKHOCTH ((P > Q)&P) 5> (Q HEBEpPHO, W MOIydYaeM

E ((P > Q)&P) > Q0.

3aoaua 2. SIBnsiercs nu TaBTONOTHEH popmyra
((P > Q)&(=R > ~Q)&(T > =R)) > (P> ~T)?

Pewenue. IlpennonoxumM, 4to ¢popmylia JOXKHA MIPH HEKOTOPHIX 3HAUECHHUSAX MPOIIO-
3UIIMOHAJIBHBIX NepeMeHHbIX P, O, Ru T.
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(P2 0)&(-R>-0)&(T > -R)) > (P>-T) =
(P> Q)&(-R>-0)&(T>-R)=H Po-T=1]
P>Q0=HU,-R>-0=MU,T>-R=M1 P=N,-T=J
NoQ0=U,-R>-0=U,U>-R=HU
(moncraunu B popmyist M BMecto P u T)
O0=U,-R=U,-R>-0=HU
N > -U = U (noacrasunu B popmyiasl U BmMecto Q 1 —R)
M > JI = U. Ho 3T0 HEBO3MOXKHO!

[TpHILH K TPOTUBOPEUHIO, CIICOBATENBHO, UCXOHAS (OPMYIIa — TABTOIOTHS.

3aoaua 3. SIBnsercs nu hopmyna ((P > Q)&P) > (Q > -P) TaBronorueii?

Pewenue. Ipennonoxum, 4ro Gpopmyna ((P > Q)&P) > (Q o -P) noxHa 1pu He-
KOTOPBIX 3HAYCHUSIX MPONO3UIMOHANBHBIX TTepeMeHHbIX P u Q.

((P>0)&P)> (0>-P) =1
(P>Q)&P=H Q0>-P=J
P>O0=HUN,P=HU O0=MU,-P=1J
N > Q0 = U (noacraswiu B popmyny U Bmecto P)
Oo=H

[Tomyunnu 3nauenus nepemenubix O = MU u P = U, npu KoTopsix GhopMyria JIOKHA:
((P20)&P)>(Q>-P) =,

CJIEIOBATENbHO, 3Ta (opMysia He SBISETCS TaBTOJIOTHEH.
Ha MHOXecTBe MPONO3UIIMOHANBHBIX (POPMYIT ONpEeIUM OTHOLIICHUE SKBUBAJICHT-
HOCTH.

Dopmynvt A u B nasviearomes pasmocunvuovimu, eciu smu gopmyisl
APUHUMAIOM 0OUHAKOBblE UCMUHHOCHHbLE 3HAYEeHUs 8 1000l uHmep-
npemayuu. Pasnocunonocmo popmyn obosnawaemces kax A = B.

YCTaHOBUTH, PaBHOCWIIbHBIE (POPMYJIBI MM HET, MBI MOXKEM C MOMOIIBIO TaOIHIIBI
UCTUHHOCTH, TIOCTPOEHHOI cpazy ais AByX (Gopmyi.

Y| X |-Y | - Xv-Y | X&Y ﬁ(X&Y)

X

n nu|Ja|Ja JI n JI
n gl Jgq | n n JI n
J | | J n JI n
J|IJ| U | A n JI n
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3ameuanue 1. V13 onpeneneHnii TaBTOJIOTUU U PAaBHOCHUIIBHOCTH Cpa3y CJIEAYET, 4YTO
A = B Torma u Tonbko Toraa, xormga E A ~ B.

g2

@Q Teopema 2. Ilyctb Gpopmynsl A u B paBHOCHIBHEL, ipudeM X, Xo,.. .,

w X, — CIIUCOK BCEX MepeMeHHbIX, Bxomsmux B A mwimm B B. Ilycte dop-
mynel D u E monmyuyensl 3 A u B ogHOBpeMEHHO# MOACTaHOBKOM
dopmyn C,, C,,..., C, Bmecto Xi, X>,..., X, coorBeTcTBeHHO. Torma
D=E

o2

oS

EE

NS kW =

Teopema 3. Ocnosnvie pagrnocunvrocmu. Jlis moosix dopmyn A, B, C
CIIPABE/IMBHI CIETYIONINE PABHOCHUIBHOCTH:

A&B = B&A (xoMMyTaTHBHOCTH &);

A&A = A (MIeMIIOTEeHTHOCTh &);

A& (B&C) = (A&B)&C (accoumnarnBHocTh &);
Av B=Bv A (koMMyTaTuBHOCTB V);

AV A = A (MIeMIIOTEHTHOCTb V);

Av (BvC)=(AvB)v C (accolmaruBHOCTb V);

Av (B&C) = (Av B)&(A v C) (mucTpuOyTHBHOCTH V OTHO-
CUTENbHO &);

A&(Bv C) = (A&B) v (A&C) (nuctpubyTHBHOCTH & OTHO-

CUTEIIBHO V);
A& (A v B) = A (nepBblii 3aK0H MOTJIOIICHUS);

AV (A&B) = A (BTopoii 3aKOH TIOTJIOLICHH );

. == A = A (cHATHE ABOWHOTO OTPHIIAHHUS);
. —(A&B) = - A v - B (nepsslii 3akoH 1e Moprana);
. ~(Av B) = -A&- B (Bropoii 3akon n1e Moprana);

A = (A&B) v (A&—- B) (miepBblii 3aKOH paclienIeHus);

. A= (Av B)&(A v - B) (BTopoii 3aKoH pacIIeIICH ).
. A~B=(A>B)&(B>A)=(A&B) v (-A&-B);
. AbB=-AvB=-(A&-B);,

AvB=-A>5B=-(-A&-B);

. A&BEﬁ(AD—‘B)E—‘(_,AV_‘B);

A > B=-B>5-A (3ak0H KOHTPAITO3UIIIH).

PaBHOCMIIBHOCTH 16-19 MOKa3bIBaIOT, UTO OAHU CBSI3KM MOTYT OBITh BBIPAXKEHBI Ye-
pe3 apyrue.
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Bce paBHOCHIIBHOCTH T€OpeMBI 3 JIETKO JTOKA3bIBAIOTCS JIMOO C IMTOMOIIBIO TaOIHIT
UCTUHHOCTH, 1100 0e3 HuX. B kadecTBe mpumepa JoKakeM 7 C IOMOIIBIO TaOIHIBI
UCTUHHOCTH.

A[B|C|[B&C|Av(B&C) |AVB[AVC | (AvB)&(Av C)
U A|lun| n n | u n
M| u|Ja| I 7] | u 71
n|Ja|m| n | " n
M| J|Ja| Ja n | " n
T A|N| 1 n | " n
A| ||| Ja J1 n | a J1
A A ||| I B} a1 | u B}
T|A[d| I B} aT | 1 B}

Jloka)keM paBHOCHJIBHOCTH 12 Ge3 TaOnuisl UCTUHHOCTH. IlycTh Ha HEKOTOPOM
Ha0oOpe MCTHHHOCTHBIX 3HAUCHWM TepeMeHHbIXx (opmyna —(A&B) npunnMaer 3Hade-
aue JI. Torna popmyna A&B npunnmaer 3Hauenue U, a mostomy o6e dpopmynst A u B
npuanMaroT 3Hadenne M. Ho B 3ToM ciydae, o4eBMAHO, W MpaBasi 4acTh PAaBHOCHIIb-
HocTH 12 mpunumaer 3Hadenue JI. M HaoOopor, mycts popmyna - A v - B npuHumaer
3nayenue JI. Torna popmyinsr - A, — B npuanmatot 3Hauenue JI, a popmynsr A, B — 3Ha-
yeHue M. OueBuaHO, 4TO U J€Bas 4YacTh PaBHOCWIBHOCTH 12 npuHumaet 3HaueHue JI.

3ameuanue 2. Ilycth cUMBOJI ® 0003HaYaeT OMHAPHYIO ONEPALHUIO «UCKIIOYUTENb-
HOE WIN», KOTOpasi BBIJAET UCTHHY TOJIBKO B CIydae, KOTJa OAWH W3 ONCPaHOB MMeEeT
3HaueHue uctuHa. Torma A e B = (A&-B) v (B&-A), 4To MOXXHO IPOBEPUTH C OMO-
IIbI0 TaOIUIBI HCTUHHOCTH.

Vcrionb3yst U3BECTHBIE PABHOCHIIBHOCTH, MOKHO TOJTy4aTh HOBbIe. OO0 3TOM roBOpUT
cllefyIomias Teopema.

Ié’@ Teopema 4. Ilpasuno pasnocunvhwvix npeobpaszosanuii. Ilycte Cp—
’ dopmyna, comgepxarias A B kauectBe cBoeil moadopmysel. [lycts Cg
%é nonyyaercs u3 Cp 3amenoit A B 3Tom BxoxaeHun Ha B. Torna, ecnu

A=B, 10 Cy =Cp.

Jlemma 1. Tlycts A = B u C—npousBoinbhas ¢opmyia. Torma - A =
= -B, A&C =B&C, C&A=C&B,AvC=BvC,CvA=CvVvB,
A>C=B>C,CoA=C>B,A~C=B~C,C~A=C~B.

Hoxaszamenvcmeo. JlokaxeM, Hanpumep, paBHocuwibHocTh A 5 C = B 5 C. Ilyctp
Ha MPOU3BOJILHOM Ha0Ope UCTUHHOCTHBIX 3HAYEHUH MPOMO3UIIMOHAIBHBIX NTePEMEHHBIX
dopmyisl A 1 B npuHUMAIOT OJJMHAKOBOEC UCTHHHOCTHOE 3HaueHue (ckaxewm, s). [ycThb
t —3nadeHre C Ha 3TOM pacnpe/eICHUH UCTUHHOCTHBIX 3HaueHui. O0e yacTH paccmar-
pUBaEMOi paBHOCWIBPHOCTH TIPUHUMAIOT OJTHO U TO K€ 3HAYCHHE S O 7.
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Jlemma 2. Tlycte A = B u C— popmyna, B KOTOPO# BBIIEIECHO OHO
BXOXKIeHHE HekoTopoil nepemennoit X. Ilycte Cu monyuaercs u3z C
3ameHoi sroro BxoxkaeHus X Ha A, a Cg—wu3 C 3aMeHOH TOro ke
Bxoxxnenus X Ha B. Torna Cy = Cg.

JlokazaTenabCcTBO JIeMMbI OyleT MpoBeieHo B maparpade 7.2 miaBbl 7 ¢ TMOMOUIBIO
MaTeMaTHYeCKOW MHAYKLUU 110 TOCTPOEHUIO.

Lokazamenbcmeo meopemvl 4. PacCMOTpUM IPOU3BOJIBHYIO IIEPEMEHHYIO X H II0-
ayuaum dopmyny C u3 C, 3amenoit A Ha X. Bynem cuutarh 310 BXOKAeHue X B C
BeiaesieHHbM. Torma C, A, B, C,, Cg yIOBIETBOPSIIOT YCIOBHSM JICMMBI 2, a 3HAUUT,
CA = CB.

3ameuanue 3. V3 TeopeMbl 4 MBI cpazy NOJy4aeM HECKOJIBKO MOJIE3HBIX CIIEICTBUM.
Hanpumep, mycts umeetcst popmyna, cojepialiasi TOJIbKO 7 ITYK oNepanuii KOHbIOHK-
. Ecimu 7 > 1, To HEOOX0aUMO MpHCYTCTBUE CKOOOK B (popmysie, YTOOBI MOKa3aTh,
B KaKOM TOPsIIKE BBIMIOJHSAETCS OMHapHasl onepanys KOHbIOHKIUHU. B cuity accouuarus-
HOCTH & (PaBHOCWJIBHOCTH 3 U3 TEOpEeMBI 3) cpa3y IMoydaeM, YTO UCTUHHOCTHOE 3Ha-
YEHHE UCXOJHOU n-KpaTHOM KOHBIOHKIIMU HE 3aBUCUT OT pacCTaHOBKH cKOOOK. [ToaTomy
npy 3anucu Takod (Gopmysbl, ckaxeM A&B&C&D&E, MoxHO BOOOIIE HE UCIIOIB30-
BaTh CKOOKW. Tak Kak n-KpaTHas AM3BIOHKIUS TaKXXKe acCOLMAaTUBHA, TO MBI MOXEM
WCIIOJIb30BaTh 1-KPaTHYIO TU3BIOHKIIHIO Takke 06e3 CKOOOK.

3ameuanue 4. JIns kaxaou GopMyibl MOXKHO yKa3aTh PaBHOCHIIBHYIO €l (popmyiy,
HE COJIep Kalllyl0 JOTHYECKHX CHMBOJIOB D U ~. B camom perne, onupasick Ha MpaBHIIO
PaBHOCHIBHBIX MpeoOpa3oBaHU, MOXKHO B UCXOAHOM (popmylie Kakayro noiadopmyity
Buga A ~ B 3amenuts Ha (A&B) v (-A&-B), a kaxayto moadopmyiny Buma A > B—
Ha -A Vv B (cM. paBHOCHIBHOCTH 16 U 17 Teopemsr 3).

3ameuanue 5. Bo3MOXHO, Bbl 3aMETUIIM, YTO OCHOBHBIE PAaBHOCHJIBHOCTH JIOTMKH
BBICKa3bIBAHUN U OCHOBHBIE TOXKECTBA aJIreOpbl MHOKECTB BBIPAXKAIOTCS OTHUMU U Te-
MU K€ 3aKOHaMH. DTO HE CIIy4alHO: U anredpa BBICKa3bIBaHUM, U alreOpa MHOKECTB —
9TO pa3jJuYHbIE BAPUAHTHl MATEMATHUYECKOW CTPYKTYpbl, HA3bIBAEMOU 0)/1egoil aized-
poit (cM. HaripuMep, [6] uiu M000i y4eOHHUK 1O TUCKPETHON MaTeMaruke).

4 .4 Jlornyeckoe cnencrteue

JlanuM OCHOBHBIE OMPEEIICHHUs 3TOTO maparpada.

Hemycroe MuokecTBO (hopmyi I GyieM Ha3bIBaTh 6bINOHUMBLM , €CITH CYLIIECTBYET
UHTepIpeTanus ¢, 4yTo Bce Gopmynsl u3 I' B uHTEpnperanuu ¢ UCTUHHBL. [Ipu sTOM
MHTEpIIpETals () Ha3bIBACTCA MOOebl0 MHOXKeCTBa (hopmyi .

[TycToe MHOKECTBO BBIMIOJIHUMO, M €r0 MOECIb €CTh JIF00ast HHTEPIPETAIIHS.

3aMeTHM, YTO €CIIM MHOXECTBO I KOHEYHO M COCTOHWT, Hampumep, u3 Gopmyr A,
A,,..., A,, TO HEBBINIOJIHUMOCTh MHOKeCTBa [ paBHOCHJIbHA MPOTHBOPEUUBOCTU (Hop-
MYJIBI

A& A &... & A.

1I/ICHOJ'H>3yeTCH TAKKE TCPMHUHOJIOTHA: JIOTUYCCKN HEIIPOTUBOPECUMNBBIM, HEIPOTUBOPCUMUBBIM HUJIU CC-
MAaHTHYCCKU HCIIPOTUBOPCUYUBBIM, CPABHUTE C JIOTUKOI IMEPBOIo MopAaKa (rnaBa 5)
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Ilycmo T — npoussonvhoe (603M02iCHO, nycmoe) MHONHcecm8o hopmyn
u A— kakasi-mo ¢gopmyna. Byoem cosopums, umo opmyna A siensem-
cs 1ozuveckum ciaeocmeuem muoxcecmeéa I u nucamoe T = A, eciu
ama gopmyna ucmunna 8 ar0oou mooenu muoxcecmaa I'.

Wuorna roBopsT, uTo «MHOXECTBO hopmyn I' nocuuecku erewem dopmyny A» wnm
«popmyna A nocuuecku credyem u3 MHOXKeCTBa hopmyi ['».

Ecmu I' = {Ay, Ay,..., A,}, To tumyt Ay, Ay,..., A, E A lna T = @ numyt
E A, 9TO comiacyercs C paHee BBEICHHBIM 00O3HAYCHUEM JIJIsi TABTOJIOTUM, MOCKOIBKY
TOXKJACCTBEHHO UCTUHHAS (OpMysia UCTHHA B JTIOOOH MHTEPIIPETAIIHH.

3ameuanue 3. B onpeneneHny MOHATUA JIOTMYECKOTO CJIEIOBaHUSI HE Mpesroiara-
eTcsl, uT0 MHOXecTBO I 00s13aTeIbHO UMeeT XoTs Obl OHy Mojeib. [IpocTo B ciydae
OTCYTCTBHS Mojiesiell y MHO)kecTBa [ Ha Gopmyity A He HaKJIaJIbpIBAcTCs HUKAKUX Orpa-
HUYCHUH U, CIE0BATENLHO, CAUTACTCS TIO0 OMPEIEIICHUIO, YTO HEBBIITOIHUMOE MHOXE-
CTBO (hOpMYIT JIOTHUECKHU BJIeYeT JII00yI0 (hOpMyIly JIOTUKH BBICKAa3bIBAaHUH.

@ Teopema 3.
’w (a) A E B Torma u TonsKo Toraa, korga = A o B.

EE

(b) Bosee o610, ipu n > 1: Ay, A,,..., A,_1, A, E B Torna u Toipko
torma, korjga A, A,,..., A1 £ A, > B.

Jlokazamenvcmeo.

(a) PaccmoTrpum Tabmuiel uctuHHOCTH Uit A, B u A o B ¢ mepeunem Bcex ¢u-
TYPUPYIOIIMX B HUX MEPEMEHHBIX HAa BXOJAX 3TUX TaONWIl. [ BBISCHEHUS, UMEET JIU
mecto A £ B, Haymo npenedpedb cTpokamu, B KoTopeix A maer JI, ubo B HUX (opmyna
A > B Bcerna npunumaet 3HaueHue U (1o mpaBuity uMIuukammm). PaccMoTpuM npodne
CTpOKH, T.e. cTpoku, rne A maetr U. Eciu A £ B, to B naer M B 3TuX cTpoKax, a 1o
npaBwiy JiUIs UMIUMKanud U A 5 B gaer M. B oCTaJIbHBIX e CTpOKax OHAa M TaK WC-
tuaHa. CrenoBarenbHo, = A o B. O6parHo, ecu £ A o B, To A o B naet U Bo Bcex
cTpokax, rime A naet U (1, KOHEYHO, BO BCEX OCTaIBHBIX CTpokax). CiemoBarebHO, 1Mo
npaBuly UMIUTMKaIK, B momkHo maBath M Bo Bcex Tex crpokax, riae A maetr U, a 3to
3Ha4uT, yto A F B.

(b) PaccmoTpum ciyuaii n > 2. Bo3bMeM Tabmuipl uCTHHHOCTH st Ay, A,,. .., A,
B, A, o B. Paccyxmaem, Kak ¥ BbIIIE, HO Ha 3TOT pa3 B kauecTBe A purypupyet A,: MbI
OTpaHUYUBACMCSI PACCMOTPEHUEM TeX CTPOK, Tie Ay, A,,..., A,_; natot U.

Cneocmsue. llpun>1 Ay, A,,..., A,_1, A, E B Torna u toieko Toraa, Koraa

AR ((A2(A0B).)

Jloka3arenbCcTBO MPOBOAUTCS -KPATHBIM MPUMEHEHHEM TEOPEMBI.

Taxum 00pa3om, 3a/1aua yCTAaHOBJICHUS TOTO, KaKue (GOpMYIIbl SIBISIFOTCS IOTUYECKH-
MU CJICICTBUSAMU NaHHBIX Gopmyr A, A,,..., A, 1, A,, CBOIUTCS K 3aJa4e BBIICHCHUSI,
Kakue (hOpPMyJIbI €CTh TAaBTOJIOTHH. B 3TOM, B 4aCTHOCTH, W 3aKJIFOYACTCS BaKHAS POJIb
TaBTOJIOTHH.
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[TposepuM, uto (P 2 Q) £ (Q o P) He Beinonusiercs. [IpeanonoKxuM OpOTHBHOE:
(P> Q)= (Q>P), cienosarensho, (P > Q) > (Q > P)—Ttasronorus. Ho ecnu B3sTh
P=J,aQ=M,7o (P>Q)>(Q>P)=JI IlpotuBopeune roBoput o Tom, uro Q > P
HE SIBJIICTCS JIOTHYECKUM ClIeACTBHEM P o Q.

1. UYewm paznuyaroTcsi onpeaeseHnsi HICTUHHOCTHOTO 3HAYEHUS JJIsi MPOCTOTO U CO-
CTaBHOTO BBICKA3BIBAHUIL?

2. Kakue BX0XJI€HHUS NEPEMEHHON X B BBIPA)KEHUE

X

f sin(x) = 1 - cos(x)

0
ABJIAOTCA CBA3aHHBIMH, 4 KAKUC — CBO6OI[HBIMI/I?

3. Pesynbrar xakoil OMHapHOW JIOTMYECKOW Omepalyu SBISETCS UCTUHHBIM B OI-
HOM CJIy4ae U3 4eThlpex?

4. Kaxkoe u3 CICAYIOIMUX JIBYX BBICKA3BIBAHWI MOT CKa3aTb JKUTENb OCTpOBa pPbI-
napeu u JKeoB?

Ecnu 5 nocey, mo s pviyaps.
Ecnu s peiyaps, mo 5 noicey.

5. Moxer nu ¢popmyra MPOMO3UITMOHATEHON JIOTUKH OTHOBPEMEHHO OBIThH BBIMOJI-
HUMOM U TaBTOJOTUEN?

[1]  HeneiiBoga H. H. Ilpuknagnas noruka : yue6. mocodbue / H. H. HeneiiBona. —
2-e u3n., ucnp. u jpom. —HoBocubupek : M3n-Bo Hosocu6. yn-ta, 2000. —
521 c.

[2] Cwmammuan P. Kak ke HaspiBaetcs ota kuura? / P. Cmannuan. — M. : U3narens-
ckuil oM Memepsikosa, 2007. —272 c.

[3] Knunu C. K. Beenenne B meramaremaruky / C. K. Knunu. — 2-e usn., ucrp. —
M. : Kawxnslid tom «JIubpoxom», 2009. — 528 c.
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[4]

[5]

[6]

Yepu A. BBenenne B MaremMarnueckyro Joruky / A.Yepd. —2-e u3a., ucmp. —
M. : Kamxnslii tom «JIubpoxom», 2009. —T. 1.

WolframMathematica [Dnextponnsiit pecypc]. — URL :
http://www.wolfram.com/mathematica/ (mara obpamenus: 08.05.2015).

Urommu B. 1. Maremaruueckast joruka u teopusi anroputmoB / B. W. Uro-
LIMH. — 2-€ u3A., ctepeotun. — M. : Axkanemus, 2008. —448 c.



[naBa 5

A3bIKU MNMEPBOIO NOPALOKA

Ecnu ObI 51 BIagen 3HAHUSMM, TO IIed ObI 0 OONBIIOH
nopore. EnuHCTBeHHAs Belllb, KOTOPOU st 00FOCh, — 3TO
y3KHe TPONMHKU. Bojibias gopora COBEPIICHHA POB-
Ha, HO HapOJ JIFOOUT Y3KHE TPONHUHKH.

Jlao-y3vl

Jloruka Bricka3bIBaHUI 001a/1a€T TOBOJIBHO CIa0BIMHU BBIPA3UTEIbHBIMH BO3MOKHO-
cTsAMU. B Hel Henb3s BBIPAa3UTh JaXKe OYEHb IPOCTHIE ¢ MATEMAaTUYECKOM TOYKU 3PCHUS
paccyxaeHus. YKakeM MpUMephl cIab0CTH sI3bIKa JJOTHKH BBICKA3bIBAHUIA.

1.

B s3bIKe TOTHKM BBICKA3bIBAHUN HUKAK HEJb3Sl MEpPelaTh BHYTPEHHIOK CTPYK-
Typy MareMaTH4eCKOTO YTBEP)KICHHS, HAIPUMEP TAKOTO KaK «Jisl JIFo0OTo MMo-
JIOKMTEIBHOTO YKCJIA X CYIIECTBYET TAKOE YHCIIO Y, YTO X = y?». SI3bIKOBBIE KOH-
CTPYKLHUU «IUI JTI0O0TO X» U «CYIIECTBYET )» Ha3bIBalOTCA KBAHTOPAMH U IIIH-
POKO MCHOJIB3YIOTCS B MaTeMaTuke. KpoMme Toro, u3 oHON BBICKA3bIBATEIbHOMN
(GhOpMBI MBI MOJKEM CO3/1aTh HECKOJIBKO BBICKA3bIBAHUM, IPOCTO TIOACTABIISS BME-
CTO MapamMeTpoB (GOpPMBI pa3IMuHbIe UMEHA dJIEMEHTOB yHUBepcyma. Ho obiee
MIPOUCXOXKICHNE TIOTYYSHHBIX TAKMM 00pa30M BBICKA3bIBAHUI HUKAK HENb3s T1e-
penarb B pOpMyNax JOTHKH BBICKa3bIBAHUM.

PaccMmotpum, HampuMep, cienyroliee ymo3akiaroueHue. «Bcesikoe nenoe umucio
ABJIETCS paunoHaNbHBIM. Yncno 2 — nenoe. CienoBarenbHO, 2 — palMoHalb-
HOoe ywmcio». Bce »tn YTBECPXKACHUA C TOYKU 3PCHUA JIOTMKH BBICKA3BIBAHUHN
SABJIAOTCA aTOMAapHBIMU. CpeILCTBaMI/I JIOTUKHA BBICKA3BIBAaHUU HEIB3S BCKPBLITH
BHYTPEHHIOIO CTPYKTYpPY, X IIO3TOMY HENIBL3sI HOKAa3aTb JIOTMYHOCTHL 3TOr0 pac-
CY>KACHHA B pPaMKax JIOTUKH BBICKA3bIBAHUIA.

JUisi TOYHOTO OMHMCAHUSI MareMaTU4eCKUX YTBEP)KICHUH HaM MOHAJ00UTCS UCKYyC-
CTBEHHBIN s3bIK. B Maremarnueckoil joruke Hanbosee paclpoCTpaHeHbl TaK Ha3bIBae-
MBIE A3bIKU NEPBO20 NOPAOKA, KOTOPBIE SABISIOTCS PACIIMPEHUSMH S3bIKA MTPOMO3HUIIMO-
HaJIbHBIX (OpMYI. SI3BIKM MEPBOTO MOPSAIKA OTIMYAIOTCS TOYHOCTBIO U YAOOCTBOM ISt
3alACH MaTeMAaTUYECKUX YTBEP)KICHUM, U JOIMYCKAIOT CPABHUTENIBHO JIETKUM MEPEBOJ
Ha OOBIYHBIN S3BIK U 0OPATHO.
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5.1 lNpegukaTbl U KBAHTOPDI

DJeMeHTapHbIE BbICKAa3bIBAHUS C TOUKU 3PEHMS IPONIO3UIIMOHATIBHOMN JIOTMKH XapaK-
TEPU3YIOTCS TOJIBKO MCTUHHOCTHBIMH 3HAUEHUSMU U SIBIIAIOTCS HEJEIUMBIMH KOHCTPYK-
usiMU. Ho JTOrMKoOB BO MHOTHX CITy4asiX HHTEPECyeT U BHYTPEHHSSI CTPYKTypa MPOCTHIX
NPEUIOKEHUI: 4mo M 0 Yem TOBOPUTCA B TaHHOM IpeyioxkeHnd. C TOYKU 3peHus rpam-
MaTHUKH €CTECTBEHHOTO SI3bIKa, CyObexm (UM MOAJIeKaIee) — 3TO TO, O YeM WM O KOM
TOBOPHUTCS B MPENJIOKEHUH, a npeouxam (Ha3bIBAEMBIH TaKKE CKa3yeMbIM WIHM TPYII-
HOH CKa3yeMoro) BBIpaXaeT TO, YTO TOBOPUTCS O cyObekTe. B Maremarnueckoil noruke
MIPOU3BOJIBHYIO BBICKA3bIBATEIbHYIO (HOPMY CO CBOOOJHBIMU MEPEMEHHBIMH HA3bIBAIOT
Takke npeaukaroM. Eciu Mbl 3aMeHUM CBOOO/IHBIE IEpEMEHHbBIE, BXOAIINE B 3Ty (op-
My, Ha UM€Ha 00BbEKTOB YHUBEPCYMA, TO MOJyYUM HEKOTOPOE OTHOLICHHE MEKIY STUMHU
00bEeKTaMH, KOTOPOE, B 3aBUCUMOCTH OT KOHKPETHBIX 00BEKTOB-IIapaMeTpoB, OyneT uc-
THUHHBIM WU JIO)KHBIM BBICKa3bIBAHUEM.

Takum 00pa3om, cO BCSIKUM MPEIUKaTOM, MOHMMAaEeMbIM KaK BbICKa3bIBaTEJIbHAs
dbopma, eCTeCTBEHHBIM 00pa3oM cBsi3aHa (DyHKIMS, KOTOpas KaxxaoMy Habopy 3Haue-
HUIl MapaMeTpoB COMOCTABISET UCTUHHOE WM JOXHOE BbICKa3zbiBaHue. Eciu MbI He
OyneM pasnuyarh BBICKAa3bIBaHMS, UMEIOLIME OJHO M TO K€ MCTHHHOCTHOE 3HAYEHHE,
TO MPHJEM K CIEIYIOUIEMY OINPEeNICHHIO: k-MECTHBIM npeouKkamom Ha yHuBepcyme M
Ha3bIBACTCS MPOU3BOJIbHAS (DYHKIIUS

P: M* -~ {M, J}.

[lycTh yHMBEPCYM — MHOXECTBO HaTypaibHbIX yrces N. Onpenenum oJHOMECTHBIN
npexukar P: N — {H, JI}, tak yro P(n) = W Torma u TOJIBKO TOTAa, KOTAA 71 €CTh
IIPOCTOE YHUCIIO.

[Iycth yHHBEPCYM €CTh IPOM3BOJIBHOE MHOKECTBO M, 3JIEMEHTHI KOTOPOIO CaMH
. 2
SBISIFOTCS MHOXKecTBamMu. OmpeeniuM aByMecTHbI npeaukar A: M~ — {H, JI}, Tak 4to
A(X, Y) = " toraa u ToibKo Tora, Korma X € Y.

B Maremaruke yarnie Bcero BCTpEUarOTCsl OJHOMECTHBIE U ABYMECTHbIC (OuHapHbie)
OTHOIIICHUs. BUHApHBIE OTHOIIEHUS OOBIYHO 3aMKUCHIBAIOTCS MEKYy CBOMMH apryMeHTa-
mu, Hanpumep 4 < 7, x*+2x+1 > 0 u T. 1. OZTHOMECTHBIE OTHOIIEHHUS B MATEMATHKE YacTo
3aMUCHIBAIOTCS TPU TIOMOIIM CHMBOJIA € U CHMBOJIA JIJIT MHOXKECTBa OOBEKTOB, 00Ja-
JAIOIINX TaHHBIM CBOWMCTBOM. Hampumep, yTBEpKIEHUE «IT — IEUCTBUTEIBHOE YHCIIO»
3anuckiBaeTcd B Buje 7 € R, e R 0003HauaeT MHOXKECTBO JEeHCTBUTEILHEIX Ynced. Ho
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B JIOTHKE JIJIsl €IMHOOOPA3 st MbI MIOJIB3YeMCsI TIPEIUKATHON 3anuchio P(ty,. .., t,), 94To-
ObI 0003HAYUTDH BBICKA3bIBAaHHUE, 00PAa30BAHHOE IPUMEHEHHUEM /7-MECTHOTO OTHOLICHUS P
K OpeIMeTaM 74, ..., t,. B Takoi 3amucu 2 = 4 BRIDIAAUT cieayomumm odpazom: = (2, 4).

«[Ipenukar» 1 «OTHOIIEHHE» COOTHOCATCS KaK UMS U MPEIMET, IM 0003HauaeMBbIii.
Ho B maremaruke STH JBa MOHSTHS YMOTPEOJSIOTCS TMOYTH KaK CHHOHUMBI. B moru-
YeCKUX Marepuanax Mbl OyJIeM MOJIb30BaThCs CTPOTUM TEPMUHOM «IIPEIUKAT», a B KOH-
KPETHBIX MPHJIOKEHUAX, KOTIa 3TO BOILIO B MATEMATHUECKYIO TPAJAULIUIO, UCIIOIb30BaTh
U CIIOBO «OTHOLICHHE» (HANpHUMeEp, TOBOPUTH 00 OTHOILIEHHU «>» B opmyne a > b).

BooOrie, Besikuii pas, Korjga pedb HUIET O «CBOMCTBax» 00bekToB (mpumep 5.1) miu
«OTHOIIEHUSIX» MEXIY HUMH (TIpUMep 5.2), CBOWCTBA M OTHOIICHHUS MOXHO TPE/ICTaB-
JSITh KaK COOTBETCTBYIOIINE MTPEIUKATHL.

Jloruyeckue onepanuy, Ha3bIBAEMbIE K8AHMOPAMU, TIO3BOIISIOT U3 JAHHOTO TpeIu-
Kara MoJy4aTh MPEIUKaT ¢ MEHBITUM YHCIIOM ITapaMeTpOB, B YACTHOCTU M3 OIHOMECT-
HOTO TIPEAMKATa MOJTYyYaeTCsl BEICKa3bIBaHHE.

KBanTop «1as1 Bcex»

[Tycts A(Xx) —mpeaukar ¢ OfHHM MapaMeTpPOM, TOTIA BBHICKA3BIBAHHE «JJISI BCEX X
BepHO A (x)» cumBosMaecku 3amuceiBaetcst VxA(x). CuMBOJ V Ha3BIBACTCS K6AHMOPOM
6ceobunocmu (WM YHUBEPCAIbHBIM KEAHMOPOM). DTa Ke CBS3KAa MCIOJIB3YETCS MPH
MIEPEBO/IC YTBEPKICHUM:

«A 6epro npu 11060M 3HAYEHUU X)),

«OJ151 NPOU3B0ILHO20 X umeenm mecmo A(x)»,
«Kakogo vl Hu 6wL10 X, A(x)»,

«0ns Kaxcoozo x (sepno) A(x)»,

«scezoa umeem mecmo A(x)»,

«Kaxcovlll oonadaem ceoucmsom Ay,
«ceoticmeo A npucywe scemy

u m.n.

Vreepkaenue VxA(x) HCTHHHO TOT/Ia M TOJIBKO TOT/a, Koria A(x) HCTUHHO TPH JI0-
00M (HMKCHPOBAaHHOM 3HAa4CHUM X. YTBepxkIeHHe VYxA(X) JOKHO TOT/A M TOJIBKO TOTAA,
KOT/[a MMEETCsl XOTh OAMH MPEAMET ¢ M3 HAIllero YHHBEpPCyMa (APYyrHMMH CIIOBAMH, XOTSI
OBl OJTHO 3HAYCHHUE X), TaKo#, 9T0 A(C) IOXKHO.

B ToM ciydae, Korga YHHBEPCYM COMEP)KHT OSCKOHEYHOE MHOXECTBO 3HAYCHHHA,
HET HHMKaKkod nepeOOpHON Mpoueaypsl, KOTOpas MoMoIia Obl MPOBEPHTh UCTHHHOCTD
VxA(x); TONbKO MaTeMaTHYECKOE I0KA3aTeIbCTBO MO3BOJISIET HAM €IMHBIM 00pa3oM 000-
3peTh BCE ITO OECKOHEYHOE MHOKECTBO H MONYYHUTh TOYHBIN OTBET.

KBaHTOp «cyliecTByeT»

ITycth A(X) — npeaukar ¢ OJHUM IapaMeTPOM, TOIZa BHICKA3bIBAHHE «CYIIECTBYET
Takoe X, 4To A(x)» CHMBOJINYECKH 3amuchiBaeTcss IxA(x). 3HaK 1 Ha3bIBACTCSI K6AHMO-
POM cywiecmeosanus. DTa e CBSI3KA MPHUMEHSETCS MPH NEePEBOJE YTBEPKICHHIL:

«A(x) 6epHo npu Hekomopwix X,

«A(x) unozoa sepnoy,

«ecmb maxoe x, npu komopom A(x)»,

«MOJICHO Hatimu maxoe X, npu komopom A(x)»,
«y HEKOMOPLIX éeujeli ecmv npusHak Ay,

«no Kpauiuel mepe 00uH 00vekm ecmv Ax»

u m.n.
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BrickasbiBanue 3xA(X) UCTHHHO, €CJIM B HAIlIeM YHUBEPCYME HalIeTCst XOTs ObI OJ1-
HO 3Ha4CHHUE ¢, IPH KOTOPOM A (¢) UCTUHHO. 3xA4(X) JO0XKHO, €CITH PH JIF0OOM 3HAYCHUH
¢ noxHo A(c).

HaxoxieHne MCTHHHOCTHOTO 3HadeHHs: JxA(X) Takke MOXKET COCTaBISThH Mpooiie-
My. Hanpumep, HaTypainbHOE YMCIIO 7 Ha3bIBA€TCSl COBEPIIEHHBIM, €CIM CyMMa €ro Je-
TuTeNe (MCKIIroYas camoro 7) paBHa n. Hampumep, 6 — COBEpIIIEHHOE YHUCIIO, TaK Kak
6 =1+ 2+ 3. IIpoGiiema «CyIIecTBYeT JM HEYETHOE COBEPIICHHOE YHCIIO?» CTOUT CO
BpPEMEH aHTUYHOCTH, ¥ HE BUJIHO CIIOCO0a €€ PEeIINTh.

3amernM, 4TO yTBepXkacHHEe IxA(x) He orTpuiaeTr Toro, 4to VxA(x). I koHedHO,
KBaHTOpHI 3 U V Bcerga ynoTpeOsioTcss BMECTE ¢ MEPEMEHHON M 3aCTaBIIAIOT ee Mpo-
Oerarb BECh YHHUBEPCYM.

JIJtst IPeIMKAaTOB C HECKOJIbKUMH mapameTpamu A (X, Xa,..., X,), n > | IpuMeHeHne
KBAaHTOpPA OOLIHOCTH WJIM CYIIECTBOBAHMS 1O JI000I epeMEHHON CBSI3BIBACT 3Ty Mepe-
MEHHYIO U CO3A€T MPEIUKAT C YUCIOM MapaMeTPOB, MEHBILINM Ha enuHuly. Hanpumep,
pPaccMOTPHM BBICKa3bIBaTelbHYI0 hopMy x > 0 D x = )%, KOTOPYIO 0003HAYMM B BHJIE
npenukara P(x, y). Torma Mbl MOXEM CO30aTh MPEIUKAT ¢ OJHON CBOOOMHOM MepeMeH-
Ho#t JyP(x, y) U, IPUMEHsS elie OJWH KBAaHTOP, MOJIy4acM (MCTHHHOE) BBICKAa3bIBaHHE
Vx3yP(x, y). OTMETHM, YTO MBI MOXEM MOJIYYHUTh €lle 7 Pa3lUYHbIX BBICKA3bIBAHMUIA,
MEHSSI KBaHTOPBI, UX MOPSA0K U CBA3bIBAs KBAHTOPOM Pa3HbIE IIEPEMEHHBIE.

IIpumeHeHHe JIOTNYECKOT0 I3bIKA B TEOPUH MHOKECTB

ITokaxxeM, kKak MPOCTOE MCIOJIB30BAHUE JIOTUUECKUX ONEpALUil U IPEAUKaTOB J1aeT
0osiee TOYHOE M KpaTKoe ONMMCAHHE MOHITHHA U pacCyXJAeHUN B Teopuu MHOxecTB. Ha-
npumep, A J0Ka3aTeIbCTBa OCHOBHBIX TOXJIECTB alreOpbl MHOXKECTB (Teopema 1 u3
I1aBbl 3) MOYKHO MCIIOJIb30BaTh JIOTUYECKUE PABHOCUIBHOCTH.

Au(BnC)=(AuB)n(AuC) (mucTpuOyTHBHOCTE U OTHOCHTEIIBHO N).

Nmeem AU (BNC) = {x |xeAdu(Bn C)} = (1o ompeneNeHnIo 00bEANHEHHS U IIepe-

CEUECHHsI MHOXKECTB) {x |xeAv(xeB&xeC )} = (ZuCTpUOYTUBHOCTB V OTHOCHUTEIILHO
&) {x| (xedvxeB) & (xedvxeC)}=(4uB)n(4uC).

-(AUB) = -4 n-B (3akoHbl 1¢ Moprana).

Nmeem (4 U B) = {x | xe=(4u B)} = (Mo OMpEIEeTCHUIO OTOJHEH S U 00beIu-
Henns) {x |x e U & —~(x € A vx e B)} = (3axon ne Moprana ams V) {x |xe U & —(x ¢
€d) & —(xe B)} = (ompenenenue nomoiHenus) {x | x € -4 & x € =B} = -4 n -B.

Crnenytomue yTBepKAeHHUS ObLTA NMPUBEICHBI B IaBe 3, HO 0e3 oObocHoBaHms. Te-
1iepb MBI MOXKEM BOCIIOJIb30BaThCSl CBOWCTBAMH MMILTUKAIINH.

3ameuanue 1. TpaH3UTUBHOCTH OMUCHIBAETCS (POPMYIION:

VxVyVz(<x,y>ep & <y, z> € p > <x, z>€p).

Ecnu st oTHOLIEHUsT p BOOOIE HE CYHIECTBYET TaKUX X, ¥ U z, YTOOBI BBIMOIHS-
J0Ch <x, y> € p & <y, z> € p, TO UMIUTMKAUsI UICTUHHA U, CJIEAOBATEIbHO, OTHOIICHUE
TPaH3UTHBHO.

3ameuanue 2. AHTUCUMMETPUYHOCTD OIUCHIBAETCA (POPMYIION:

VxVy(<x,y>€p & <y, x>€pox=y).
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Ecnu nnst oTHomeHust p BOoOIIe HE CYIIECTBYET TaKUX X M ), YTOOBI BBIMOIHS-
nock <x, y> € p & <y, x> € p, TO UMIUTMKALIMSA UCTUHHA U, CJIEIOBATEJIbHO, OTHOIIICHHE
AHTUCUMMETPUYHO.

MBI npuBenM NpUMEpPBl UCHOIB30BAaHUS JIOTUYECKOTO SI3bIKA B «HAUBHON» TEOPHUH
MHOXkecTB. Ho uTOOBI T0Ka3aTenbCcTBa B TEOPUH MHOXKECTB CTajl Oojiee CTPOTUMH U HE
NPUBOIMIIM K TMapajokcaM, HEOOXOAMMO BBECTH CIIELUATIbHBIN A3BIK MEPBOTO MOpPsAKa
(cM. TaBy 6, maparpad 6.7).

5.2 TepMbl n hopmynbl

S3pIKM TEpBOro MopsjaKka B IEPBYIO0 OYEPENb UCHOIb3YIOTCA JUIsl 3allUCU MareMa-
TUYECKUX YTBEP)KJICHHUH, MPUUEM JIJIsl KaX10i KOHKPETHOH 00JacTH MareMaTuku, Wiy,
KaK TOBOPSIT, MATEMAaTHUECKON TEOPHUH, BBIOMpAETCsl NOAXOMAIMHI S3bIK. Mcnonbp3oBaHmne
A3bIKa MIEPBOTO MOPSIKA [T 3alUCH YTBEPKICHUM, OTHOCSIIEHCS K JaHHOW MaTeMaru-
YECKOM TEOpHUH, CTAHOBHUTCS BO3MOXKHBIM, €CIIM BCE OCHOBHBIE MOHSTHS TEOPUU Yaa-
eTcst pa30UTh Ha TPU KAaTETOPUU: «OOBEKTHD», «(DYHKIUU» M «Ipeaukarsl». [Ipu sTom
(GYHKIUHM U TIpeTUKaThl JTOJKHBI ObITh OMPEIETICHbl TOJIBKO HAa 00BEKTaxX, a 3HAUCHHS-
MU (YHKIUH SBIISIOTCS TOJIBKO 0OBEKTHI. B 4acTHOCTH, HE JI0MyCKaeTCsl paccMaTpuBaTh
NPEMKATHI, 3aJ[aHHbIe HA (QYHKIMAX, WK (QYHKIMH, 3aJaHHbIC HA TpeauKarax'. 3atem
JUISL HEKOTOPBIX KOHKPETHBIX, 3aMe4areIbHbIX B TOM WJIM MHOM OTHOIIEHUU OOBEKTOB,
GbyHKIMH U TpeAUKaToB GUKCUPYIOTCS UX 0003HAYeHUs, KOTOpbIEe U 00pa3yloT CUTHAaTYy-
py sI3BIKa.

Kaoicowtii azvix nepsoco nopsioka 3adaemcsi ceoeil CUZHAMYPOU —
mpotixot mHodcecme Q = <Cnst, Fn, Pr>, 20e

1) Cnst— mnooicecmseo KoHcmanm;
2) Fn—mnoocecmso ynKyuonanbHulx cumeonos;

3) Pr —mnooicecmeo npeduKkamuwvix cumeonos.

Ilpu smom ¢ Kadxcovim QYHKYUOHANLHBIM UTU NPEOUKAMHBIM CUMBO-
JIOM OOHO3HAYHO CBA3AHO HEKOMOopoe HAMYpalbHOe YUCI0 — KOTude-
CMB0 apeyMeHmos (Uiu MeCHHOCHmb, GPHOCHb) S5M020 cumeond. Ap-
HOCMb (YHKYUOHATLHO20 CUMBONA NONONCUMENbHA, d NPeOuKamHvle
CUMBOTILL MO2YM ObIMb HYIbMEeCHHbIMU.

Bo BcsikoM sI3pIKe MEPBOro MOpsiIKa UMEETCsl CUETHBIM HaOOp MepeMeHHbIX. YCIlo-
BHUMCSI CUNTAaTh, YTO B KQUECTBE IIEPEMEHHBIX BO BCEX SI3bIKAX MEPBOIO MOPSIAKA UCIIOIb-
3yIOTCSI CTPOUYHbIEe OyKBbI M3 KOHIIA JIATUHCKOTO aj¢aBUTa, BO3MOXHO C YHCIOBBIMHU
UHJICKCAMHU.

SI3BIK TIEPBOTO MOPSAIKA C CUTHATYpOil €2 OyneM Ha3bIBaTh SA3BIKOM 2. SI3BIK COCTOUT
U3 BBIpaKEHUIl, Ha3bIBaeMbIX TepMaMu U Gopmynamu. [Ipu 3ToM TepMmbl UTpaIOT POJIH
UMEH U UMEHHBIX (popM, a GopMyIbl pOIb BhICKa3bIBAHUN U BBICKA3bIBATENIbHBIX (POPM.

11/13—321 ITUX OrpaHI/I‘lCHI/Iﬁ SA3BIK HA3bIBACTCA A3BIKOM nepeoco NMopsaKa.
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Onpenenenue mepma HOCUT UHAYKTUBHBIA XapaKTep U CONEPKUT Tpu IyHKTa. Ilep-
BbIC JIBa IyHKTA SIBJIAIOTCS 0a3MCOM WHAYKIMM U YKa3bIBAIOT, KaKHE OOBEKTHI S3bIKa
CJIEZlyeT HEeTOCPEACTBEHHO CYUTATh TepMaMU. TpeTuil MyHKT MpeACcTaBiseT coOOH Imar
MHAYKINU U 337aeT TIOPOXKAAIOLIEee TPABUIIO, TIO3BOJISAIONICE YXKE U3 TIOCTPOCHHBIX TEp-
MOB IIOCTPOUTH HOBBIN TE€PM.

Kaocoas nepemennas ecmov mepm.

Kaorcoas koncmanma ecmo mepm.

Ecnu f ecmv k-mecmmubiii (pynKyuonanvhvil cumeon u ty, ty,. . .,
ty, — mepMbol, mo 6b1pa9fceHuef(t1, t,..., tk) ecmb mepm.

HYCTI) CUrHarypa COACPKUT LEJIBIC YMCJIa B KAYECTBC KOHCTAHT, ABYMCCTHEBIC (1)YHK-
IMAOHAJIBHBIC CUMBOJIBI + U X, U IYCTb X U Yy — IICPEMCHHBIE. Tor;[a BBIPAXKCHUA

~7+x,p, (1+2)+(3+4)) x (x+10)

CYTh T€PMBI. 3aMETUM, YTO (PYHKIIHOHAIbHBIE CUMBOJIBI + M X B JIAaHHOM CIly4yae MHUIIyT-
csi B MHOUKCHOH (hopme (MEXKIy apryMeHTaMHu).

Amomapnsie (unu nemenmapusie) Gopmynvl onpeoensitomcs KaxK Gul-
padicenust euoa P(ty, ty,. .., t;), 20e P ecmb k-mecmmuvlil npeduxammuwlii
cumeon (k > 1), a t1, ty,..., ty — mepmol. Besxuii 0-mecmmubwiii npedu-
KAmMHbIU CUMBONL MaKdice cuumaemcs amomapuou gopmynou. Kpome
mMo2o, umeemcs npeouKamHulil cumeon '=', obosnauarowuil npeouxam
«PABEHCMB0» U UCNOAb3YeMblll 8 UHUKCHOM 6ude. Taxum obpazom,
K YUCTY amMOMApHbIX (hopMYI OMHOCAMCA U 8bIPANCEHUs 8UOA T = 1,

eoe ty, t, — mepmul.

Dopmyivt onpedensitomcst UHOYKMUBHO C NOMOUIBIO CeOYIOWUX Yembl-
pex NyHKmos, npuuem nepevlil nyHKm npeocmasisem uz cebs 6asuc
UHOYKYUU, a OCMATlbHble MPU NYHKMA CYNb NOPOACOAIOWUEe NPABUILA.
Kaoicoas amomapnas ghopmyna ecmo ghopmyna.
2. Ecnu A— ghopmyna, mo evipascenue - A ecmov ghopmyna.
Eciu A u B— gopwynvl, mo svipasicenuss (A&B), (A v B),
(A>B), (A~ B) cymb popmynoi.

4. Ecnmu A—opmyna, x —nepemennas, mo evipadxcenus YxA
u IxA cymo opmynei.
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[lycTe nmaH sA3BIK MEpPBOro MOpsAKa C HEKOTOpoul curHarypou €. Ilpm mocrtpoe-
HUM (HOPMYIT SA3bIKA MCTIOIB3YIOTCS CIENYIOIINE HEMEPeCeKaroImuecss MHOKECTBA CUMBO-
70B: Cnst — MHOXKECTBO KOHCTaHT, Fn — MHOXeCTBO (D)yHKIIMOHAIBHBIX CUMBOJIOB, Pr —
MHO)KECTBO MPEIMKATHBIX CHMBOJIOB, MHOXECTBO MEPEMEHHBIX, {&, V, 2, ~, =, V, 3} —
MHOXECTBO JIOTUYECKUX CBSI30K U MHOXKECTBO, COCTOSIIEEe M3 JBYX KPYIVIBIX CKOOOK
u 3arsaTol. OO0beTMHEHNE STUX IECTH MHOKECTB Ha3bIBACTCS aighasumom JTaHHOTO SI3BIKA.

B m060M s13bIke MIEpBOTO MOPsAKAa UMEETCS TOJNBKO CUeTHOe yucio ¢opmyi. Jlei-
CTBUTEIIbHO, J1I00as (hopMysia —3TO KOHEYHas! MOCJIeI0BaTeIbHOCTh CUMBOJIOB U3 CUET-
HOro andaBuTa, a TaKUX IOCIEIOBATEIBHOCTEH CYETHOE 4ucio (CcM. IIaBy 3, Mpu-
mep 3.18).

BrickaspiBanue «I'puropuit Uxaptumsuiau u boprc AKyHMH —3TO OAMH M TOT XK€
4eJIOBEK» B IIPOINO3ULIMOHAIBHON JIOTUKE MBI MOIVIM IPEJACTAaBUTh TOJIBKO B BUIE IIPO-
NO3ULMOHAIBHON NepeMeHHON. Ha si3bIke mepBoro mnopsiika Mbl MOXKEM HMCIOJIb30BaTh
PaBEHCTBO C KOHCTaHTaMH

'Tpuropuit Uxaprumsunu' = 'bopuc AkyHuH'.

[TycTe curnarypa comep>XUT KOHCTaHTBI, (DYHKIIMOHAJIBHBIE CUMBOJIBI U TIEPEMEH-
HbIE TaKue e, Kak B mpumepe 5.3. A cpeau NpeauKaTHbIX CUMBOJIOB MPUCYTCTBYET
JIBYMECTHBI CUMBOII f/ W OJHOMECTHBIM cuMBOJ g. Torma cliemyroniue BeIpaKEeHUs SB-
Js0TCA POpMyTaMu:

g(-7), f(x,yx(x+10)), y=1+2, gy+2), f(3+4, xxx).

3aMeTHM, 4TO MPOIMO3UIMOHATIbHBIE (OPMYIIBbI OTIIMYAIOTCS OT (POPMYI sI3bIKa Iep-
BOTO MOpsiAKa BUAOM aTOMapHBIX (OpMyN U KBAaHTOPBI MOTYT HPUCYTCTBOBATh TOJIBKO
B (hopMysax si3bIKa MEpBOTo mopsiika. Mbl pacrpocTpaHsieM Ha GOpPMYIIbI SI3bIKOB Mep-
BOTO MOpS/KA T€ e COMAICHHS 00 «IKOHOMHUHM» CKOOOK, KOTOpBIE JACHCTBYIOT M JUIS
(dbopMyn IPOMO3UITMOHAIEHON JIOTHKY (T1aBa 4).

B ¢opmynax Buga VxA u xA BeipaxkeHue VX W Ix Ha3bIBACTCS K6AHMOPHOU Npu-
cmagkoit, a hopmyna A — odnacmoio deiicmeua COOTBETCTBYIOIIETO KBAHTOPA.

B cooTBeTcTBUM ¢ 00LIUM BBEIEHUEM MOHSITHII CBOOOIHON M CBS3aHHOU MEepeMeH-
Hol (r1aBa 4, naparpad 4.1) BXoxxaeHue nepeMeHHoO! x B GopMyily Ha3bIBaeTCs CBsI3aH-
HBIM, €CJIM OHO HaXOAMUTCA B 007acTH AEUCTBUS KBAHTOpA VX WM X WM BXOAUT B KBaH-
TOPHYIO IPUCTaBKy. BXokieHe TepeMeHHOM, He SBJISIOIIEECs CBI3aHHBIM, Ha3bIBAETCS
cBoboHbIM. DopMyia, He cozeprkaniiasi CBOOOIHBIX IEPEMEHHBIX, HA3bIBACTCS 3AMKHYMOIL.
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PaccmoTpuM cliojkHbIE BBICKA3bIBaHHMSI HAa €CTECTBEHHOM (PYCCKOM) SI3bIKE U IOKa-
JKCM, UTO A3bIKH IICPBOTO MOPAAKA 60)166 TOYHO IO CPABHCHHUIO C MPOMO3UIIUOHAJIBHBI-
MH (popMyraMu 3amuCBIBAIOT 3TH BBICKA3bIBAHUS (CUTHATYPY S3bIKa MBI MTOJHOCTBIO HE
ompeensieM).

1. Ecnu g mpukaxy reHepany oOpaTUThCS B 4YailKy M OH HE CMOXKET BBINOJIHUTH
NpUKa3, TO BUHOBAT Oyxy 4, a He reHepai (CeHT-Ok3tonepu. ManeHbKUNA MPHUHIT).

Pewenue.

Jloruka BeICKa3bIBaHUI:

A: «A npuxaswviearo eenepany oopamumscs 8 4aKy».
B: «['enepan svinonnsem npuxasy.

C: «A eunosamy.

D: «['enepan eunosamy.

®opwmyna: (A4&-B) > (C&-D).

Jloruka npenukaros:

YHuBepcyMm: monu. «A» u «l enepan» — KOHCTAHTHI.

IMpemukar A(x, y) <> «4eNOBEK X OTIACT MPUKA3 YEIOBEKY V MPEBPATHTHCS B YaHKy».

IMpenukar B(x, y) <> «4enoBeK X HE BBIMOIHSIET MPUKA3 YETOBEKA J».

IMpenukar C(x) <> «4enOBEK X BUHOBATY.

dopmymna: (A(/‘I, Tenepan) & -B(Ienepan, A)) > (C(H) & ﬁC(FeHepaﬂ)).

2. Eciin yuuTbes M HE JyMaTh — 3allyTaellbcs, a €CJIU AyMaTb U HE YUUTbCSA — BIa-
nemb B comHenue (Kondymmii. JIyns 1oit).

Pewienue.

Jloruka BeICKa3bIBaHUI:

A: «Henosek yuumcay.

B: «Yenosex oymaemy.

C: «Yenosek 3anymuleaemcsy.

D: «Yenosek enaoaem 6 comnenue.

®opmyna: (A&-B > C)&(-A&B > D).

Jloruka npeaukaros:

YHHUBEPCYM: TTIOIH.

IMpenukar A(x) <> «YEIOBEK X YUUTCS.

[Mpenukar B(x) <> «4EIOBEK X TyMaecTy.

IMpenukar C(x) <> «4eNOBEK X 3aIyThIBACTCS.
IMpeaukar D(x) <> «4eJOBEK X BIAJaeT B COMHCHHUE.

dopmyna: Vx((A(x) & ﬂB(x)) =) C(x)) & Vx((ﬁA(x) & B(x)) DD()C)).

ITpuBeneM /Ba sA3bIKa MEPBOTO TMOPSJIKA, UTPAIOIIKE Hanbosee BaKHYIO POJib B Ma-
TEMaTHUKE U JIOTHKE.
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A3bIk d1eMeHTapHO apudMeTHKH NPEIHA3HAYEH IS 3aIIUCH YTBEPKICHUH O Ha-
TypaJibHbIX uuciax. CUTrHaTypa si3blKa COJEPKUT €IMHCTBEHHYIO KOHCTaHTy 0 u Tpu
(yHKIIHOHATBHBIX CHMBOJIA: OJJHOMECTHBIH S M JBYMECTHbIC + U x. Bmecto +(f1, tp)
u x(t, t,) IPUHATO TIHMCATH ¢ + 1, W {] X t COOTBETCTBEHHO. [lopa3syMeBaeMblii CMBICIT
BBEJICHHBIX CMBOJIOB OIMCAaH B CIIEAYIOLIEM naparpade.

SI3bIK TeOpHMH MHOKECTB MMEET CUTHATypy C JIByMECTHBIM IMpEeAuKaToM € (Iof-
pa3yMeBaeTCsl OTHOIICHHE MPUHAIICKHOCTH); 00BIYHO BMeCTO € (X, A) mumyT x € A.
EnunHCTBeHHON KOHCTaHTOM siBisiercst @. CmoTpute mipumep 5.9 B ciemyrorieM naparpade.

5.3 HTepnpeTauua popmyrn

IlycTp MMeeTcst HEKOTOPBIM S3BIK MEPBOTO MOpsKa ¢ CUTHaTypoil 2. dopMyiibl
Y TEPMBI 3TOT'O S3bIKa, IO ONPENEIECHUIO CUTHATYPBI {2 — 3TO BCETO JIUIIb HEKOTOPHIE MO-
CJIEIOBATENIBHOCTH CUMBOJIOB asipaBuTa s3bIka. HUKAKOTO Opyroro cMmpicia rmoka B HUX
HeT. OJJHaKO TOCJe TOTO KaK Mbl ONpENeNeHHBIM 00pa3oM MHTEPIPETUPYEM 3TU CHUM-
BOJIBI, BBIOpAB HEKOTOPYIO MpPEAMETHYI0 o0nacTh D, Kaxaas 3aMKHyTast Gpopmyra si3bl-
Ka IOJIyYUT OINpPEECICHHOE UCTUHHOE NCTUHHOCTHOE 3HAYEHHE U, CIIEOBATEIbHO, OHO
IIPEBPATUTCS B HEKOE BBICKA3bIBAHWE, UMEIOIIEE OTHOLIEHHE K JJIEMEHTaM paccMmarpu-
BaeMoi obnactu D.

B ominume OT s3b1ka MPONO3WLIMOHAIBHONM JIOTMKH, TAE MOJ MHTEPHpETALUEH I10-
HUMAETCd NPOCTO MPUIUCHIBAHUE MCTUHHOCTHBIX 3HAYEHWH MPONO3MLIHMOHAIBHBIM IIe-
PEMEHHBIM, B JIOTHKE S3bIKa NEPBOI0 MOpAAKa 3aJaHHe MHTEPIPETAlUu MPeanoaaract
HaJIMYHUe, TPEeXkIe BCEro, HEKOTOPOro HEeMmyCTOro MHOkecTBa D (Ha3bIBa€MOTo B Jalib-
HEHIeM Hocumenem unmepnpemayuu'), Ha KOTOPOM U HHTEPIPETUPYIOTCS CHMBOJIBI
3TOro si3bIKa. ConepiKaTeIbHO — 3TO MHOKECTBO T€X OOBEKTOB, CBOMCTBA OTHOIICHHIM
MEXIY KOTOPBIMH MBI COOMpaeMcs BBIpaXaTh W U3y4aTh B MOJXOASIIUM OOpa3oM BbI-
OpaHHOM SI3bIKE NEPBOTO MOPSIKA.

Jlis Ipono3uMoHaIbHON (HOPMYIIBL, 3a7]aB MHTEPIPETALUIO IEPEMEHHBIX, MBI I0-
Jy4yaeM MHTeprpeTainuio Bceil popmyibl. TouHo Takxke MbI OyleM MOCTyINaTh U B ClIy4yae
dopmyn s3bIKa epBoro nopsika. Ham Hago onpenenuTs, 4To 03Ha4aeT WHTepIpeTaius
aTOMapHOM (OPMYIIBL.

I[lepeiinem Tenepr K TOUHBIM (HOPMYIHPOBKAM.

Ymobvr 3a0amb unmepnpemavyuro cucnamypor Q = <Cnst, Fn, Pr>,
HYJHCHO

1) ukcuposamv nekomopoe nenycmoe mHodxcecmeo D — Hocu-
menb uHmepnpemayuy (MaKice Ha3vlearom YHUBEPCYMOoM);

2) ¢ kadcooti koncmanmoti ¢ € Cnst conocmasums 2nemenm ¢ € D;

1ECJ’II/I HUHTEPIIpETAlld U3BECTHA, TO TOrJa HOCUTEIb UHTEPIPETAIUN HA3bIBAKOT TAKIKE YHUBEPCYMOM.
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3) ¢ Kadxcovim k-mecmuvim @hynkyuonanvHuim cumsorom f € Fn
YN
conocmasums nekomopyio k-wecmuyio ¢ynkyuro f: D° — D;

4) c kadxcovim k-mecmuvim npeduxkammuvim cumeonrom P e Pr co-
. =. Ak
nocmasgums k-wecmuwiii npeouxam P: D — {H, JI}.

Ecnu P ecmv 0-mecmubiii npeoukamuulil CUMBOJL, MO C HUM CONOCMA8-
Jsiemcest 00HO U3 08yxX ucmunHocmuwix 3navenuu M unu JI.

Bydem nasviamv C, f, P unmepnpemayusmu coomeemcmeenHo Kow-
Cmanmul ¢, QYHKYUOHANbHO20 cumeona f u npeouxkamnoz2o cumeona P.
Humepnpemayusi npeoukamno20 cumgona «=» NOHUMAEmcs 6ce20d
KAK OMHOWEeHUSI pageHcmea dnemenmos D.

Vuusepcym D obvaensiemca obaacmvio 803MONMCHBIX 3HAYEHUN OJif
Kad#cOou nepemenHou.

[ycts Q = <{0}, {S, +, x}, {=}>— curnarypa si3pika 3meMeHTapHO! apH(METHKN.
PaccMoTpuM crieayIonyo HHTEpIpeTaIHtIO.

Hocurens nHTEpnpeTaiiu — MHOXKECTBO HaTypaibHBIX 4yrcend N; koHcTaHTa () WH-
Tepuperupyercss kak 4ucio 0. OyHKIMOHAJIBHBIA CHUMBOJI S HMHTEPIPETHPYETCS Kak
S(x) = x + 1, ¢ npuBBIYHOI Touku 3penus S(X) —3TO cledylomiee 3a X HaTypagbHOE
uncio. [Toatomy Tepmsl, umeronue Bun S(0), S(S(0)), S(S(S(0))) u . 1., ecth nMeHa
HaTypanbHbIX unced 1, 2, 3 u T.1. OyHKUNOHAIBHBIE CUMBOJIBI + U X HHTEPIPETH-
PYIOTCSI KaK OIEpaluy CIOKEHUS U YMHOXEHHUSI COOTBETCTBEHHO. SI3BIK 3JIeMEHTapHOM
apu(METHKH HCIIOJB3YET TOJBKO MPEIUKATHBIA CHUMBOJ PAaBEHCTBA «=» (NMMOHUMAaeMBbIN
KaK paBEHCTBO HaTypajbHBIX uncen). Ecnm ¢, t, — TepMBbI s3bIKa, TO f; = f, — aroMap-
Hast (opmyna. M3 aroMapHbBIX (GOpPMYJ C TMOMOIIBIO JOTMYECKHX CBS30K U KBAHTOPOB
CTposATcs 6osiee CIoXKHBIE POPMYIIBI S3bIKA, IPUYEM JX MBI IOHUMAEM KaK «CYIIECTBYET
HATypaJIbHOE YUCIIO», a VX — KaK «JUIsl BCEX HaTypaJbHBIX YHCEID».

Tepm S(...S(0)...), tme cumBon S moBTOpsieTcst kK pa3, Kparko OymeM 0003HadYaTh
k. Takum 00pa3oMm, HaTypajdbHOE YKCIO k UMEHyeTcs TepMoM k. TepMbl Takoro posa
0,1, 2,... IpUHATO Ha3bIBAaTh HyMepaIamMu — CTAHJAPTHBIME 0003HAUCHUSAMHU KOHKPET-
HBIX HaTypasibHbIX yuces. O4eBUIHO, TEPMbI B 3TOM HHTEPIPETAIUU — 3TO 0003HAYCHHUS
HOJIMHOMOB (OT HECKOJIBKHX, BOOOIIE TOBOPSI, IEPEMEHHBIX) C HATYPaJIbHBIMH KO3 HH-
nuentamu. Hanpumep, Tepm

((xxx) + ((2 X X) xy)) +(yxy)
NPECTABIAET TOJMHOM X2 + 2X) + 2.
CpencTtBamu si3bIKa JI€MEHTApPHON apu(PMETHKH JIETKO 3alMCHIBAIOTCS MPOCTEHIINE
YTBEP)KJICHUS O CBOMCTBAX HATYpaJbHBIX YHCEN, HAIIPUMED:
1) «x <y» coorBercTByeT Iz(~(2=0) & y =x +z);
2) «x— YeTHOE YMCIIO» COOTBETCTBYET Jy(x =y +y);

3) «x—MpOCTOE YUCII0» COOTBETCTBYET

«d<x» & -FyAz(«p<x» & «z<x» &x=yxz),
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TJIe YTBEPIKICHHS CO 3HAKOM «<» JOJDKHBI OBITh 3aMEHEHBI COOTBETCTBYIOIIUMHU
noadopmynamu;

4) «cyuiecTByeT OECKOHEYHO MHOTO MIPOCTBIX YHCEI» COOTBETCTBYET

Vx3y(«x < y» & «y —IPOCTOC YKCIION)

C YK€ BBE/ICHHBIMU 0003HAYEHUSAMH JJIs1 TOA(GOPMYIIL.

DTa UHTEepHpeTalys Ha3bIBACTCS CMAHOAPMHON UHmMEpnpemayuell A3blKa 371eMeH-
maphoil apugpmemuxu.

Curnarypa Q = <{0}, {S, +, x}, {=}> ocraercs npexHeil, HO HHTEPIPETALHIO U3~
MEHHM.

Hocurenem uHTEpnpeTanuu SBIsIETCS MHOXKECTBO MPOCTHIX 4mcel, u 0 uHTepnpe-
THPYETCsI Kak nepBoe npoctoe uncio 2. Tepm S(x) HHTEpIpeTHPYETCs KaK MPOCTOE YUC-
J10, CJIEYIOIIEe 3a MPOCTHIM YuciIoM x. [Toatomy Tepmer, umeromrue Bux S(0), S(S(0)),
S(S(S(0))) u T 1., ecth WMeHA TPOCTHIX uncen 3, 5, 7 u .. Tepm S(...S(0)...), rae
CUMBOJI S TIOBTOpsieTCs k pa3, KpaTko Oynem obo3Hadath k. B aToM ciydae tepmsr 1, 2,
3, 4,... UMEHYIOT NOAPSI UAYLIUE MpocThie uncna 3, 5, 7, 11,. ..

DyHKIMOHAIBHBIC CUMBOJIBI + M X HHTEPIPETHPYIOTCS 00JIee CII0KHO, Y€M MPOCTO
cioxeHue u ymHoxxenue. [1ycth p, 0003Ha4aeT 7-€ Mo cueTy MpOoCTOe YUCIIO0, HAPUMEp
ps =13.

1. Tornma m—am IIPOCTOE YMCIO C HOMEPOM k + m, €CIIM MHTEpIpeTaLus
TEPMOB | U f, JAeT MPOCThIC YKUCIA Py U Ppy.

2. Torma x(t;, ;) —3TO MPOCTOE YUCIO C HOMEPOM k X m, €CIId UHTEePIIPETALHsI
TEPMOB /| U f, AaeT NPOCThIC YUCIA Py U Py,

Hanpumep, 0 x (1 +2) uHTepnpeTupyercs Kak nmpocroe 4ucio 13, nmeromiee Homep
5=1x(2+3). Ilpu Takoit uaTepnperanuu popmyna x + 0 = y yTBepkKIaeT, 4TO X U y —
MPOCTHIE YNCIa-OMM3HEIBI.

OTa MHTEpNpeTanus He UMEeT Ha3BaHUS U HE HCIIOIB3YeTCH.

[ycte Q = <{@}, @, {=, €}>— curHarypa s3bIKa TEOPUU MHOXKeCTB. [lycTh HOCH-
TEJb MHTEPIPETALMU COCTOMT M3 BCEX TOJAMHOKECTB MHOKECTBA R BEIECTBEHHBIX YH-
cen. KoHCTaHTa @ MHTEPIPETUPYETCA KAK IYCTOE MHOKECTBO, (QYHKIIMOHAIBHBIE CUM-
BOJIBI OTCYTCTBYIOT, ¥ NIPEAMKATHBIA CHMBOJI € HHTEPIPETUPYETCS KaK OTHOLIEHUE TIPH-
HAJUIEKHOCTH SJIEMEHTA MHOYKECTBY.
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[Tpumeps! hopMys 3TOTO sA3bIKA!

1) Vx(x €4 >xeB). Oty hopMmyily MOKHO TIepenucars B IPUHATOM Bujie A C B,
2) —=(x =y) COOTBETCTBYET X # ;

3) -3x(x € 4) cooTBeTcTBYET A = I;

4) Vx(xeAd & xeB~x¢eC) coorBerctByer AN B = C.

[TycTe 3amana MHTEpHpETAIUs s3bIKa MEPBOTO MOpPsAaKka. MOXHO JH CYUTATh, YTO
P ATOM Kaxaas (popmysa CTaHOBUTCS UMEHEM HEKOTOPOTO BBICKa3bIBaHUs? [[pyrumu
CJIOBaMU, MOXHO JIM TIpU 3aJlaHUM WHTEPIPETalnud KaKIOW (HOpPMYIbI S3bIKa KaKUM-
TO Pa3yMHBIM CIIOCOOOM MPHUIHCATh HEKOTOPOE UCTHHHOCTHOE 3HaueHue? MHTyHUTHBHO
SCHO, 4TO eciH (popMylia 3aMKHYTa, TO OHA MPEBPAILIACTCS B BICKa3bIBaHUE, U 3TO BBI-
CKa3bpIBaHHME MMeeT UCTHHHOCTHOE 3HadyeHue M wimm JI. Ho B oOmiem cirydae otBet Oy-
JIeT OTPULIATETIbHBIM, MOCKOJBKY (POpMylia MOXKET COfiepKaTh CBOOOHBIE MTEPEMEHHBIE,
U TOKa 3TUM CBOOOJHBIM MEPEMEHHBIM HE OyIyT MPUIHCAHBI ONpE/ICICHHbIC 3HAYCHUS
U3 HOCHUTEJS] HHTEPIPETAINH, TOBOPUTH O KAKOM-JIMOO UCTUHHOCTHOM 3HAY€HUHU JAHHOM
dbopMyIBl HE UMEET CMBICTA.

UToOBI pUIaTh BBIIECKA3aHHOMY TOYHBIA CMBICI, MBI BBOJMM IOHSTHE OIICHKH.

[TIyctb D — HOcuTenb uHTEpHpeTanuu. OuenKoil B 3TOM MHTEPIPETALUA HA3bIBACTCS
11060€e 0ToOpaXKkeHHe

viX->D,

CTaBAIllEee B COOTBETCTBUE KAKIOW NEPEMEHHON JAHHOTO SI3bIKA HEKOTOPBIM 3JIEMEHT M3
HOCHTEIsI MHTepIpeTanuu. DiaeMeHT v(x;) € D Mbl OyleM Ha3biBaTh 3HAUEHUEM nepe-
MEHHOUL X; HA OUEHKe V.

Jlnst mo6oro TepMa OlLeHKa MEePEMEHHBIX, NCTIONb3Ysl MOACTaHOBKY 3HAYEHHUH mepe-
MEHHBIX B T€PM, OJHO3HAYHO JAET 3HAUYECHHE TepMa — AIEMEHT U3 HOCHUTEIS UHTEpIpe-
TallNH.

Hanpumep, npu cTaHAapTHOM MHTEPIIPETALUH S3bIKa AJIEMEHTApPHOW apu(METHKH
u ouenke v(x) =4, v(y) = 2 tepm ((x xx) + ((2 xx) xp) + (v xy)) VIMEET B KauecTBe
3HA4YEHUsl HAaTypabHOE uucio 36.

WuTyuTuBHO $icHO, uyTo Jto0as Qopmyna npu (UKCUPOBAHHBIX HHTEPIIpPETALUN
U OLICHKE MMEEeT UCTUHHOCTHOE 3HaueHue. PaccmMoTpum npumepsl Gpopmyln B cTaHIapT-
HOW MHTEpHpEeTaliH sA3bIKa JIEMEHTApHON apu(pMETHKH.

1. 3y(0 =y x2). Ipu ouenke v(y) = 1 popmymna 0 =y x 2 sBisercs g0xHOM. [Ipu
orerke v(y) = 0 dopmyna 0 = y x 2 sBISIETCS UCTHHHOM, W TO3TOMY (opmyIia
(0 = y x 2) uMeeT UCTUHHOCTHOE 3HayeHne .

2. Vx3y(x =y +y). lpu ouenke v(x) =2, v(y) = 2 popmyia x = y +y UMeeT 3Ha-
uenune JI. [Ipu onenke v(x) =2, v(y) = 1 popmyna x = y + y umeer 3naueHue U,
crenoBarenbHo, popmyna Jy(x = y+y) umeet 3nauenue U. Paccmorpum tenepsb
pasiuYHbIC OLCHKH, B KOTOPhIX v(x) = 3. TlepeOupas pa3inuyHbie 3HAUYCHUS IS
¥, MBI TIOJIy4aeM KaxKJbli pa3, uTo opmyna x = y + )y uMeeT 3HaueHue JI. O1o
TIO3BOJISICT HaM BBICKAa3aTh TUIIOTE3Y, YTO GopMmyna 3 = y + y JUIs BceX ) UMeeT
JIOKHOE 3HAUCHWE, OTKYy/la JOJDKHA CIICIOBAaTh JIOKHOCTH UCXOAHOU (HOpPMYITbI
Vx3y(x =y +y). Ho ata rumoresa TpebyeT J0Ka3aTe/bCTRA.
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Bonee crporoe, ¢ TeXHUYECKUMH MOAPOOHOCTAMH, (POpMaNbHOE ONpeieeHUE HC-
TUHHOCTHOTO 3Ha4eHUs1 (POPMYIIbI MOXKHO HAWTH B PA3TUYHBIX KJIACCHUECKUX YUEOHHUKAX
(cM., HanipumMmep, [1]).

HNmeer mecTo crnenyroiee yTBepkaeHue (cM., Hampumep, [1]).

[Tycte A —3aMKHyTast popmysia B sI3bIKE TIEPBOTO MOPSIKA U () — HEKOTOPAasi HHTEp-
IpeTalus CUTHATYphI s3bIKa. Toraa Ha 1000 OlIeHKe B JaHHON UHTEpHpeTanun Gopmy-
71a A ¥MeeT OTHO U TOK€ UCTUHHOCTHOE 3HAYCHUE — OHO HA3bIBACTCS UCHUHHOCHHbIM
3Hauenuem gopmynvt A ¢ unmepnpemayuu .

5.4 ®opmynbl 0bue3HaYMMble, BbIMOMHUMBIE,
NTOrMYeCcKn 3KBMBArNeHTHbIe

BBGILGM HCKOTOPBIC TCPMHUHBI, KOTOPBIC YaCTO 6y,Z[GM HUCIIOJIB30BAaTh B ,Z[aJII:HeI\/JII_HeM.

Dopmyna Hazvieaemcs 00ULEIHAUUMOTL (UNU MOHCOECHEEHHO UCHIUH-
HOWl), ecnu OHA UCMUHHA 6 NI0OOU UHmMepnpemayuy npu aooou ee
oyeHxe.

[Tycte A — npou3BoibHas (Gopmylia s3pIka TIEpBOTO MOpsaka. Torma B 000 WH-
TepIpeTai U Ha JI000W OIeHKe oHa U3 ABYX Gopmyn A u — A umeer 3HaucHue U.
CrnenoarenbHo, popmyina A v - A oOmie3HadrMa.

®opmymna VxA(x) > IxA(x) sBisieTcss 00IIe3HAYMMON ISl TPOM3BOJIBHON (HOpMy-
a6t A(x) ¢ omHOM CBOOOIHOMW TepeMEHHOM ISt JIF000i curHatypsl Q2. JlefcTBUTENIBHO,
BO3bMEM MPOU3BOJIBHYIO HHTEPIPETAINIO (¢ CUTHATYPHI 2. MiMeercst iBa BapuaHTa st
9TOW MHTEPIIPETALUN:

a) Ha ;mo0oii omeHke v(x) 3HauCHUE (OPMYJIBI A(v(x)) ectb U;

0) ecrtb Takas ouenka v(x) = ¢, uto 3HaucHue Gopmyist A(c) ects JI.

B cny4ae a) popmynsl VxA(x) n IxA(x) obe OyayT MCTHHHBIMH ¥ MMILTMKALHS
naer U.
B ciyuae 6) popmyna VxA(x) umeer 3nauenue JI 1 uMIuTiKamms cHoBa qaet U.
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dopmymna Vx, y(A(x) 5 A(x)v A(y)) sBisieTcst OGLIE3HAYNMOM I IPOU3BOIBHOI
dopmynst A(x) ¢ omgHON cBOOOIHOM mepeMeHHO# st Mr000# curHatypsl Q. JleiicTBu-
TEJbHO, BO3BMEM IPOM3BOJIBHYI0 MHTEPIPETAUI0 (p CHrHATYphl ¢ HocurenaeM D.
Bo3bMeM npousBoJbHBIE 31EMEHTHI @, b € D (MBI HEe HCKIIIOYaeM ciiydail a = b), Tor-
na popmyna A(a) > A(a)v A(b) ucturHa ist TFOOBIX UCTHHHOCTHBIX 3HaueHui A(a)
u A(Db).

MpumMep 5.13 - ooeemeeee

MpUHLUMN NbSHULbI

3HAMEHUTBIM aMEepUKaHCKUI MaTeMaTuK, aBTOp MHOXKECTBA JIOTMYECKHX 3a1ay, Paii-
MoHJ CmaruimaH B CBO€W KHUre [2, ¢. 226-228] onucan 3HaMeHUTHIA «IIpuHIuUN mbs-
HULBD), KOTOPBIN 3BYYUT TaK:

«YenoBek CUAUT y CTOMKHU B Oape. BHe3amHO OH yapsieT KyJlakoM Io CTOMKe U MpH-
Ka3pIBaeT Oapmeny: «Hameli-ka MHe u Haneill BceM. Korga mbro s, mblOT Bce. Takoit yx
s yenoBek!» Bce BBIMMBAIOT, HACTPOEHUE y TIOCETHTENEH 0apa MOBBIIIACTCS.

UYepes kakoe-TO BpeMsl YENIOBEK, CUIALINN Y CTOMKH, CHOBA yJIapsieT KyJakoM IO
CTOMKE W 3aIljIeTalolIUMCs SI3BIKOM OTAaeT OapMeHy pacnopsikenue: «Haneit mue emre
W HaJlel BceM emle 1o ogHoi. Korna s mero eme oAy, Bce MbIOT eme no ogHoi! Takoi
YK 5 yenoBek!» Bce BBIMMBAIOT ellie Mo OIHOM, U HACTPOEHHUE B Gape MOBBIIIACTCS eIl
Ooubre.

3aTeM 4YeNoBeK, CHISIINN Y CTOMKH, KJIAJAeT Ha HEe JIEHbI'M U TOBOPUT: «A KoTaa
s TUIady, IIaTaT Bee. Takol yx s yenoBek!».

Bormpoc: cymecTByeT a1 B IEHCTBUTEIBHOCTH TaKOM YEJIOBEK, UTO €CJIM OH IBbET, TO
NbIOT Bce?

MsI puBezieM GopMyiTy, KOTOpast 1aeT MOJOKUTENbHBIN OTBET Ha 3TOT BOIPOC.

Paccmotpum yHUBEpCYM, cocrosinuii u3 mroaeit. [lycts npeankar P(x) o6o3Hauaet
CBOMCTBO JIONEH: «x TheT». PaccmoTpum dhopmyy:

EIx(P(x) > VyP(y)).

Ota GopMyiia HCTHHHA B JaHHON MHTEPIPETALMH P JTI0O00M paclpeaeeHUH HbIo-
IIUX JIIOJEH B YHUBEPCYME.

JIeliCTBUTEIBHO, JTF00ast OL[EHKA MEPEMEHHBIX 03HAYAECT COOTBETCTBYIOIIEE Pacpesie-
JIeHHE TBIOIUX Jtoiel. Bo3MOXKHO /1Ba BapHaHTa: a) BCe JIIOAU 00J1a1aloT CBOMCTBOM P
1 0) ecTh JIIO[M, KOTOpbIe He TBIOT. Ecin [u1st 11000r0 YenoBeka m 3HaueHHe MpeIuKa-
ta P(m) paBuno U, to popmynsl VyP(y) u P(m) > VyP(y) UMErOT 3Ha4Ye€HHE UCTUHA, U,
CIIeIOBATEIIBHO, TIEPEXO/IST K KBAHTOPY, Hx(P(x) =) VyP(y)) umeet 3HaueHue U. Iyctsb
B ciyvae 0) uesoBeK m He mbet, Torna P(m) noxHo, HO umrutukanust P(m) o YyP(y)
umeet 3HadeHne M. CHoBa 3akimodaeM, 4To Ghopmysia Hx(P(x) =) VyP(y)) UMeeT 3Have-
Hue M.
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B Hamem mpumepe ¢ NbSHUIIEH MBI HHUIZIE HE HMCIIOJIB30BajIN CHEUU(UKH HHTEp-
IpeTalry, T03TOMY MPOU3BOIbHAs Gopmyna A(x), BeIpaxarolias HEKOTOPOE CBOMCTBO
SJIEMEHTOB HOCHUTENSI MHTEPIPETALUH, JaeT O0IIe3HAUNMYI0 (HOpMyIy:

3x (A(x) > VyA(y)).

B rmaBe 4 ObuTIO BBEACHO MOHATHE TABTOJOTHMU KaK MPOIO3MIIMOHATIBLHOW (GopMy-
JIbl, KOTOpas MpeBpalllaeTcss B MCTUHHOE BbICKA3bIBaHHUE IMPH JIF000 MOJCTaHOBKE B HEe
KOHKPETHBIX BBICKA3bIBAHUI BMECTO MPONO3ULUOHAIBHBIX [TEPEMEHHBIX.

Ecnu B mpomno3unnoHanabHyo (opMylly BMECTO BCEX NMPOIO3UIMOHAIBHBIX Mepe-
MEHHBIX MOJICTaBUTh KaKue-HUOyAb (OPMYIIbI SA3bIKA MEPBOTO MOPSAIKA, TO, OYEBUIHO,
noxyduM (popMyiy si3blKa MEepBOro mopsiaka. byaem HazbiBaTh Takyro (GOpMyTy Takke
maemonozueii. Bpiie paccMOTpeHHbI npuMmep 5.10 neMOHCTpUpyeT OJHY M3 TaKHX
TaBTOJIOTHI — A Vv - A.

’@ .................................................................

Teopema 1. JTrobast TaBTONOTHS OOIIE3HAUYNMA.

%é .................................................................

Hokazamenvcmso. Ilycts B(X, Xa,. .., X,) — npono3unnoHanbHas Gopmysa ¢ me-
pemenHbIMU X1, X>,..., X,, a A, A,,..., A, — Ipou3BOJIbHBIE (POPMYJIBI SI3bIKA TIEPBOTO
nopsiika. O603uaunm uepe3 B(A;, A,,..., A,) bopmyiy, TOIYyYEHHYIO MOICTAHOBKOM

B B(X1, Xa,..., X,) dopmyn Ay, A,,..., A, Bmecto X1, X,..., X, cOOTBeTCTBEHHO. BbI-
OepeM MpPOM3BOJIBHYIO MHTEPIIPETAIIMIO M OIICHKY SI3bIKa MEPBOTO MOPS/IKA, TOTIa Kax-
nas popmyna A;, A,,..., A, OyIer UMeTh HEKOTOPOe MCTHHHOCTHOE 3HaueHue. Cieno-
BATEIBHO, MBI MOXEM MOJIyYHTh UCTHHHOCTHOE 3HadeHue Gpopmynst B(A|, A,,..., A,),
TaKoe ke, Kak 3Hadenue Gpopmyinst B(X;, X,..., X,), Te HCTUHHOCTHBIC 3HAYCHUS TIepe-
MEHHBIX X7, X3,..., X, COBIAIAIOT C HICTUHHOCTHBIMH 3HaueHUsAMHU Gopmyn A, A,,.. .,
A, coorBerctBenHo. Ho dpopmyna B(Xj, X,.. ., X,) umeer 3nadenue U, cienoBarensHo,
3naueHue popmynst B(Ay, A,,..., A,) Takxe U.

Bermepacemotpennsie npuMeps! 5.11-5.13 nokasbiBarot, 4o oOuie3sHaunMsle Gop-
MYJIBI HE TOJBKO T€ (OPMYIIbI, KOTOPbIE MOTYT OBITH MOJYYEHBI U3 TABTOJOTHIA MPOIIO-
3UIMOHAILHOM JIOTHKH.

Dopmyna Hazvieaemcsi 8bINOIHUMOIL, eClU OHA UCMUHHA XOms Ovl
8 00OHOU UHMepnpemayuy npu xoms Obl 0OHOU ee OYeHKe.

[Tpu 3agaHHON MHTEpNpPETAllMU UCTUHHOCTHOE 3HAYCHUE 3aMKHYTON (OpPMYIIBI TO-
CTOSIHHO Ha JIF000H OIICHKE, T03TOMY ISl 3aMKHYTON ()OPMYJIBI MOSKHO IIPOCTO TOBOPHUTH
O BBIIOJIHUMOCTH (POpMyIbl A B MHTEpHpETalun (p; (akT BHIMOTHUMOCTH JJISl 3aMKHY-
TBIX (POPMYII IPHHATO 0003HAYATh ( = A.



120 MaBa 5. A3bikun nepBOro nopsaka

r|p|/||v|ep BA4 o

Paccmorpum dopmymny IxA(x)vIyA(y). Dta popmysia BBIMOIHUMA, HO HE 00IIE3HA-
uypma. BeiOepure MOAXOMIIe HHTEPIPETAIUH JUTS 0KAa3aTeIbCTBA.

Dopmyner A u B nasvieatomca nozuuwecku xeueaneHmmuwviMu, eciu
@opwyna A ~ B obwesnauuma. Eciu A u B nocuuecku skeusanenms-
Hbl, mo 6ydem nucamov A = B.

@ Teopema 2. Ilycth naHbl Ipono3unoHagbHbeie popmynsl B u C ¢ me-

’w peMeHHBIMU X, X>,..., X, u A, A,,..., A, — GopMyIIBl s3bIKa TIEPBO-

%é ro nopsiika. O6o3Haunm uepes B(Ay, A,,..., A,) u C(A|, Ay,.. ., A)
dbopmyisl, morydeHHbIe moacTanoBkoi B B u C hopmyn A, A,, ..., A,
BMecTo Xj, X,..., X, coorBercTtBenHo. Toraa, ecnu B = C, o B(A,,
Ay..,A)=C(A, A, A).

Hoxazamenvcmeo. Tak xak B = C B noruke BbicKa3biBaHuid, T0 B ~ C — npomno3u-
[IMOHAITbHAS TABTOJIOTHSI, CIIEI0BATENBHO, IO Teopeme 1, dopmyna B(A, A,,..., A,) =
= C(Ay, A,,..., A,) siBisieTcst 00IIe3HaYNMOI, 4TO U TPEOOBAIOCH JI0KA3aTh.

Crenytorniee yTBEep:KJIEHHE HE CIEIYET U3 TEOPEMBI 2.

@ Teopema 3 [3, c. 39-40]. Kakue 6b1 Hu Obl1H hopMmynel A u B, cripa-
BEIUIMBBI CIIEAYIOIINE YTBEPIKICHUS O JJOTHYECKOH SKBUBAJICHTHOCTH.

60 —
1. Ecnu B He comepKuT CBOOOTHBIX BXOXK/ICHHI TIEPEMEHHO X, TO

a) Ix(A&B) = IxA&B;

0) Vx(A&B) = VxA&B;

B) Vx(AvB)=VxAvB;

r) Ix(AvB)=3xAvB.

Vx(Av B) = 3xA v 3xB.

Vx(A&B) = VxA&VxB.

-3IxA = Vx-A.

-VxA = Ix- A.

A
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6. Ecmu A(x) He comepXxuT y, TO
a) VxA(x) = VyA(y);
0) IxA(x) = PA().

@ Teopema 4. Tlycts A nipousBonbHas popmyia, a B = C. Torma
() 1) A&B=A&C; 5 A~B=A~C;
== 2))AvB=AvC: 6)-B=-C:
3) AoB=A>C; 7)3xB=3xC;
4)yB>A=CoA; 8)VxB=VxC.
Teopema 5. Tlycte A mpousBonbHas (opmyna, a B = C. Ilycte A,

nojy4yeHa u3 A 3aMeHON HEKOTOpBIX BXOKIAcHHN Gopmynasl B na C.
Torma A = A,.

B s13pIKkax mepBoro mopsijika mo onpeAeNeHHIo CYIeCTBYET MPEIUKAT PABEHCTBO «=.
[Tpuyem oOIIENPUHATO MPENONAraTh, 4YTO 3TOT MPEJUKAT 00IaJaeT CIeIyOIUM CBOM-
cTBOM'.

Ecim A —ipounsBosibHast hopMysia si3bIKa TIEPBOTO MOPSIKA, TO popMyIia:

Vx,y(x =y> (A(x) ) A(y)))

o011e3HaunMa.

JIpyruMHu CI0BaMH, CBOWCTBA PaBHBIX OOBEKTOB SKBUBAJICHTHHI. B MaremMaTnueckux
YTBEP)KJCHUAX MOXKHO 3aMEHHUTH PaBHbIE OOBEKTHI APYT Ha APYyra, U Mbl MOJIYYHM IK-
BUBAJICHTHOE paccyxjeHue. Hampumep, yTBepAeHHE, TOBOPAILEE O YUCIE «4», MBI
MOYKEM 3aMEHUTh SKBUBAJIECHTHBIM YTBEPKIACHUEM, TOBOPAIINM O BBIPAKEHUU «2 + 2».
Ho B nporpamMmMmupoBanuu He Beeraa Tak. Hanpumep, ecim nporpaMMHasi nepeMeHHast x
MMEET 3HaueHUE 4, TO HEJb3sl BCE BXOXKIEHHS X 3aMEHUTh YUCIIOM 4.

Eme onHO CBOMCTBO paBEeHCTBA:

Vx(x =x),

T. €. K&Kl 00BEKT paBeH caMoMy cele.
W3 5TuX JBYX CBOMCTB PAaBEHCTBA BBHIBOISATCS JPYTHE 3aKOHBI PABEHCTBA, HAPUMED:
Vx,y,z(x=y & y=zox=2z);
Vx, y(x =y 2y =x);
Vx,y,z(x=y &x=z2y=2z).

JlokaxkeM aisi oOpaslia MepBOe W3 ITHX PAaBEHCTB: €CIH IEPBBIH NMpeIMEeT paBeH
BTOPOMY, a BTOPOM — TpeTheMy, TO NEPBHIN NMpeIMeT paBeH TpeTheMmy. B camom xere,

1()THOIHGHI/IC PpaBCHCTBA C MEPCUNCIICHHBIMU 3J1€Ch CBOMCTBaMH HCHOJIb3YETCSA HC TOJIBKO B A3bIKAX
MEPBOIo MopsaaKa — OHO IMOBCEMECTHO BCTPEHYACTCA B MATCMATUKE.
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MYCTh MPH KOHKPETHBIX MPOM3BOJBHBIX X, Y, Z BBINOJHEHO X = y W )y = z. Toraa mo
OCHOBHOMY CBOMCTBY PaBEHCTBA B X = ¥ MOXKHO ) 3aMEHHUTb Ha z ¥ MOJIYYHM X = Z, YTO
U TpeOOBaJIOCh JOKA3aTh.

Beipazumocts

Ilycmo A(x1, X2,. .., X,) — Gpopmyna cuenamypol Q co c60600HbIMU Ne-
PEMEHHBIMU X1, X, . .., Xp, () — UHmMepnpemayus cueHamypvl Q ¢ Ho-
cumenem D, a R ecmv n-mecmuwiti npeoukam na D. Tosopsm, umo
popmyna A eviparxcaem npeouxam R ¢ unmepnpemayuu ¢, ecau R(ay,
a,..., a,) = H moeda u moavko moeda, xozda ¢ = A(a, ay,..., a,)
0J151 I0OBIX 3HAYEHUN a1, Ay, . . ., A, U3 D nepemenHvix Xy, X, . . ., X,.

IIpeouxam R naszvieaemcs @vlpazumvim 6 unmepnpemayuu §, eciu cy-
wecmeyem opmyna, e2o 8blparicarouyasl.

Mnooicecmeo B ¢ D nazvieaemcs ebipazumvlm, eciu cywecmeyem 00-
HOMecmHblll 8bipa3uMbvl npeouxam P, umo b € B moeda u moavko
moeda, koeoa P(b) = U.

Bo3bMeM CTaHIapTHYIO HHTEPIPETAIHUIO A3bIKA dIeMeHTapHOU apudmernku <{0},
{S, +, x}, {=}>. ©opmyna Hy(y =S(x+ x)) BBIP@XKAET MPEIUKAT «x — HedeTHO». Dop-
myna 3z(y = x+z) BbIpaXkaeT mpeauKar «x < y». [Ipeaukar x = 0 MOKHO BBIPA3HUTh JBYMS
pazabpiMu opMynaMu: x =0 U x +x = x.

CymiecTByIOT JI1 HEeBbIpa3uMble B N MHOKECTBA MPH CTaHJAPTHON MHTEpIpeTauu
aneMeHTapHol apudmeruku? M3 MOUTHOCTHBIX COOOpaKEHHUM CIEeNyeT, YTO CYIIECTBY-
10T. @opMyI sA3bIKa EPBOTO MOPSAJIKA JIUIIL CYETHOE uucio (maparpad 5.2), a HogMHO-
xkecTB N — koHTHHYYM. [lockonbky kaxaoe nogmMHoxecTtBo D c N onpezaenser cooTBeT-
crBytoumii pexukar P(x) = {x | x € D}, TO pa3nuYHBIX MPEIUKATOB TOXKE KOHTHHYYM;
CIIe/I0BATEIbHO, CYIIECTBYIOT U HEBBIPA3UMBbIE IPEIUKATHI.

@ Teopema 6. Tlycth D — HOCHTENIb HHTEPIIPETAIMHA SI3bIKA TIEPBOTO T10-
’ psaKa ¢ MpOU3BOJIBHON cuUrHarypou 2. MimeeM cienyromue cBoilcTBa
%é BBIPA3UMBbIX B D MHOXECTB.

1. Ecnu Ac D u Bc D, 10 AN B BBIpa3uMo.
2. Ecru A c D u Bc D, 10 AU B BBIpa3zumo.

3. Ecmu 4 c D Beipa3umo, To D\A BbIpasumo.
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Jloxazamenbcmeo. JleiicTBUTENBHO, ecau GopMyabl P 1 ( co CBOOOIHBIMU Tepe-
MEHHBIMH y U Z BBIPAXKAIOT MHOXKeCTBa 4 U B COOTBETCTBEHHO, TO (hopmyna P&, B Ko-
TOpPOU Bce CBOOOIHBIC BXOXICHUS y U z 3aMEHEHBI Ha X, BBIpaKaeT MHOXECTBO A N B.
VYTBepxkneHus 2 U 3 T0Ka3bIBAIOTCS aHAJIOTUYHO.

Jloruyeckoe cieroBaHue

JIisi TpOTIO3UIIMOHATIBHOW JIOTUKH MBI BBEJM TOHSATHE JIOTHYECKOTO CJICIOBAHMS.
[Ipucnocobum 31O ompeneneHue K UCUUCICHUIO MTPEIUKATOB.

Ilycms T — npouseonvHoe MHONCECMBO 3AMKHYMbIX (HOpMYN CUcHa-
mypot Q. Moodenvto mnooicecmea I nazvieaemcs unmepnpemayus @
cueHamypol Q, 6 xomopou ucmunuvl 6ce ¢opmyast u3 I'. Muooice-
cmeo T naszvieaemcs coemMecmHbIM (8bINOIHUMBIM), €CU OHO UMeemn
xomsi 661 OOHY MOOeb.

MHoxecTBO GopmyI {Vx, y(x =), 3z, y(P(z) & ﬁP(y))} HECOBMECTHO IIOTOMY,
9T0 Jr00ast MOJIENb B KAYECTBE HOCHTEISI UMEECT OJHOIEMEHTHOE MHOKECTBO U BTOpast
dbopmMyIia Bceraa J0XKHa.

Byoem eosopums, umo zamxnymas ¢gopmyna A cuenamypor Q nozu-
yecku ciaedyem (cemanmuuecku ciedyem uau npocmo ciedyem) uz I,
u nucamv I EA, eciu A ucmunna 6o écex moodenax muoxcecmea I
B smom cayuae Oyoem maxoice cosopums, umo A sensiemcst aozuue-
cKkum cneocmeuem yvnodxcecmea ghopmyn I

[Tycroe MHOXECTBO COBMECTHO, U €0 MOJIENbIO SBISETCS J1t00as UHTEpIpeTals,
NOATOMY & = A BBINOIHEHO TOTJIA U TOJBKO Toraa, Korna A — obmie3Haunmas popmyria.
OOBIYHO /17151 O0IIE3HAYUMBIX (OPMYIT HITYT IPOCTO = A.

@ Teopema 6. Ilyctb I' — HEKOTOPOE MHOXKECTBO 3aMKHYTBIX (DOPMYJI CHT-
’ Hatypsl Q, A u B —3amkryTBIE (hopMyIbl curHaTypsl Q. Torma

a) '=AuTl =B torna u tonbko Torna, korna I' = A&B.
6) T'u{A} E B roraa u tonsko Torma, korma I' = A > B.

B) I' £ A torma u Tonbko Torma, korma MHOxectBo I U {-A}
HECOBMECTHO.

JlokazarenbCcTBO CMOTpPUTE, HAIpUMep, B [3, ¢. 58-59].
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Mmnoowcecmeo T 3amxnymuix popmyn cuenamypor Q 6ydem Hazvieams
cemanmuyecku noanvim, eciu I' coemecmuo u 015 110601 3aMKHYMOll
@opmynvt A cuenamypuor Q evinonneno I EA unu I = - A.

ITycTh curnarypa He COAEPKUT HUKAKUX KOHCTAHT, (PyHKIIMOHAIBHBIX U MpEIUKaT-
HBIX CUMBOJIOB (PaBEHCTBO IMPHUCYTCTBYET). PaccMOTpUM OIHORJIEMEHTHOE MHOKECTBO
I' = {Vx, y(x = y)} dbopMys 3TON cUrHATYphl. ITO MHOXKECTBO CEMAaHTHYECKH IIOJIHO,
HIOCKOJIBKY BCE€ €r0 MOJENIU — OJHOAJIEMEHTHBIE MHOKECTBA, U JIt00as 3aMKHyTast Gop-
Myna 1100 UCTUHHA, JTHOO JIOKHA B 9TOH MOZAEIH.

5.5 NepeBoa ¢ eCTECTBEHHOIO A3blKka HA NOrMYECKUmn
n obpaTHO

PaCCMOTpI/IM peKOMeHJIaI_[I/II/I nu l'IpI/IMepI)I nepeBogla BI)ICKaSI)IBaHI/Iﬁ Ha pyCCKOM SA3bI-
K€ Ha A3BIK JIOTUKHU HpCI[I/IKaTOB. I/ICXOILHBIC BBICKA3bIBAHUA 60HBHJGﬁ YaCTbKO HE SBJISA-
I0TCsl MaTeMaTHuecKuMu. OOpaTHBIN MepeBo]] TAaKXKe 3acCTyKHBAET BHUMAHUS.

[Mpasuia qusa nepesoga

ECJ’II/I BBICKA3bIBAHUE HE ABJIACTCA MAaT€MaTU4Y€CKUM, TO, KaK HpaBI/IJ'IO, HET HeO6XO-
IUMOCTH ITOJTHOCTBIO Ol'[pelIeJ'ISITB cnrHaTypy S3bIKa, Ha KOTOpHﬁ MbI HepeBOJII/IM BBICKaA-
3piBanue’. [109TOMY pEeKOMEHYEeTCs PyKOBOJICTBOBATHCS CIIEMAYIOIIUMH MTPABHIIAMH.

1. Ilpu pemeHun 3agay Ha IEPEBOJ CHayasla cieayeT BbIOpaTh YHUBEPCYM, COAEp-
Kalui 00BEKTHI (CYIIHOCTH), O KOTOPBIX TOBOPUTCS B BhICKa3bIBaHWU. BrIOOp
YHHUBEpCyMa B OOJIBIIMHCTBE CIy4YacB HE SIBIISCTCS OAHO3HAYHBIM, TOTZA HAO
PYKOBOZICTBOBAaTbCsl TOTIOJIHUTEIBHO IPABUIIOM 2. B HEKOTOPBIX ciydyasx OIHUM
YHUBEPCYMOM HE OOOUTHCH.

2. OmpenensieM NpeiUKaTHbIE CUMBOJIBI Ui 0003HAUEHHsI CBOUCTB OOBEKTOB (011-
HOMECTHBIE TPEANKAThl) W/MIM OTHOIICHUH MeXay OOBEeKTaMH YHHUBEpCyMa
(yHuBepcymoB). BaxkHo, 4ToObI onpezensieMble BaMH MPEIUKATHl UMEIH CMBICT
JUIsL BCEX JIEMEHTOB YHUBepcyMma. Kpome Toro, aisi KaXaoro oJHOMECTHOTO
npearKaTa MHOXKECTBO 3HAUEHUI 3TOTO MPEANKaTa JIOHKHO ObITh COOCTBEHHBIM
HEMYCThIM MOAMHO)KECTBOM YHHUBEpCcyMa. Eciii 3TO He Tak, TO IPeIuKaT He Hy-
J)KeH, 0e3 HEr0 MOYKHO OOOHTHCE.

3. OmpenensieM ucnoiibdyemMbie TepMbl. JlJist 3TOr0, P HEOOXOIUMOCTH, BBOJIUM
(GYHKITMOHAIBHBIE CUMBOJIBI, i KOTJa PEYb UJET O KOHKPETHBIX 00beKTax (yKa-
3aHBl COOCTBEHHBIC UMEHA), TO BBOJUM KOHCTAHTHI ISl 0003HAYEHUS ITUX 00B-
€KTOB.

1TGM 0oJjiee YTO BO MHOTUX Cl1y4dasx 3TO OBLIO OBI CACJIaTh 3aTPYAHUTCIIbLHO WUJIM HEBO3MOKHO.
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4.

DeMeHTapHbIM (aTOMapHBIM) BBICKa3bIBAaHHUSIM COOTBETCTBYIOT aTOMapHbIe (op-
MyJbl 3bIKa IIEPBOTO MOPSAJKA. DTO MPAaBUIO TOBOPUT O TOM, KaKHUE€ INPEIHKa-
TBI JIOJDKHBI OBITH B Mosryyaemoit ¢popmyie. KonndecTBo HCIoab3yeMbIX Ipeiu-
KaroB, (PyHKIMOHAIBHBIX CHMBOJIOB, KOHCTAHT CJIeIyeT MHHUMH3HPOBATH', HO
U HE CJIeJlyeT BIaJaTh B APYTYI0 KPallHOCTh, KOT/Ia BBICKA3bIBAHNE MPEICTABIIA-
€TCs OJHUM MHOTOMECTHBIM MPEIUKATOM.

B snemeHTapHOM BBICKA3bIBAHMM MBI MOXKEM OOHAapy>KUTh KBAHTOPHYIO KOH-
CTPYKIIMIO, TOTZIa B COOTBETCTBYIONICH (hOpMyIie UCTIONB3YETCSI KBAHTOP.

Ecnu BbICKa3bIBaHUE SABIISETCS CIOXKHBIM, TO KOKI0M NPONO3ULIMOHAIBHON CBSA3KE
B BBICKa3bIBaHUM COOTBETCTBYET aHAJIOTMYHAS CBSI3KA B MEPEBO/IE.

B o6muiem ciryuae npu nepeBojie CoaepKaTeIbHOTO BbICKa3bIBaHUS Ha (popMab-
HBIN SA3bIK (OpMyJIa TO0JKHA OBITh 3aMKHYTOM, MHAaU€ OHA HE MMEET HCTUHHOCT-
HOTO 3HAYEHHSI U MbI HE MOXKEM MIPOBEPUTH MEPEBO/I.

Ecnu B BBICKa3bIBaHMM TOBOPUTCS O HECKOJIBKUX CBOMCTBAaX OOBEKTOB M3 YHH-
BEPCYyMa, TO KaKJI0€ CBOMCTBO OIPENENSICT COOTBETCTBYIOLIEE NMOAMHOXKECTBO
yHHUBepcyMa. Jlamee Mbl MOXKEM MPH BBIOOPE MPOMO3UIMOHAIBHBIX CBA30K py-
KOBOJICTBOBAaTbCSI COOTBETCTBUSIMHU: IIEPECEUEHUIO ITOJIMHOKECTB COOTBETCTBYET
KOHBIOHKIIMS NPEIUKATOB, 00BETUHEHUIO — AU3BIOHKIIUS, BKIIOYEHUIO MTOAMHO-
JKECTB COOTBETCTBYET UMIUIMKALUS IIPEIUKATOB.

PaccMmoTpum nocnenHee npaBuiio moapoOHee.

[Tycts U — yHuBepcyM u X| = {x e U | A(x)}, X; = {x e U | B(x)}, rae A(x)
U B(x) — HEKOTOpBIE OJHOMECTHBIC TPEAUKaThl. PACCMOTpPHM BhICKa3biBaHue Bua: «Bce
00BekThI x U3 U, oOiagaroiire cBOUCTBOM A, 00amaroT cBoicTBOM By. Ha s13b1ke MHO-
XKECTB Mbl UMeeM X C X, 4TO Mbl MOXKEM IPEACTAaBUTh Ha S3bIKE MEPBOTO MOpPSIKA
dopmymnoit Vx(A(x) > B(x)).

[Tpu npexxHuX 0003HAUEHHSAX MyCTh UMEETCs BbICKa3bIBaHUE BHIA: «ECTh 00BEKT X
n3 U, obmamaromuii cBoiictBaMu 4 1 B». Ha A3bIke MHOKECTB MBI MeeM X| N X, + &,
Y MBI ITUIIIEM Ha SI3bIKE MEPBOTO MopsiaKa Gopmysry Hx(A (x)&B(x)).

Taxum 00pa3zoM, UMeeM MPOCTHIE MPaBUIIA:

«Ecmu 4, o By — mmem Vx(A4(x) 2 B(x));
«Hexoropsie 4 ects B» — nuiiem Hx(A (x)&B(x) )

HekoTopble CBUHBH HE YMEIOT JICTATh.
VHuBepcyM: KHBOTHBIC. [Ipeaukarsr: S(x) = «x— cBUHBbY, E(X) = «x — ymeeT Je-

TaTb».

dopmyna: Hx(S (x)&-E(x) ) :

'«He crenyer cosnasath cymHocTeil GobIIe HEOGXOIMMOTO YHCIIA) — IPUHIMN «GpuTBa OKKaMay.
Oxkam YuibsiM (ok. 1285-1349 1) — anmmiickuii puocod-cxonact, JOTHK.
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Bce metu He Mr00ST NPUISKHO 3aHUMATHCS.

Vuusepcym: mronu. Ilpeaukars: B(x) = «x — pebeHok», L(x) = «x — mobur mnpu-
JIGKHO 3aHUMATHCS.

dopmya: Vx(B(x) 5 -L(x)).

«MHOr03Ta:KHbIe» KBAHTOPBI. J[0MOJHUTEIbHbIE OTPAHUYEHHUST

PaccmoTpum yTBepikaenue: «Bcee GerieHbie COOaKH CMEPTENBHO OMACHBI». 371€Ch
TOBOPHUTCS, YTO €CIIM JaHHOE€ HaM >XMBOTHOE X — co0aka, W mpuyeM OelieHas, TO X —
cMepTenbHO omnacHoe. ClenoBarelibHO, €Ciii mpearkar D(x) 03HayaeT «KMBOTHOE X —
cobakay, npeaukar M (x) O3HAYAET «KHUBOTHOE X — OEmIeHOe», a MpeauKar Z(x) — «x —
CMEPTENTbHO OMACHOE», TO (POPMANBHAS 3aMKHCh STOTO YTBEPIKIACHUS UMEET BUJL

Vx(D(x) & M(x) 2 Z(x)).

Amnanornaso YTBCPKIACHUC ((HCKOTOpI)IC CTapaTCiIbHBIC CTYACHTHI IIOJYyYarOoT CTH-
INCHAWIO» MOXHO 3aIllMCarb B BUAC

Ix(P(x) & S(x) & O(x)),

rie P(x) o3Hagaer «x — cTyaeHT»; S(x) 03HauaeT «x — cTaparenbHbliny; O(x) — «x — 1mo-
Jy4aeT CTUIICHIUION.

Wrtak, ecnu Ha 3Ha4eHHs MEPEMEHHOW HAKIAJBIBAIOTCS Cpa3y HECKOJIBKO OTpaHH-
YEHUIA, TO BCe OHU MEPEUHCIIAIOTCS Yepe3 &, a 3aTeM HaJCTPaMBacTCs OrpaHUYCHHBIH
KBAHTOP TI0 OOBIYHBIM MTPABUIIAM.

Tenepb paccMOTPHM YTBEPIKACHHE: «IIPOU3BEACHHUE IBYX YUCEN, OTPHUIIATEIHHOTO
¥ TIOJIOXKUTEIBHOTO, SBIISIETCS OTPHLATENLHBIMY. [1yCTh YHUBEPCYM COCTaBIISICT MHOXKE-
CTBO BEIIECTBCHHBIX YHCEIl, a MPEANKAThl UCIIOIb3YEeM B TPAJUIIMOHHON 3amucH: x < 0
(uucno x orpuuarenbHo), x > 0 (yucio x monoxuTenbHo). [IpousBeneHne nByX uucen
NPENCTaBUM TPAJUIIMOHHBIM TepMoM. Toria BhICKa3bIBaHUE MMEET HECKOJBKO SKBHBA-
JIEHTHBIX ()OpPM, BCe OHH JIOMyCTHMBI. BoiGepem 1Ba BapuanTa':

Vx(x <02 Vy(y>0oxxy<0)),
VxVy(x<0&y>0>ox xy<0).

XoTb 3TH J1Be (POPMBI U SKBUBAJICHTHBI, HO BTOpAsi, MOXKaTyl, HECKOJIBKO BBIPA3H-
TelbHEE M sCHEEe MOMYepKHUBAET paBHONpaBue AByX uucen. g mocnenHel Gpopmysbl
MOJKHO MCIIOJIb30BaTh COKPALLEHUE

Vx, y(x<0& y>0oxxy<0),

T. €. HECKOJIBKO OJJHOPOJIHBIX KBAaHTOPOB COEIMHSIOTCSA B OAMH. 3aMETUM, YTO B MCXOJ-
HOM BBICKA3bIBAHUHU HE MPHCYTCTBYIOT SIBHO CJIOBA («BCE», «IIOOBIE» M T.1I.), KOTOPbIE

Kakue eme BapUaHTbl BOBMOXKHBI?
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OBl yKa3pIBaJIM O HEOOXOAMMOCTH KBAaHTOpPA OOIIHOCTH, HO MBI JOJKHBI €r0 UCIOIb30-
BaTh, UCXO/ISl U3 CMBICIIA BBICKA3bIBAaHUS M YUUTHIBAs MPABHIIO 7 JJIsl IEPEBOJIA.

[lepeBon yTBEpKIEHUS «IJISI BCSIKOTO LIEJIOTO YUCHIA €CTh MEHBIIIEE 1IeJI0€» MOMKHO
3aMucaTh CICTYIONUM 00pa3oM:

Vx(xeZ>3y(yeZ & y<x)). (5.1

3aMeTuM, 4TO TO YTBEPKICHHE yA00Hee mucarh, Ha9YlHas C BHYTPEHHETO KBaHTOPa,
T. €. CHa4yaJla NIePEBECTH, UYTO O3HA4YaAeT « i1 X €CTh MEHBILIEE €0 HaTypPaJIbHOE YHUCIION,
a 3aTeM paciinpoBaTh HAYAJIO MPEAJIOKEHUSA: ISl BCSIKOTO X».

ITpu mepeBope yTBEP)KIACHUH C BIOKEHHBIMH KBAaHTOpPAMU HEOOXOAMMO TIIATEIb-
HeWM 00pa3oM clIeauTh 3a TOPSIIKOM KBAaHTOPOB M MX 00nacTeio AelicTBus. Hampu-
Mmep, eciu yTBepkaeHue (5.1), KOHEUHO ke, HCTUHHO, TO YTBEPkKACHHE

Hy(yeZ&Vx(er3y<x))

70xHO0. OHO BBIpa)KaeT yTBEPHKJIEHUE €CTECTBEHHOTO s3blKka «CyIlecTByeT HauMEHbIIee
nesoe unuciao». B camom gene, npoutem ero. YnTtarh Takke HAYMHAIOT U3HYTPHU. BHYTpH
y HaC TOBOPHUTCS, YTO BCAKOE 11e10€ uncio x 6ompiie ). A kakoe y? [loka HeonpeneneHo,
HO, TIEpeXo/isd K Hadalry (OpMYIbl, MBI BUAMM, YTO ) JIOJMKHO OBITH MPEABAPUTEIHLHO
BbIOpaHo. Ho kakoe OBl 1e10e 4Kcio y HU BBIOpaN, BHYTPEHHEE YTBEPXKACHUE OyIeT
n0xHO. Crie10BaTeNbHO, TAKOTO Y HE CYIIECTBYET.

W3 storo npumepa BHJIEH U CIIOCOO YTeHUS (OPMalIbHBIX BbIpakeHUH. Mbl Ha4uH-
HAaeM C BHYTPEHHUX KBAaHTOPOB U, MPOYUTAB YTBEPKICHHE «HAYEPHO», B HEECTECTBEH-
HBIX JUI €CTECTBEHHOTO si3bIKa (popMax THMA «IJs BCEX X, TAKUX, YTO. .., CYIIECTBYET
¥, Takoe, 4To...», CTpeMHUMcs TNepedopMynupoBaTh NOITYYEHHOE NpeasiokeHue Ooree
KpaTko U OoJiee KpacuBo, 6osee BIpa3uTeabHO. [Ipu 3TOM 10 BO3MOKHOCTH U3TOHSETCS
YIOMUHAHHUE O TE€X MEPEMEHHBIX, KOTOpbIe B (POPMaTbHOM BhIPAXKEHUU OBLIM CBS3aHBI.
YnoMuHaHHe K€ 0 TeX NePEMEHHBIX, KOTOpbIe ObLIIM CBOOOHBI, IO KOTOPHIM KBAHTOPOB
HaBeIIEHO He ObLIO, 0053aTEILHO OCTAETCA.

Hammpumep, BeipakeHue

FZ(zeR&x<z&z<Yy)

MOYKHO MpouyuTarh Kak «CyllecTByeT IeHCTBUTEIBHOE YHUCIIO Z, TAKOE, YTO X MEHBIIE Z,
a z MEHBIIIE y», U nepeopMyInpoBaTh HAYMCTO: «MeXIy X U ) eCTh JIeHCTBUTEIIbHOE
YHUCIION.

W HakoHell, pacCMOTPHUM YyTBepiKJieHue: « /s ar060ro nenoro 4ucia ectb Oonbliee
Y MEHBIIIEE €ro Lelble YUCaa». ITO YTBEP)KICHUE MOXKHO MPEICTaBUTh B BUAE (HOPMYIIBL:

Vx3y,z(xeZoyeZ &y>x & zeZ & z<x),
HO JIY4IlI€ BCETO MEPEBOI:
Vx(xeZo3y(yeZ & y>x) & 3z2(z€ Z & z<x)),

rae Ka}KJIBIﬁ KBAaHTOP OTHOCHUTCH JIMIIb K TEM YTBCPXKIACHUAM, KOTOPBIC OH CBA3LIBACT.



128 MaBa 5. A3bikun nepBOro nopsaka

e Ecnu mpemioxkeHue J0CTaTOYHO CIOXKHOE, €ro MepeBo Ha (OpPMabHBIN S3bIK
Jyu4llle BCETo MMCaTh U3HYTPH, HAYMHAS C CaMOM IVIaBHOW YacTH JAAHHOTO Mpea-
JIOKEHHUSL.

e [lopsnoK KBAaHTOPOB YAaCTO UMEET PELIAOIIECe 3HAYCHHE.
e He crecHsiiTech rHaThCS 3a BBIPA3UTEIBHOCTHIO: ATO OKYIAETCsl.

e [Ipu nepeBone Ha GOPMANIBHBIN S3BIK HYKHO 110 MEPE BO3MOXXHOCTH YMEHBIIIATh
007acTH IEHCTBUS KBAaHTOPOB, YTOOBI KaXK/IbIM U3 HUX HE BKJIIOYAJ B CBOKO 00-
JIACTh YTBEP)KJICHUS, HE TOBOPSIIIUE O CBA3BIBAEMON TIEPEMEHHOM.

o [lpu yteHun croxHoOW (opMyiabpl HauumHaiiTe M3HYTpH. Eciau 3arpyaHuUTEnbHO
cpa3y IOHATH €€ CMBICI, CHayajla MPOYUTANUTE €€ HAYEPHO, a 3aTeM HA4KCTo,
U3TOHSIS IBHOE YIIOMHUHAHUE KBAHTOPOB U CBSI3aHHBIX NIEPEMECHHBIX.

e (CBoOOAHBIEC TEpEeMEHHBIE JOJKHBI BXOJUTh B OKOHYATEIBHYIO CJIOBECHYIO (hop-
MYJIUPOBKY YTBEPKICHUMN.

EnnHCTBEHHOCTHh M HeeIHHCTBEHHOCTH

[Ipu n3noxxeHuu 3TOro MyHKTa cienyeMm [4].

VcKTrounTeIbHO BaXKHYIO POJIb B SI3bIKE MAaTEMAaTHKH WTPAcT YTBEPXKICHUE €/IWH-
CTBEHHOCTH X, YIOBJICTBOPSIOINIETO JAHHOMY YCIOBHIO A (HalpuMep, 9acTo MPUXOTUTCS
JIOKa3bIBaTh, YTO PEIICHUE 33/1a4l €HHCTBEHHO).

Ha camom zerne 00bI9HO TIO/Ipa3yMeBaeTcsi He TOJIBKO TO, YTO PEIICHUE 3aJa49H e/I1H-
CTBEHHO, HO U TO, YTO OHA MMEET peIICHHE, T.€. JOKA3bIBACTCS HE TOJBKO €IUHCTBEH-
HOCTb, & CyIICCTBOBaHHE M €AMHCTBEHHOCTh OOBEKTA, YIOBICTBOPSIONIETO CBOUCTBY A.
[Tpu akkypaTHBIX (HOPMYTUPOBKAX 3TO HEOOXOIUMO OrOBapUBATh.

ENMHCTBEHHOCTH «B YHCTOM BHJIE» BBIPAXKAETCS CIEAYIOUIMM 00pa3oM:

Vx,y (A(x) & A(y) ox =y).

3aMeTnM, 4TO yTBEPXKACHHE «X, YAOBIETBOpstoliee A, eIMHCTBEHHO», BOOOLIE TO-
BOpSI, He npeononazaem, 4mo OHO CyWecmeyent, 94To 3aaada BOOOIIe MMEEeT pelIeHHE.
Yucto popmanbHO, mpeasiaynas GopmMyna HCTHHHA U B TOM CiIy4ae, KOoTaa X, yAOBIe-
TBOpsomuX A, BooOme HeT. [ToaTomy 3Ty (hopMyny TOYHEEe YUTaTh «eCTh HE Ooliee
OJTHOTO X, yIoBieTBOpsitomiero A(x)».

A yTBEpKJIEHHE «CYIIECTBYET EMHCTBEHHOE X, Takoe, 9To A(X)» BBIpakaeTcs B hopme

IxA(x) & Vx, y(A(x) & A(y) ox =y).

Ho 310 He camas BbIpa3uTeNbHAs 3AMHCh YTBEP)KACHHUS O SANHCTBEHHOCTH. [0pasno
BbIpasuTensHee IxVy(A(y) ox =y).

Urak, To, 4TO CYLIECTBYET EAMHCTBEHHOE X, yaoBieTBopsiomiee A(x), 03Ha4aer, 4to
ycnoBue A(x) Ha caMOM JIeiie CBOIHUTCS K PABEHCTBY 9TOMY €IHHCTBEHHOMY X.
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B 3amavax, riae uuet peub 0 KOJIMYECTBE KAaKUX-TO 00BEKTOB, CIIEIyeT UCIOIb30BaTh
MPEIUKAT PaBEHCTBO.
OO6mmit coco0 MOMYYUTh YTBEP)KICHHE «CYIIECTBYET HE Oojee n TaKux X, 4TO

A(x)»:
dxq,.. ., x,,(Vy(A(y) ~XI =YV VX, :J’))-

Ho 31mece MBI He yTBepKJIaeM, 4TO ATHX Pa3IUYHBIX X POBHO 7: €CIH X U ) 000-
3Ha4YEeHbl MO-Pa3HOMY, TO 3TO OTHIOJb HE O3HAYAET, YTO OHU MPUHUMAIOT pa3IUYHbIC
3HAYCHHs: OHM MUMEIOT MPABO NMPUHUMATh pa3HbIC 3HAUYCHUsS, HO UMEIOT NPAaBO MPHUHSATH
U OJIMHAKOBEIE.

Hrak, MBI TpUXOIUM K HEOOXOAMMOCTH yMETH (popmMynupoBath paznuune. Ecim x =
=y O3HauaeT PaBeHCTBO, HEPA3TUYUMOCTh, COBIAIEHUE IPEIMETOB, TO COOTBETCTBEHHO
—-(x = y), 00ObIuHO 0GO3HA4aeMoe X # y, —HUX pasziamume. Wrak, cKas3arb, 4TO €CTh HE
MEHEe JIByX Pa3jIMYHbIX PEIICHUN 3aJjaud, OYeHb MPOCTO:

3x, y(x £y & A(x) & A(y))
Tak ke mpOCTO cKa3aTh U TO, YTO X POBHO JBa:
Ix, y(x +y & VZ(A(Z) ~NZ=XVZ =y)).
A BOT KaK 3alHChIBACTCsI, YTO PEIIeHHH He Gojee IByX:
Vx,y,z(xiy&xiz&yiz:—.(A(x) & A(y) &A(z))).

[Togo6HBIM 00pa3oM MOXKHO Hamucarb (GopMyssl U Ui OOJIBIIETO YUCIA PEIICHUH.

1. Tlycrs mpemukar P(x, y) 0603HauaeT BbICKa3bIBaTeIbHYIO Gopmy x > 0 D x = )~
MpI MOKEM CBSI3aTh IEPEMEHHbBIE X U Y KBaHTOpaMH J M V B pa3InYHBIX KOMOU-
HalUsAX U B pasnuyHOM nopsake. Ilpenmonaras, 4ro 3Hau€HUAMH MEPEMEHHBIX
ABJISIFOTCSl BEILIECTBEHHBIE YUCIIA, MBI [TOJIy4aeM BCErO 8 pa3iInW4HbIX BBICKA3bI-
BaHWiA 0 yncnax x u y (Hanpumep, IxVyP(x, y) u YxVyP(x, y)). Haiiaute uc-
TUHHOCTHOE 3HAYE€HHUE JJIS1 KayKIOr0 TaKOro BBICKA3bIBAHUSI.

2. Kak Ha s13pIKe IepBOro nopsjaka /s TEOpUM MHOXKECTB (mpumep 5.9) 3anucarb
yTrBepxaeHue 4 U B = C?

3. Crenytomiee Gu3NIECKOE YTBEPKICHHE:

«Teno osusicemcsi pagHoMeEPHO U NPAMOTUHENHO 8 MOM U MOTLKO 8 MOM Cyudae,
K020a HA He2o He 0eliCmBYIom CUNbL UIU PABHOOEUCMBYIOUAs OeUCmEYIouux Ha
meno Cui pasHa Hymo».

Ha sa3bike J10ruku BbICKa3bIBAHUI MOYKHO MPEICTABUTD TaK:
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Maga 5. A3bikn nepBoro nopsaka

[1]

[2]

[3]

[4]

A: «Teno osusicemes pasHOMEPHO U NPAMOTUHETIHON.

B: «Ha meno ne oeiicmgyrom cuivly.

C: «Pasnooeiicmeytowas 0eticmsyrouwux Ha meio Cul pasHa Hyaoy.
®opmyna: A ~ (Bv C).

Kak 3T0 3anmcarh Ha A3bIKE JIOTUKHA MTPEAUKATOB?

. HepeBeﬂnTe Ha A3BIK JIOTUKHU NPECIUKATOB BbICKA3bIBAHHUC!

Bce, umo COenano us 30;ioma, dpaeoueHHO.

. HepeBe;[HTe Ha A3BIK JIOTUKHU NPCAUKATOB BbBICKA3bIBAHHUC!

Umobvi He bbimb cobaxoil, 00CMamoyHo Obimb KOWKOU.

Konmoropos A. H. Maremaruueckas jioruka / A. H. Konmoropos, A. U. [Ipara-
ymH. — 3-e n31. — M. : KomKuwnra, 2006. — 240 c.

Cmamnunad P. Kak ke HaseiBaetTcs sra kaura? / P. Cmaiuman. — M. : W3narens-
ckuit /Tom Memepskosa, 2007. — 272 c.

Yenenckuii B. A. BBonHbIi Kypc Maremarndeckoi joruku / B. A. YeneHckui,
H. K. Bepemarusn, B. E. [Tnucko. — M. : ©USMATIINUT, 2004. — 128 c.

HeneiiBoga H. H. Ilpuknannas noruka : yue6. mocobue / H. H. HeneiiBona. —
2-e u3n., ucnp. u jpom. — Hosocubupek : M3n-Bo Hosocu6. yn-ta, 2000.—
521 c.



[NnaBa 6

AKCMOMATUYECKM METO[

.. .OMIHUPUYECKHE CHUCTEMBl YTPauyUBaIOT CBOIO
aKTyaJIbHOCTb, MaTEeMaTHYECKHE K€ — HUKOT/a.
Ux GeccmepTre — B UX «IIYCTOTEY.

Cmanucnas Jlem. Cymma mexnonoauu

6.1 lNpenBapuTternbHble NOHATUA U NPOCTbLIE NPUMEpbI

YenoBeueckoMy MBIIIICHUIO CBOMCTBEHHBI MBICIUTENbHbIE MPOILIECCHI ABYX BHUJOB:
OCO3HaHHBbIE U HEOCO3HaHHbIe. OCO3HAHHBIE PACCYKICHUS TOMYCKalOT B OOJBIINHCTBE
clly4aeB Iepejady ApyroMmy JIMIly B TUCbMEHHOM BHJI€ WU B BUJE peud. B uaeane yu-
TaTellb MOXKET MOHATh UX. becco3HarenbHbIE IPOLECCH IBHO HE OCO3HAIOTCS, HO MHOTA
UX PEe3yJbTaThl BOCIPUHUMAIOTCSI CO3HAHUEM.

Ecnu cymectByoT Gecco3HarenbHbIe TPOLECCHl MBIIIJICHHS, TO JTOJKHBI CYIIECTBO-
BaTb U HEOCO3HAHHBIE «Pa3yMHbIC MPHUHLHUIBDY, PETYIUPYIONIME 3TO MBILIUICHUE (Beab
OHO TIPUBOJUT HE TOJIBKO K OECIOpPAJOYHBIM CHOBHICHHMSAM, HO U K pa3yMHOMY pelle-
HUIO PEaJbHBIX MPOOIIEM).

To >xe camoe cIipaBeIMBO ISl MAaTEMAaTHUYE€CKOTO MBIIIUIEHUS. MBI 4acTo UMeeM Jie-
JI0 C OTIpe/IeJICHHBIM KOMIUIEKCOM Oecco3HaTeIbHbIX MPUHIUIIOB, KOTOPhIE HEOCO3HAHHO
PETyNUpYIOT HaIlU paccyxieHus. Takue Oecco3HaTeNnbHBIC peryaupyoume (hakTopsl,
BbIpaOaThIBacMble B XOJ€ MHTEHCHBHBIX YMCTBEHHBIX 3aHATHH B OIpeIeNeHHON oOua-
CTH, OOBIYHO HA3bIBAIOT UHMYUUUEH.

Ob6miee GmoorMUEcKOe pa3BUTHE JIFONEH, B3aUMOICHCTBUE B OOIIIEM BHEIIHEM MH-
pe, oOmias KyJlbTypHasi cpeia MPUBOIAT K TOMY, YTO MEXaHW3Mbl MHTYUIIUH SIBIISIOTCS
o0muMu 11 60IBIIMHCTBA JTrofei. Ho 0HOM MHTYHIIMN HE0CTAaTOuHO.

B npouecce craHoBieHUs MaTeMaTUKU UHTYUTHUBHBIE MPEJCTABICHUS YTOUHSIIUCH,
U B pe3yJibTare MOSBUIUCH CTPOTHE TMOHATUS U YTBepkIeHUs. B maremaruke crpasen-
JUBOCTb YTBEP)KJIEHUI yCTaHABIMBAETCS C MIOMOILBIO JOKA3aTeIbCTB.
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[ToHsiTHE MaTeMaTHYEeCKOro JO0Ka3aTesibCcTBA MUCTOPUYECKH MEHsIoch. B [IpeBHem
Erunre yxe npUMEHSIUCh NpaBUia ISl CIOKEHUS U YMHOXKEHUS LIEJIBIX MOJIOKUTEIb-
HBIX YHCeNT M O0OpaTHBIX MM JpoOeil. Takxke IUIsl HAXOXKIEHUS TUIOMIAJEH HEKOTOPBIX
TEOMETPUYECKH MPOCTHIX 36MEIbHBIX YYaCTKOB MPUMEHSIUCH ONpPEAEICHHBIE TTpaBUa.
Ho »Tu npaBmia Hukak He 000CHOBBIBAIHMCH. J[0Ka3aTenbCTBOM CIPaBEIJIMBOCTH 3THX
MIPaBUII CITYXKUJI caM (akT uX HAIM4YHUs, PaKT TOTO, YTO OHU OBUTH 3alHUCaHBI.

B [pesueit Muauu 1iis 1oKa3aTenbCTBa HEPEAKO MUCIIOIB30BAIMCH MATEMATHUECKUE
pucyHkH. Jl0Ka3aTeabCTBO TEOPEMBI, KOTOPYIO MBI ceiiyac HazbiBaeM Teopemoil [Iuda-
ropa, CBOIWJIOCH y uHAMKCKoro Maremaruka bxackapsr (1114-1185 rr) k pucysky 6.1
C TOSICHEHHEM B OIHO clIoBO «CMoTpu!»!.

C
b a b
cl a a e
a—>b
b a b
C

Puc. 6.1 — JlokazarenbcTtBO bxackapsl

CoBpeMeHHBIE JI0Ka3aTeNIbCTBA ONUPAIOTCS HA aKCHOMaThHdeckuit Meton’. Kak roso-
pusiock B maBe 2, yxke B «Havanax» EBKiHA HCTIOIB30BaI aKCMOMAaTUYECKUA METOT. AK-
CHOMAaTUYECKUIA METO/ — 3TO TAKOW CITOCOO MOCTPOCHHUS MaTeMaTHYECKOW TEOPHUH, MPHU
KOTOPOM B OCHOBY KJIAyTCSI OCHOBHBIC TTOJIOKEHHUSI TEOPUH, IPUHUMAEMbIe 03 ToKa3a-
TEJbCTBA, a BCE OCTAJIbHBIC BBIBOASATCS M3 HUX IPHU MOMOIIU JI0Ka3aTeabcTB. McxoaHbie
MOJIOKEHUSI HA3bIBAIOTCS AKCUOMAMU, A T€, KOTOPbIE U3 HUX BBIBOJSATCS, HEOPEMAMU.

OcTaHoBUMCS Ha JIByX OCOOECHHOCTSIX MPUMEHEHHS aKCHOMAaTHYE€CKOTO METO/Ia.

1. B «Hawanax» EBkinga akCHOMBI — 3TO OYEBUAHBIC UCTUHBI, IPUHIMaeMbIe 0e3
nokaszarenbcTBa. B XIX Beke 3TO MOHATHE CHIIBHO U3MEHUIIOCH, MOTOMY 4YTO
AKCHOMBI TIepecTaau ObITh OYEBUIHBIMU, OHH TMO-TIPEKHEMY MPUHUMAIOTCS 0e3
JTIOKa3aTeIbCTBA, HO MOTYT OBITh B TPHUHIIMIIC COBEPIICHHO MPOU3BOJBHBIMU
YTBEPXKJICHUSAMH. 3a 3TUM HEOOJIBIIIUM, Ha TIEPBBIA B3I, U3SMCHEHUEM CTOUT
JOCTaTOYHO paJiuKalibHasi cMeHa PUIOCOPCKON MO3UIMH — OTKa3 OT MPU3HAHUS
OJIHOM-€TMHCTBECHHON BO3MOKHOM MaTeMaTH4SCKOI peaﬂbHOCTI/I3.

"Mcropuku-matemaruky canTaiot, uto BXackapa BHIpakas MIIOMalb KBaIpaTa, TTOCTPOESHHOTO HA TH-
TNoTeHys3e, Kak CyMMy TLIOIIael deThipex TpeyronbHukoB (4ab/2) u nnomanu ksaapara (a — b)%. Cre-
noBatenbHo: ¢ = 4ab/2 + (a - b)?, notom ¢* = 2ab + a* - 2ab + b* u, Hakonen, ¢* = a° + b%.

2Kpome aKCHOMATHYEKOTO METOJIa MCTIONb3yeTcs Takke reHeTHdeckuii moaxon [1, c. 17-18]. B atom
cilydyae IBITAl0TCSl MOJICJIIMPOBATh MHTYHIMIO CPECTBAMHU JPYrOd TEOpHH (KOTOpas camMa MOXKET TaKxkKe
OBITh UHTYUTHBHOI).

3CM. HeeBKIMOBY reoMeTpmio (maparpad 6.4), KOHTHHYyM-THIIOTE3y M aKCHOMY BhIGopa (mapa-

rpag 6.7).
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2. JlokazarenbCTBa MPU aKCHOMAaTHUYECKOM METO/€ MOTYT ObITh HedopMaIbHBIMU
u ¢dopmanbHbIMH. [lepBoe MOHATHE — TPAJUIIMOHHOE, U OHO OBUIO €IUHCTBEH-
HBIM JIO CTAHOBJICHUSI MaTeMaTrnieckoil ioruku. Hapsay ¢ HeopmasibHbIM, €ro
MO>KHO Ha3BaTh U MCHUXOJIOTUYECKUM JT0KA3aTEILCTBOM, TOCKOJIBKY TICHXOJIOTUN
B HEM HE MEHbIIIE, YeM MaTeMaTHKH.

Heghopmanvnoe (cooeprcamenvnoe, ncuxonozuueckoe) 00Kazamen-
CH180 — 5MO paccyicoenue, Komopoe Hac yoexcoaem HACMONIbKO 8 UC-
MUHHOCMU HEKOMOPO20 BbICKA3bIBGAHUS, UMO Mbl MOMCEM NOCTE IMO20
ybeoums Opyux ¢ NOMOWbIO MO20 Hce PACCYHCOCHUSL.

[Tpumepamu HehopMaIbHBIX JOKA3aTENbCTB CIYKaT BCE JI0Ka3aTelbCcTBA, PACCMOT-
PEHHBIE 0 ATOU TJIABBHI.

Maremaruueckas JIoTWKa yTouHMia (popmanuzoBasa) MOHATHE COMAEPKATEIBLHOTO
JI0Ka3aTeNbCTBAa U BBIpabOTana MoHATHe (OPMAIBHOTO J0Ka3arenbcTBa. B ominumne ot
He(OPMaJIBHOTO aKCMOMAaTHYECKOTO MeTO/1a (POpMabHbBIM aKCHOMAaTUYECKH METOJ OT-
JMYAeTCs TEM, YTO COBEPIICHHO YETKO ONpENeNsieT 3alicaHHble B BHIE aKCHOM HC-
XOIHBIE TIOJIOKEHHS, HO W JIO3BOJICHHBIE CIIOCOOBI paccykIeHuid. TOYHO yKa3bIBaroT-
csl JIOMyCTUMBIE JIOTHYeCcKHe Tepexoabl. OTMETHM, YTO BCE 3TO OMpPEACISETCS B BUIC
CHHTAaKCHUYECKUX IMPABUJI, MOITOMY (hOpMalbHBIE TOKA3aTENbCTBA MOXHO JIEIaTh YHCTO
MEXaHW4YEeCKH, HE BHUKas B MX conepkaHue. [IpoBepsTh NMpaBUIBHOCTH (HOPMalIbHBIX
JI0Ka3aTeIbCTB MOYKHO C TIOMOIIBIO KOMIIBIOTEPA.

HedopmanbsHblie 10Ka3arenbcTBa MOXKHO 3aIUCHIBATh, UCTIONB3YsI IIOOOH €CTeCTBEH-
HBIN S3bIK, (hOpMasIbHBIE JOKA3aTeIbCTBA TPEOYIOT TOJIBKO (POPMATIBLHOTO S3bIKA.

dopManbHBIE JOKa3aTeIbCTBA SIBISIFOTCS MAaTeMaTHUYECKUMH OOBEKTaMH, CIIeI0Ba-
TEJIEHO, MOJKHO M3y4aTh MaTeMaTHUECKH (OpMabHbIC TOKA3aTeNbCTBA, YTO U JIEIACTCS
B paszjesie MareMaTHYeCKOW JIOTMKH, Ha3bIBAaEMBIM TEOpHUEH J0KazaTelabcTB. DTH (Hop-
MaJIM3alK TICUXOJOTMYECKUX JTOKA3aTeNIbCTB MOTYT OBITh pa3lIUYHBIMHM, HO BCE OHH
HNOAYUHSIOTCS HEKOTOPBIM 00MM TpeboBanusM. [Ipu paankaibHOM MpUMeHeHHH (op-
MaJIbHBIX JIOKa3aTeIbCTB MaTeMaThka CBOIUTCS K YHCTOW JIOTHKE, U3 HEe M3TOHSIOTCS
TaKWe BEIIH, KaK HHTYHUIHS, HAISAHBIC TEOMETPHYCCKIE MPEICTaBICHHUS, HIYKTHBHBIC
pacCyXJIeHHS U TaK aajee.

r|p|/||v|ep B.1 e

JlokazarenbcTBO OT npoTtuBHOTO (cM. [2]). [lycTh nano yreepxkaenue B. Hano noxa-
3aTh yTBEPKIACHUE A.
[Tpu HEedopManbHOM J0Ka3aTeNbCTBE U3 JIBYX YTBEpKIACHUN 1 1 2:

1) B;
2) W3 OTpHIAHUs YTBEPKIACHUS A CIeayeT OTPULIAaHHE YTBEPXKICHHS B — BBITEKAET
yTBEpXkACHUE 4.

ITpu popmasibHOM 10Ka3aTENbCTBE YKA3aHHOE COAEPKATEIBHOE pacCykKACHUE Hauu-
HaeTCsl ¢ 3amuc yTBepxkaeHuit 4 u B B Bune gopmyn A u B coorBercrBenHo. [locne
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9TOTO MPHUMEHSETCS TPABUIIO: €I J0Ka3zaHbl Gopmynbl B u —-A > - B, 1o cunraercs
JIOKa3aHHBIM U A.

AKCHOMaTHYECKUI METOJ MO3BOJISIET TOCTPOUTh MAaTeMATUYECKUE TEOPUH HA YETKO
BBIJICJICHHBIX MATEMaTUYECKUX YTBEPKICHUAX, U3 KOTOPBIX NPOYME MOTYUYarTCs C MO-
MOIIBIO T0Ka3arenbeTB. [lonyueHHble TakuM 00pa3oM MaTeMaTHYeCKHe TEOPUHU Ha3bIBa-
I0TCS. aKCUOMATUYECKUMM.

Co3nanne (hopMabHBIX aKCHOMAaTHYECKUX TEOPUI BO3MOXHO TOJIBKO TMPHU HCIOIb-
30BaHUU POpMANbHBIX A3BIKOG I 3alIMCH HA HUX JOKAa3bIBAEMBIX YTBEPKICHUHN U ca-
MUX JoKa3areabcTB. OOBIYHO JUIsl 3TOW LMK IIMPOKO MCIIOJIB3YIOTCS SI3bIKM TEPBOTO
NOpsAJIKA.

Ho B mo6oM ciyyae B epBYIO0 O4Yepeib 33/1aeTCsl CHHTaKCUC (OPMATIBHOTO SA3bIKA,
KOTOPBI ONMHCBHIBAET MOCTPOCHUE MPABUIBHBIX BBIPAKEHHUN (K HUM OTHOCSTCSI OOBIYHO
TepMbI, GOpPMYIIbI, JOKA3aTENbCTBRA).

Kak npaBuiio, popMaibHBIH S36IK HAIETSETCS €IIe U CEMAaHTUYECKOW CUCTEMOM, WK
JEAYKTUBHOW CUCTEMOW, WIX U TOH U IPYTOM.

Cemanmuueckaa cucmema, uiy NpoCmMoO CEMAHMUKA, KAKO2O-TUOO
A3bIKA BblOesiem cpeou 8cex (hopmyl IMo2o A3bIKaA me, Komopwvie 00b-
ABNAIOMC UCIUHHBIMU, 2080PSM MAKdiCe, YMo UM NPUNUCHIBATOMCS
snavenuss M. /[ 5mo2o o0b14HO UCNONb3Yemcs uHmepnpemayus npa-
BUTLHBIX BbIPAICEHUTL A3bIKA.

O ¢opmanbHBIX JOKa3aTeIbCTBAX MOXKHO TOBOPHTH JIMIIb TOT/A, KOT/Ia YTBEPIKIe-
HUsI, KOTOPBIE MBI JIOKa3bIBaeM, W JI0KA3aTeIbCTBA MPEICTABISIIOT COOO0 TEKCTHI, Opra-
HHU30BaHHBIE [0 COBEPUICHHO TOUYHBIM CHUHTAKCHYECKHM IpaBWIIaM, T. €. 3allMCaHHbIC Ha
(bopMaTbHOM SI3BIKE.

Jedykmuenaa cucmema Kako2o-1ubo A3bIKa GvloeNsem cpeou 6cex
Gopmyn me, komopwvie obvasAIOMCA doKkazyemvimu. ObbIYHO 0oKa3ye-
Mocmb 3a0aemcsi UHOYKMUGHO NpU NOMOWU AKCUOM U NPABUIL 8blBOOA.
Omo Oenaemcs mak. Hekomopuie ghopmynvl obvasnaomes axcuoma-
mu. Kasicooe npaguno ¢vieoda npumensemcs Kk 0OHOU UnU HECKONbKUM
Gopmynam u ykasvieaem, Kax u3z d3mux opmyin MO*CHO HOIYUUMb HO-
syto popmyny. /lokazyemvimu popmynamu Hazvl8aiomcs 6ce AKCUOMbl
u hopmynvl, Komopuvle MOHCHO NOTYUUMb U3 OOKA3YEMbIX C HOMOUBIO
npasun 6vleooa. /Jokazyemvie hopmynvl, Komopbvie He AGNAIOMCA AKCU-
OMAaMu, HA3bIBAIOMCS. MeopPeMamu.

3ameuanue 1. JlenykTuBHas cucTeMa 337aeTCs TaKUM 00pa3oM, 4To Uit popmab-
HOT'O JI0Ka3aTeJIbCTBA JIOJDKHBI CYIIECTBOBATD:
1) anropuT™m pacno3HaBaHWS, SBISIETCS JIM JaHHAs TOCIEIOBAaTEIBHOCTh (HopMyI
(opMaIbHBIM J10Ka3aTEIbCTBOM;
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2) airopuTM, KOTOPBIN MO TaHHOMY (hOpMaIbHOMY J10Ka3aTeNbCTBY HaXOIUT JAOKa-

3bIBaEMYI0 (hopMyITy.

PaccmoTpum 11Ba mpuMepa aKCMOMATHYECKOW TEOPHUM — CEPbE3HBIN M HECEphE3-
Hbli [3]. B xadecTBe Hecephe3HOTr0 MpUMEpa MOXHO B3SITh UIPY B IIAXMAaThl — HA30-
BeM 310 Teopueit Ch. ®opmynamu B Ch OyneM cuuTtarh no3uyuu (BCEBO3MOXKHBIE pac-
HOJOXKEHHUsT GUTYyp Ha IOCKE BMECTE C YKA3aHHEM «XOJ OCNBbIX» MM «XOJl YEPHBIX)).
B maxmarax ucrosnb3yercs IIaxMaTHas HOTAlMsl, KOTOpas IO3BOJSET TOYHO OIUCATh
mo0yro no3uninio. Beeaem neaykTuBHyr0 cuctemy. AkcuoMmoi Teopuu Ch €CTECTBEHHO
CUMUTATh HAYATbHYI0 NO3UKUIO, A TIPABWIAMH BBIBOJIA — HPAGUIA UZPbL, KOTOPBIE ONpe-
JIEJISIIOT, KaKMe XOJIbI JIOMYCTUMBI B KaXK10¥ mo3uiuu. [IpaBuia no3BossoT noinyyars u3
ofHUX (opMyI apyrue. B yacTHOCTH, OTIIPABIAACH OT HAIIEH €IMHCTBEHHOM aKCHOMBI,
MBI MOXKEM ToiTy4arb Teopembl Ch. O0mas xapakrepuctuka TeopeM Ch COCTOUT, oue-
BHUJTHO, B TOM, YTO 3TO — BCEBO3MOXHBIE MMO3ULINN, KOTOPHIE MOTYT MOJY4YHUThCS, €CIU
nepeaBurars GUrypsl, coonofas npaBuia. 3anuch B MIaXMATHOW HOTAIMU MAapTHU MbI
MOJKEM paccMaTpHUBaTh Kak JOKa3aTeJIbCTBO TEOPEMBI — TOH MO3ULIUH, B KOTOPOU MapTHs
OCTaHOBJICHA.

B uem BrIpaxkaetcs popmanbHOCTh Teopun Ch? Eciin HEKTO mpeziaraet HaM «Mare-
MaTHUYECKUHN TEKCT» U YTBEPHKAAET, UTO ITO — JJ0KA3ATENbCTBO Teopembl 4 B Teopun Ch,
TO SICHO, YTO P€Yb HAET O HEMPOBEPEHHOM 3allMCH IIaXMaTHOW MapTHH, 3aKOHYEHHOM
(umu oTiokeHHOM) B mo3unuu A. [IpoBepka He SBISETCS, OHAKO, IPOOIEMON: TIPaBH-
Ja urpsl c(hOpPMyTUPOBAHBI HACTOIBKO TOYHO, YTO MOXKHO COCTaBUTH MPOTPAMMY IS
KOMIIbIOTEpa, KoTOpasi OyAeT OCyIIeCTBIATh Takue npoBepku. (Eme pa3 HamoMHuM, 4TO
pedb UIET O IPOBEPKE NPABMIIBHOCTH 3alMCH IIAXMaTHOM NapTHH, a HE O MPOBEPKE TOTO,
MOKHO JIM 33JJaHHYI0 MO3HLHI0 NOJYyYHUTh, UTpasi O MpaBHJIaM, — 3Ta 3a7ada HAMHOTO
cioxHee!)

Heckonbko cepbe3nee apyroii mpumep dopmansHoi Teopuu. @opmynamMu B Teo-
pun L SIBIISIOTCS BCEBO3MOXKHBIE CTPOKH, COCTaBJICHHBIE U3 OyKB a, b, Hanpumep a, ad,
aba, abaab. JlenyKTUBHYIO CUCTEMY TEOPUHU OMpPENEITUM CIeAyromuM oopa3zoMm. EnuH-
CTBEHHOU akCMOMOM L sABIISIETCA CTPOKa a, HAKOHEIl, B L MMeeTcs JiBa MpaBuiia BEIBOJIA:

X X

— U —.
Xb aXa
Takas 3anMch 03HA4aeT, 4TO B TEOPUH L U3 CTPOKHU X HENOCPEACTBEHHO BBIBOISATCS
Xb u aXa. llpumepom TeopeMbl L siBnsieTcsi cTpoka aababb; BbIBOJ (10Ka3aTENbCTBO)
JUIsL HEe €CTh
a, ab, aaba, aabab, aababb.

AKcHOMaTHY€ECKHE TEOPUH SABJISIOTCS HE IPOCTO UIPOIl yMa, a BCETAa MPEICTaBISIIOT
co00i1 MOJIeNTh KaKOW-TO peanbHOCTH (JIM00 KOHKPETHOM, MO0 MareMaThueckoii). BHa-
yaJie MaTeMaTuK U3y4aeT PealbHOCTh, KOHCTPYUPYsI HEKOTOpOe abCTpakTHOE MPEICTaB-
JIEHUE O HEW, T. €. HEKOTOPY aKCHOMAaTHYECKYI0 TEOPHIO. 3aTEM OH JOKa3bIBAaET TEOPe-
MBI 3TOM aKCHOMaTH4ecKoi Teopuu. Bes monb3a u y1o0CTBO aKCMOMAaTHYECKUX TEOpUi
KaK pa3 M 3aKJII0Yal0TCS B X aOCTparupoBaHUM OT KOHKPETHOH peanbHOCTH. braromaps
TOMY OJHA U Ta K€ AKCMOMAaTU4eCKash TEOPHUs MOXKET CIYKUTb MOJIEIbI0O MHOI'OYHC-
JICHHBIX KOHKpETHBIX cuTyauui. HakoHen, oH BO3BpalaeTcs K MCXOAHOW TOYKE BCErO
MOCTPOCHHMS U JJAeT UHTEPIPETALUIO TEOPEM, MOIYUECHHBIX NPHU (hopMaTu3aum.
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6.2 dopmarbHble akcuomMaTu4ecKkne Teopum

I[a,Z[I/IM NpEABAPUTCIIBHBIC OIIPCACIICHUA BAXKHBIX HOHHTHﬁ, CBA3aHHBIX C aKCHOMATH-
YECKUMH TEOPUSMHU, HAJIEICHHBIMH CEMAaHTHUECKOW U AETyKTUBHOM CTPYKTypamH. JTH
ompeneneHus: OyayT yTOYHEHBI B JaJbHEHIIEM B CIIydae TEOPUH C SI3BIKAMH TIEPBOTO
NOpsAJIKA.

Onpenesenne GopmManbHON AKCHOMATHYECKON TeOpPHH

Kak npaBuiio, NOHATHE «meopus» UCHOIb3YETCs, KOTa B A3bIKE IPUCYTCTBYET Je-
nyktuBHas cucteMa. OOBIYHO OHA ONpeAETsIeTCs CIASTYIONMM 00pa3oM.

@opmanvnaa meopus T cuumaemcs onpedenenHol, ecu:

® 300aHO HeKomopoe cuyemHoe MHOdHCecmeo A cumeonos — cum-
gonos meopuu T; KOHeuHble NOCIE008AMENLHOCIU CUMBONO8
meopuu T naszwiearomcs swvipaxcenuamu meopuu T (muoowce-
cmeo svipascenuii 0bosnauaiom uepes A*);

* o
o umeemcs noomuoxcecmeo F c A svipasicenuti meopuu T, na-
3v16aemuix gropmynamu meopuu T,

® gvloeneHo Hekomopoe mHoxcecmeo B c F ¢hopmyn, nazvieae-
moix akcuomamu meopuu T,

o umeemcs koneunoe muodxcecmeo {Ry, Ry, ..., R, } omnowenuii
Medcoy hopmynamu, Ha3vieaemvlx npasunamu ewieooa. llpa-
8UNA 8bIBOOA NO3BOJIAION NOTYYAMb U3 HEKOMOPO20 KOHEYHO20
MHOXMCECmea (hopmyn Opyeoe MHONCECmB0 GopmyIL.

MHoXecTBO CUMBOJIOB A — anghasum meopuu —MoxeT ObITh KOHEYHBIM WIN Oec-
KOHEYHbIM. OOBIYHO JUIsi 00pa30BaHUs CHMBOJIOB HCIIOJIB3YIOT KOHEYHOE MHOKECTBO
OyKB, K KOTOPBIM, €CJTA HYXKHO, TIPUITUCHIBAIOT B KAUYECTBE MHICKCOB HATypaJlbHbIC YUCTIA.

MmuoxectBo Gopmyn F 0OBIYHO 3a/1aeTCsi WHAYKTUBHBIM OTpEAeliCHUEM, HaIlpH-
Mep ¢ OMOIIbI0 (OpMaTIbHOM rpaMMaTuky. Kak mpaBuiio, 3T0 MHOXKECTBO OECKOHEUHO.
MuoxectBa A 1 F' B COBOKYITHOCTH OINPEAEISIOT A3bIK (POPMAILHOU Meopuu.

MHOXeCTBO akCHOM B MOXeT ObITh KOHEUHBIM UM OeCKOHEUHBbIM. Eciu MHOXECTBO
aKCUOM OECKOHEYHO, TO, KaK IPaBUJIO, OHO 33/1a€TCs C TIOMOIIbI0O KOHEYHOTO MHOXKECTBA
CXeM aKCcuom W TIPaBHJI TIOPOXKICHHSI KOHKPETHBIX aKCHOM U3 CXeMbI akcuoM'. OObIYHO
Ut (hOpMaTbHOW TEOPHH MMEETCS AJITOPUTM, TIO3BOJISIONIMMA M0 JAHHOMY BBIPAKEHHUIO
OTIPE/IETUTD, SIBIETCA JU OHO (opMysoi. TOUHO Tak ke yallle BCEro CyIIEeCTBYET al-
TOPUTM, BBISCHSAIOIIUH, sIBISETCA M JaHHas (opmyna teopun 7T akcHOMOM; B TakoMm
cinydae T Ha3bIBaeTcs Ihhekmueno axcuomamuzupo8anHoll TEOPUEH.

'Kaxnmas akcuoMa MoJydaeTcs M3 CXeMbI 3aMeHOil TepeMeHHBIX B CXeMe, KaK MPaBMIIO0, HA MPOM3-
BOJIbHBIC (POPMYIIBL.
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BriBonuMMoOCTEL

Ilycemv Ay, Ay,. .., Ay, A— popmynor meopuu T. Ecau cywecmgyem

makoe npasuno 6vieooa R, umo <Ay, A,,...,A,, A> € R, mo eo-
gopsim, umo gopmyra A HenocpeocmeeHHO 6vleoouMa u3 Gopmyn
Ay, As,. .., A, no npasuny evisooa R. Obwviuno smom ¢gaxkm 3anucwi-

8aIOM CLEOVIOUUM 0OPAZOM:

Ay, Ao, ..., A"R,
A
20e ghopmynsl Ay, As,. .., A, Hazviealomcs nocvlakamu, a popmyna A —

3AKJ/II0YEeHUEeM.

Buieooom popmynvr A uz mmnoscecmea ¢hopmyn I ¢ meopuu T na-
3bl8aemcst maxas nociedosamenvHocmos Gopmyn Fy, F,, ..., Fy, umo
A = Fy, a mobas gopmyna F; (i < k) sensemcs aubo axcuomot, au-
oo F; € T, iubo HenocpedcmeenHo 6bl800UMA U3 paHee NOJYHUeHHbIX
dopmyn Fj,,..., F;, (ji,...,jn <i). Ecnu 6 meopuu T cywecmgyem 6uvi-
600 ¢hopmynvr A uz muoocecmea opmyn I', mo smo 3anucvieaemcs
cnedyrowum oopazom:
I =T A,

20e popmynwt uz I Haswvieaiomes cunomeszamu 6vi6o0a, a opmyna A —
ev1600umoil uz mroxcecmsa I'. Eciu meopus T noopasymesaemcs, mo
eé 0bo3HaueHue 0ObLIYHO ONYCKAOM.

Ecnu mnoocecmeo I koneuno: I = {By, By, ..., B,}, mo emecmo

{B\, Bs,..., B} - 4

nuwym By, By,..., B, + A. Eciu I ecmb nycmoe mnooxcecmeo @, mo A
HA3b18al0M meopemoil (U1 00Ka3yemoil Gopmynoi) u 6 dmom caydae
UCNONBL3YIOM COKpaweHHyIo 3anuce — A («A ecmb meopemay).

OTMeTHM, YTO B COOTHOIICHHHU {Teopembl} C {popmyibl} C {BbIpaskeHNs } BKIIOYE-
HUE MHOXECTB SIBIISIETCSI CTPOTHM.

OOGBIYHO eTyKTHBHAS CHCTEMA YAOBIETBOPSET TPeOOBAHUIM, CHOPMYITHPOBAHHEIM
B 3aMevanuu 1 (maparpad 6.1).

ITpuBeieM HECKOJIBKO MPOCTBIX CBOMCTB MOHSATHS BEIBOJUMOCTH U3 TMOCBUIOK.

1.

EcrmI'cZul' +A4, 10 2+ A.

DTO CBOMCTBO BBIpaXKaeT TOT (DAKT, YTO €Clikd A BHIBOJUMO M3 MHOXKECTBA TUIIO-
te3 I', TO OHO OcTaeTcsl BEIBOAUMBIM, €CIH MBI 100aBUM K ' HOBBIE THITOTE3EI.

I' - 4 Torna u Tonpko TOrHa, Korjaa B I' CylllecTBYeT KOHEYHOE MOAMHOXKECTBO
2, ISl KOTOPOTo 2 + A.
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YacTte «Toraa» yTBEpXKIEHUS 2 BBITEKaeT W3 yTBepkaeHus 1. YacTb «TOJIBKO
TOT@» ATOTO YTBEP)KJEHUS OUYEBMJIHA, OCKOJbKY BCAKHM BbIBOJ A u3 I mc-
MOJIB3YET JIMIIb KOHEYHOE YUCIIO TUIOTe3 U3 .

3. Ecmmu 2+ A u T + B nnsa moboro B u3 MHOkecTBa =, TO [+ A.

CMBICTT 3TOTO yTBEPKACHUS MPOCT: eclu A BBIBOAUMO M3 Z U Jro0as Gopmyna u3
2 BeIBojnMa U3 I, To A BeIBOoguMa u3 I

[TonsiTue GpopMaIbHOCTH MOKHO ONPEIEIIUTh B TEPMUHAX TEOPUHU aITOPUTMOB: TEO-
puto T MOXKHO cuuTarh (HOPMAIBHON, €CIIM MOCTPOEH anropuTM!' Ui TPOBEPKH TIpa-
BUJIBHOCTU PAcCyXJIE€HUM C TOUKH 3pEHUS NPUHUUINOB TeopuH 1. DTO 3HAUUT, YTO €CIU
HEKTO IpeUIaraeT MareMaTU4eCKUN TEKCT, SABIIAIOIIMICS, 10 €10 MHEHMIO, J10Ka3aTellb-
CTBOM HEKOTOPOW TeopeMbl B Teopun 7', TO, IPUMEHS AJITOPUTM, Mbl MOKEM MpPOBE-
PUTh, NEUCTBUTENBHO JU MPEUIOKEHHBIA TEKCT COOTBETCTBYET CTaHAApTaM IpaBUIIb-
HOCTH, NMpUHATEIM B T. TakuMm o0Opa3oMm, cTaHAapT NPAaBUIBHOCTU PACCYXACHUH JUIs
teopun T ompeeneH HACTOIBKO TOYHO, YTO MPOBEPKY €ro COOIIONCHUS MOXKHO mepe-
JlaTb KOMIIBIOTEPY (ClIeAYET MOMHUTb, YTO PEUb UIET O nposepke npasuibHOCHU TOTO-
BBIX JI0Ka3aTeNbCTB, a He 00 ux nowucke!). Eciau npoBepky npaBUIbHOCTH JOKA3aTEIbCTB
B KaKoH-TuOO TeOpuu HeNb3s MepelaTb KOMIBIOTEPY M OHa JOCTYNHA B MOJHOW Mepe
TOJIBKO YE€JIOBEKY, 3HAUUT, €Il HE BCE MIPUHLIUIIBI TEOPUU aKCHOMAaTU3UPOBaHbI (TO, YTO
MBI HE YMEEM IIepeAaTh KOMIIBIOTEPY, OCTACTCs B HALIEH UHTYULUU U «OTTYAA» PETYIIN-
pYET Hallli pacCy X ACHHUs).

HNuTepnperanus, Moae/ib
CeMaHTHUYECKYIO CUCTEMY TEOPUHU BBOAMM C IIOMOILBIO CIEAYIOIUX MOHATUH.

[TonsiTHe MHTEpHpPETAUN AKCHOMAaTHYECKOW TEOPUH OIpenesseTcsl Kak 0000meHue
MHTEPIIPETALNN S3bIKOB IIEPBOTO MOPSIIKA. ITO NO3BOJSAET BBECTH MOHITHE UCTUHHOCTH.

Crnenyromue TOHITHS €CTh MPOCTO 0000IIEHNE TOHSATHN, BBEACHHBIX JIJISI S3BIKOB
MIEPBOTO TIOPSIJIKA.

Dopmyna P nazvieaemcs 00We3HAYUMOU, eCliu OHA UCTNUHHA 8 KAJiC-
ool unmepnpemayuu meopuu (0boznavaemcs = P).

@opmyna P nazvieaemcs npomusopevuem, eciu oopmyna P noscna 6o
BCAKOL UHMepnpemayuy meopuu.

dopmanuzanus 3a1aeTcs He TOIBKO CHHTaKCHCOM M CEMaHTUKON (POPMATIBHOTO SI3bI-
Ka (3TU KOMIIOHEHTHI KakK pa3 dyalle Bcero O0epyTcs TpaJWLIUOHHBIMH M3 XOpOILIO H3-
BECTHOTO KpailHE OrpaHMYEHHOro Habopa), HO U MHOXKECTBOM YTBEPKIEHHM, KOTOpbIE
CUUTAIOTCS UCTUHHBIMU. VIMEHHO 3Ta (OpMYIHpOBKa OA3HCHBIX CBOWCTB, aKCHOM, OIH-
CBIBAIOIINX HEKOTOPYIO MPEIMETHYIO 00J1acTh, OOBIYHO paccMaTpHBaeTCsl KaKk MareMa-
TUYECKOE onucaHue 00BbEeKTOB. TakuM 00pa3oM, MPaKTUYECKH HAC MHTEPECYIOT HE BCE
MHTEPNPETALNN JAHHOW TEOPHUH, a JIMIIb T€ U3 HUX, HA KOTOPHIX BBIMOJHEHBI aKCHUOMBI.

1I_IOKEI MbI MOXKEM JTOBOJILCTBOBATHLCA HAIIMM MHTYUTUBHBIM IIOHUMAHHUEM aJITOPUTMOB. Tounoe or1ipe-
JCJICHUC MTOHATUSA aJITOpUTMAa CMOTPUTE B ITIaBC 8.
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[Ipu paccMOTpeHHU aKCHMOMAaTHYECKHX TEOpHUil B 0oOLIeM BHJE JII000€ MHOXKECTBO
3aMKHYTBIX (DOPMYII JAHHOTO SI3bIKa MOXKET OBITh IPUHSTO B KQUYECTBE CUCTEMBI aKCHOM.
[Tycts I' — mpon3BosibHOE MHOXKECTBO 3aMKHYTBIX (POpPMYIT SI3BIKA.

Unmepnpemayus nasvieaemcs mooenvto muoxcecmea gopmyn I, ec-
U 6ce hopmynbl IMO20 MHONHCECMBA UCTMUHHBL 8 OAHHOU UHmepnpe-
mayuu. Mnoowcecmeo I nazvieaemcs coemecmuvim, eciu OHO umeem
xoms Obl OOHY MOOeNb.

Ecnu B akcHOMaTHYECKON TEOPUHU BBOIAT CEMAHTHUYECKYIO U JIEAYKTUBHYIO CUCTEMY,
TO 3TO JAETAI0T TAKKMM 00pa30oM, 4TOOBI TI0Ka3yeMble (hOpMyIbl ObUIH HCTUHHBIMH. B 3TOM
cllydae TOBOPST, YTO JEAYKTUBHASI CUCTEMA KOPPEKmMHA OTHOCUTEIBHO CEMaHTHYECKON
CHCTEMBI.

o Moodenvio meopuu nazvieaemcs maxkas uHmepnpemayus, 8 Ko-
MOpOU UCMUHHbL 8Ce meopeMbl meopuu (011 9mo2o 0ocma-
MOYHO, YMoObl ObLIU UCMUHHBL 8CE AKCUOMbL MEOPUlLL).

o Q@opmyna P nazvieaemcs 102udecKum c1e0Cmeuem (cemanmu-
yeckum credcmauem) mHodxcecmea gopmyn U, eciu P gvinon-
Hsemcs 8 a06ot modenu I (obosnauaemea T E P).

o Dopmyna B sasensemcs nocuueckum cieocmeuem opmynvt A
(obo3nauenue: A = B), ecnu ¢popmyna B evinonnena 8 niodoii
unmepnpemayuy, 6 KOMopolul geinoanena gopmyna A.

o Dopuyrbt A u B nozuuecku Ikeusanenmuvl (0003HaueHUe:
A = B), ecnu onu Aensromcs 102uyeckum crieocmeuem opye2

opyea.

[Tpy nM3yueHHH aKCMOMAaTHYECKUX TEOPHH HYXKHO pas3lindyaTh TEOPEMbl aKCHOMAaTH-
YeCKOW TEOpUH M TEOpeMbl 00 aKCHOMAaTWYEeCKOW TEOpUH, WIU Memameopemvl. ITO
pasnuune He Bcerna siBHO (popMallu3yeTcsl, HO BCET/Ia SBISETCS CyIIeCTBEHHBIM.

MHOXeCTBO TEOPEM aKCHOMAaTHYECKOW TEOPHH SIBIISICTCSI TOYHO OTIPEIeIEHHBIM 00b-
eKTOM (OOBIYHO OECKOHEYHBIM), M MO3TOMY MOXKHO JIOKa3bIBaTh YTBEPXKACHUS, OTHO-
csAlTMECs KO BCEM TeopeMaM omHoBpeMeHHo. Hampumep, B Teopun Ch (maparpad 6.1)
MHOECTBO BCEX TEOPEM OKa3bIBaeTCsl, MPaB/a, KOHEYHBIM (XOTSI KOHEYHOCTh 3Ta C MpaK-
TUYECKOW TOUYKH 3peHHs Oike K OeckoHeuHocTH). JIerko JokasaTh cleayroliee yTBep-
XKJIEHUe, OTHOCsIeecs Ko 6cem TeopeMam Ch: HU B OJHOH TeopeMe Oesble HE MMEIOT
10 ¢ep3eit. B camom nene, 1ocTatouHo 3aMeTHTh, 4TO B akcuome Ch Oenble UMEIOT
OJTHOTO (pep3si U BOCEMb IEUIeK U YTO IO MpaBWIaM UTPbl OETIbIM Gep3eM MOXKET CTaTh
Tonbko Oenas memika. CienoBarenbHo, 1 + 8 < 10. Takum o0pa3zoM, Mbl HOAMETHUIIU
B CHCTEME aKCHOM U IpaBuJ BbIBoja Teopuu Ch 0COOEHHOCTH, KOTOpPBIE JIENIatoT Clpa-
BE/UTMBBIM Haile ol1iee yTBepkaeHue o teopemax Ch.

AHaJOTUYHBIE BO3MOXXHOCTH MMeeM B ciydae teopun L (maparpad 6.1). MoxHo
Jl0Ka3aTh, HapuMep, CIEyIollee YTBEp)KJIeHHE, OTHOCAIIeecs] Ko BceM TeopemaM L:
ecin X —Teopema, To aaX — Toxe Teopema (cM. mpumep 7.5 B maparpade 7.2 riabl 7).
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@opmanvras meopus T ¢ A3b1KoM nepeo2o Nopsao0Ka HA3bl8aemcsi HPo-
mueopeuusoil, eciu cywecmsyem gopmyna A, 0okazyemas emecme co
ceoum ompuyanuem -~A. Teopus nazvieaemcsi HenPOMUEOPEUUBOI, ec-
JIU OHA He ABNAeMCs NPOMUBopeyusol. B opyeou mepmunonozuu 2060-
pAm makoice, Umo meopusi CHHMAKCUYecKu (unu 0eOyKmueHo) Henpo-
mueopeuuea.

CDOpMaJIBHaSI TCOpU NpUroaHa JJisi OMMuCaHrd TEX MPEAMCTHBIX O6HaCTeﬁ, KOTOPBIC
ABJISIOTCS ee Mozensimu. CripaBeyinBa Teopema 1.

“'!@ Teopema 1. Mopens nnst opmanbHOi Teopun 7 cyliecTByeT Torna

g e

IHoHOTA, HE32ABHCHUMOCTH H PA3PelIUMOCTh
[Iyctb yHUBEpCYM M, paccMaTpuBaeMblii ¢ COOTBETCTBYIOIIEH HHTEPIIPETALUEH, SIB-
asieTcss MoJielbio (popmanbHoit Teopun T.

@opmanvras meopus T nazvieaemcs ROAHOU (OMHOCUMENBHO OAHHOU
uHmepnpemayuu), eciu Karcoomy UCMUHHOMY 8blCKA3bIBAHUIO 00 00b-
exmax M coomeemcmeyem meopema meopuu T.

Ecnu ona npeomemnoui oonacmu M cywecmeyem gpopmanvuas noauast
Henpomugopeuugasi meopusi T, mo M nazvieaemcs axcuomamusupye-
Mout (unu popmanuzyemoi).

Cucmema axcuom (Unu axkcuomMamusayusi) HeNnpomMuBopeyuUou meo-
puu T nazvieaemcs He3A8UCUMOI, eClU HUKAKASL U3 AKCUOM He 6bl-
800UMA U3 OCMATIbHBIX NO npasuiam evlieooa meopuu T.

OnHUM U3 NMEPBBIX BOIPOCOB, KOTOPbIE BO3HUKAIOT MU 3aaHuU (HOpMaIbHON Teo-
pHH, SBJISETCS BOIPOC O TOM, BO3MOXKHO JIM, paccMarpHBas Kakyro-HHUOynb (opmyiy
(dopManbHON TEOpUH, ONpPENENNTh, SABISAETCA JIM OHA JOKazyeMoW wid HeT. Jpyrumu
CJIOBaMH, Pe4b UAET O TOM, YTOOBI OMPENEINUTh, SIBJISCTCS U JaHHas GopMmyia Teope-
MOU WJIU He meopemoti N KaK 3TO T0Ka3aThb.

Dopmanvras meopus T Hazvieaemcsi pazpewtumon, eciu Cyujecmey-
em aneopumm, Komopwviii 015 1000t Gopmynisl meopuu onpeoeisiem,
A67151emcsl U Ima opmyna meopemou meopuu.

Dopmanvnas meopus T nasvieaemcsa noaypaspewsumoi, eciu cywe-
cmeyem anzopumm, KOmopwiil s 10bou opmynvl P meopuu evioaem
omeem «oa», eciu P sagnaemcs meopemoti meopuu, u 6bloaem «Hemy
unu, Modcem bvlimy, He 8blOAem HUKAKo20 omeema, eciu P ne sigisem-
cs1 meopemotl (m. e. aneopumm npuUMeHuM He KO 6ceM Qopmynam,).
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Jy1st IepBOHAYAIBHOTO 3HAKOMCTBA ¢ aKCHOMATHYEeCKUMU
TEOPHUSMHU TIO3HAKOMUMCSI C TIPOCTBIMU yUEOHBIMU TPUMEpPA-
MH, B3aThiMH U3 KHuru Jlyriaca Xodmranrepa! (puc. 6.2)
«I"énenn, Dmep, bax: ata 6eckoneynas rupiasaaa» [3].

®opmanbHas cucrema MIU

Andasur: M, I, U.

®opmyisl = {M, I, U}".

OrnpenenuM eTyKTUBHYIO CHCTEMY.

Axcuoma: MI.

[IpaBuna BbIBOAA:

1) xI — xIU (npomykuus);

Puc. 6.2 — Jlyrnac
2) Mx — Mxx (mpogykuus); Xodmraarep

3) Il - U (npaBuiio nepenuchiBaHus);

4) UU — @ (npaBuio mepenuchiBaHus, & 0003HAYaeT
MYCTYIO CTPOKY).

[Ipoxykuus — 3710 mpaBWiio, HMpUMEHsieMoe K (opMynaMm, pacCMaTPUBAEMBIM Kak
€AMHOE IIeJIoe, a MPaBUJIO MEPENUChIBAaHUS — MPABUIIO, KOTOPOE MOXKET MPUMEHSTHCS
K 7110001 noadopmyse GopmyIibl.

[IpuBenemM TUNMYHBINA BBIBOJ B 3TON TEOPHUU:

MI Axcuoma

MII ITpasuiio 2
MIIT [TpaBuio 2
MUI [IpaBuio 3
MUIU [TpaBuio 1

MUIUUIU  Tlpasuiio 2
MUIIU [IpaBuno 4
JIroOble yTBEp)KACHUS O CBOIMCTBAX ATOM TEOPHHM SBIAIOTCS MeTareopemamu. Yura-
TEeJo npeaaraercs 3aaava: «Hainure BeiBog MU WM JOKa)KUTE, YTO OH HEBO3MOKEH).
®opmanbHas cucrema PR
Andasur: {P, R, -}.
Boipaxenus — anementst {P, R, —}".
@opMyiibl — CTPOKH BUJa xPyRz, 1€ X, y U Z — CTPOKH, COCTOSIIIME TOIBKO U3 TUPE.
OmnpenenuM IeAyKTUBHYIO CUCTEMY.
Cxema akcuoMm:
XP-Rx— sBnsieTcss aKCMOMOM, KOTJa X COCTOUT TOJIbKO W3 TUpE (KaXaoe U3 JIBYyX
BXOXKJICHHUH X 3aMel[aeT OJMHAKOBOE YHUCIIO THPE).
[TpaBumno BeIBOMA (CXEeMa).
IlycTe X, y ¥ z— CTpOKH, cocTosAIME TOIBKO U3 TUpe. IlycTs xPyRz sABiseTcs Teo-
pemoii. Torna xPy—Rz— Takxke OyneT TeopeMoil.
B cucreme PR ucnosib3yroTCs TOJIBKO YIJMHSIONIME TPaBUia, T. €. KOJUYECTBO CUM-
BOJIOB B (pOpMyJi€ B pe3ysbTare MPUMEHEHHsI MTPaBHiia BHIBOJA YBEIUYMBACTCS.

! Tyrmac Po6epr Xodmraarep (pox. 1945 1.) — amepuxanckuii gpusuk u uadopmaTuk. ITomyunn Bee-
MHUPHYIO M3BECTHOCTH Omaromaps xaure «l'émens, Dmep, bax: 3Ta GeckoHEUHas THPISTHAAY», OMYyOJIHKO-
BaHHOH B 1979 rogy u B 1980 romy momyuusiueil ITynmutuepoBckyro npemuto B kateropun «Hexynoxe-
CTBEHHasl JIUTEPaTypa».
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OmnpenenuM ceMaHTUYECKYIO CTPYKTypy. BriGepem ciienyloniyro MHTEpHpeTanuio
cucteMbl PR (0AHY U3 BO3MOXHBIX).

e VYHHBEPCYM — MHOXKECTBO LIEJIBIX TOJOKHUTEIbHBIX YHCET.
e Crpoka, cocTosmIas u3 n TUPE, UHTEPIPETUPYETCS KaK YHUCIIO 7.
e P uHTepIpeTupyercs Kak CUMBOI +.

e R MHTEpIPETUPYETCS KaK CUMBOJI =.

Herpynno y6enutbes, 4TO yKa3zaHHasi HHTEPIIpETalusl Teopeme xPyRz cTaBUT B CO-
OTBETCTBUE HUCTUHHOE YTBEPKJICHUE O LIEJBIX MOJOKUTENBHBIX YHCIAX «X +) = 2» U MO-
3TOMY JITaHHAsl MHTEpPIIpETalus SABISAETCA MOJENIbIO CUCTEMBI PR.

Tenepp MBI MOXKEM HCIIONB30BaTh OOJIee MPOCTON pPa3peIlAONIMK aJrOPUTM JUIS
teopun PR: popmyna xPyRz sBIsieTcs TEOPEMO TOTia M TOJIBKO TOT/A, KOT/A X +) = Z —
UCTHUHA.

B Monenu Teopembl U HICTUHBI COBIAIAIOT — T. €. MEXKAY TeopeMaMu U pparMeHTaMH
peanbHOro MUpa CyLIECTBYET U30MOPPU3M.

I'py6Go roBops, nzoMopdusM ecTh MpeodpazoBaHUE, COXpaHsIoIIee UHPOPMAIHIO.
CrnoBo «u3oMop(hu3M» MPUMEHUMO K TeM CIydasM, KOIJa JIBE€ CIOKHBIE CTPYKTYpPbI
MOTYT OBITH OTOOPa)KEHBI O/IHA B JIPYTYI0 TaKuM 00pa3oM, 4YTO Ka)KJOW 4acTU OJHOMN
CTPYKTYpBI COOTBETCTBYET KaKasi-TO 4acTh JPYroil CTPYKTYphl («COOTBETCTBHE» 3/1€ChH
03HAYaeT, YTO ATH YaCTH BHIMOJHSIIOT B CBOUX CTPYKTYpax CXOJHbIe (YHKIIUH).

[Tpu naHHOI MHTEpHpETAUU €CTh U30MOP(PU3M MEXITy CUCTEMOM PR U clOKEeHUEM
HaTypajbHBIX YHCEIL.

®opmanbHas cucrema UR

Andasurt: {U, R, -}.

Boipaxenus — anementst {U, R, —}".

®opmynel — cTpoku Buga xUyRz, T1e x, ¥ U z — CTPOKH, COCTOSILIIUE TOJIBKO U3 TUPE.

OnpenenuM I€TyKTUBHYIO CUCTEMY.

Cxema akcuoM:

xU—-Rx siBnsieTcss akCMOMOM, KOTZa X COCTOUT TOJIBKO W3 TUpe (Kakaoe U3 JBYX
BXOXKJICHHUI X 3aMel[aeT OJMHAKOBOE YHUCIIO THPE).

[IpaBumno BeIBOMA (CXEeMa).

IlycTh X,y U z— CTpOKH, cocTosAluUe TOIbKO U3 tupe. Ilycts xUyRz sBusercs teo-
pemoii. Torna xUy—Rzx Takxe OyeT TEOpeMOi.

OmnpenenuM ceMaHTHYECKYIO CTPYKTypy. BwiOepeM cienyromniyro HMHTEpPHpPETaLUIO
cuctemsl UR.

e VHHMBEPCYM — MHO)KECTBO LIENIBIX TOJOXKHUTEIbHBIX YHCEI.
e Crpoka, cocToslIas U3 n TUPE, UHTEPIPETUPYETCS KaK YHUCIIO A.
e P uHTEepIpeTupyercs Kak CUMBOI X.

e R WHTEpIPETUPYETCS KaK CUMBOII =.

HetpynHo ybenuThces, 4To yka3zaHHasl UHTepripeTanus teopeme xUyRz cTaBUT B co-
OTBETCTBUE UCTUHHOE YTBEPKJICHUE O LIEIBIX IMOJOKUTENBHBIX YUCIIAX «X X ) = 2» U M0-
JTOMY JaHHasi UHTEPIIPETaLUs SBJISETCSA MOACIBIO cucteMsl UR.

dopmasbHas cucrema PR1

Andasur: {P, R, -}.

Boipakenust — aeMeHTsl {P, R, —}".
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®opMyibl — CTPOKH BUJA XPyRz, TA€ X,y ¥ Z — CTPOKH, COCTOSAIIME TOJIBKO U3 TUPE.
OnpenenuM IeAyKTUBHYIO CUCTEMY.
CxeMbl akCHOM:

1) xP-Rx— sBiseTcs akCHOMOM, KOTJIa X COCTOUT TOJIBKO U3 TUPE (KaXa0€e U3 JIByX
BXOXKJIEHUH X 3aMEIAeT OJUHAKOBOE YHCIIO THPE).

2) xP—-Rx siBnsieTcs akCMOMOM, KOTZa X COCTOUT TOJBKO U3 THpE (KaXa0€ U3 JBYX
BXOXKICHHM X 3aMelIaeT OJIMHAKOBOE YUCIIO THPE).

[IpaBumno BEIBOMA (CXEeMa).

IlycTh X,y ¥ z — CTPOKH, cOCTOsALIME TOIBKO U3 Tupe. Ilycts xPyRz aBisercs Teope-
moii. Torma xPy—Rz— Takxe OyleT TeopeMoi.

PaccMmoTpum pasznuunble MHTEpHIpeTannuu cuctemsl PR1.

1. BeiGepem unTepnperanuio cucteMbl PR1 Takyto xe, Kak 1 PR.

yHI/IBepcyM — MHOXKCCTBO LCJIbIX ITOJOXUTCIBHBIX YUCCII.

Crpoka, cocrodias u3 n TUpe, UHTEPIPETUPYETCS KaK YHUCIIO 7.

P wnTepnperupyerca Kak CUMBOI +.

R wnTEpnIpEeTHpYETCA KaK CUMBOII =.

VYka3aHHas MHTEpHperanus TeopemMe xPyRz CTaBUT B COOTBETCTBHE YTBEPXKICHHE
0 LIEJIBIX MOJIOXKUTENBHBIX YUCHAX «X + Y = z». HO 3T yTBEep)KIe€HU MOTYT OBITh U JIOXK-
HBIMH, IO3TOMY JaHHasi MHTEPIIPETALUs HE SABISETCA MOJENbIO cucTeMbl PR1.

2. Bropas uHTepnpeTanus cucteMbl PR1 omMyaeTcst OT MEpBON TONBKO TEM, Kak
UHTEPIPETUPYETCS CUMBOII R.

e R MHTEpIpPETUPYETCs KaK «paBHAETCA WU Oojbiie Ha 1».

VYkazaHHas UHTEpIIpeTanus TeopeMe xPyRz CTaBUT B COOTBETCTBUE UCTUHHOE YTBEP-
JKIEHUE O LEJBIX MOJIOKUTENBHBIX YUCIIAX

«x+y=z+1vx+y=2»,
Y NI03TOMY JIaHHAsl MHTEpIpeTalus sBiseTcs Moaenbto cucreMsl PR1. bosee Toro, mto-
00€ UCTHUHHOE YTBEpPXK/ICHUE

«@+y=z+1lvx+y=2»
ONMCBIBAETCS B BUJIE TeopeMbl xPyRz Teopun PR1. To ecTh Teopus ¢ TaHHON UHTEpIIpe-

TalUEN SBISAETCSA MOJTHOM.
3. B nocnenHel uHTEpNpeTalluy CUMBOJI R IOHUMAETCS CHOBA MO-APYTOMY.

e R WHTEpIPETUPYETCS KaK CUMBOII «2».

VYkazaHHas UHTEpIIpeTanus TeopeMe xPyRz CTaBUT B COOTBETCTBUE UCTUHHOE YTBEP-
JKIEHUE O LEJIBIX MOJIOKUTENBHBIX YUCIAX «X + ) > z», U MIO3TOMY JIaHHAs MHTEpIpeTa-
U SIBIsIETCS MOJENbIo cucTeMbl PR1. Ho MBI celiuac uMeeM CylleCTBEHHOE OTJIMYHE OT
NpeabIAYIENd HHTEPIPETALMH: HE BCE UCTUHHBIE YTBEPKICHUS BUAA X + ) > Z SBIISIFOTCS
teopemamu B PR1. Tak, Hanpumep, popmyina —P—R— UMeeT UCTHHHYIO MHTEPIIPETALHIO
2+1 21, Ho 3TO He Teopema.

6.3 NcumncneHune BbiCcKa3biBaHUI

MBs1 onumieM NpUMEHEHHE aKCHOMAaTHYeCKOr0 METOAA K MPOMO3UIIMOHAIBHOMN JIO-
ruke. B pesynbrare monyuum (GopManbHyI0 aKCHOMAaTHUECKYIO TEOPHUIO, Ha3bIBAEMYIO
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VCYHCIIEHUEM BbICKa3bIBaHWN. CeMaHTHYeCKas CUCTEMa B SA3BIKE MPOMO3UIIMOHAIBHON
JIOTUKH YK€ BBECHA, BBEJIEM JICIyKTUBHYIO CUCTEMY.

Hcuucnenuem 6vICKA3bIBAHUIL HA3bIBACMCS d)OpMaJZbHa}l meopusl
C AI3bIKOM J102UKU 6blCKa3blgaHuZZ, CO cxemamu aKkcuom

4) A>(B>A);
A,) (A > (B> C)) =) ((A >B)>(A> C)),‘
A3) (—nBDﬁA)D((—‘BDA)DB)

u npasuiom 8vieooa MP (modus ponens — 006biuHO nepesooumcs Kax

npasuno omoeneHusn):

A’ADBMP.

3necs A, B u C— mobbie npono3unuoHanbHeie Gopmyinsr'. TakuM 06pa3oM, MHO-
JKECTBO aKCHUOM HCYHCIICHUSA BI)ICKaSI)IBaHI/Iﬁ 6CCKOHCIIHO, XOTdA 3adaHO TpeMSI cxeMmamMu
aKcuoM. MHOXECTBO TpaBUJI BBIBO/IA TaK)Ke OECKOHEYHO, XOTS OHO 33JaHO TOJBKO O
HOI CXEeMOH.

Jnst r000it popmyier A moctpoum BeiBon hopmynel A 5 A, T.e. A > A— Teopema.
[MoxcraBnsiem B cxemy akcuoM A, BMecto B dopmyny A 5 A u Bmecto C dopmy-
ay A, moydaeM akCHOMY

(A:((A:A)DA))D((AD(ADA))D(ADA)). (6.1)
[Moxncrasnsiem B A; BMecto opmyisl B popmyny A 5 A, monydaem akcuomy
A>((AoA)oA). (6.2)
N3 popmyn (6.1) u (6.2) no npasury MP nonydaem
(A>(A>A))>(AsA). (6.3)
[Toncrasnsiem B A; BMecTo opmyinsl B popmyny A, momydaem akcHoMy
A>(ASA). (6.4)

U3 dopmyn (6.3) u (6.4) no npasury MP nonydaem A o A.

! JTo xoHma 3Toro maparpaga o cioBoM «QopMysia» Mbl GyieM TOHHMATh TOJILKO MPONO3HIIMOHAb-
HBIE QOPMYIIEL.
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@ Teopema 2. Ilycts I — mponsBonbHOE MHOXkecCTBO runore3. Eciu I' +

w FA>Bul'+A, tol + B.
O AT

Hoxazamenvcmeo. Ilycts Ay, A,,. .., A, —BbiBoa hopmyisl A u3 I, rne A, coBnaaa-
et ¢ A. Ilycte By, B,, ..., B,,—BbiBox dopmynst A > Bus I, rne B, coBmagaer ¢ A > B.
Torna Ay, A,,..., A, By, B,,. .., B,, B—BbiBox dopmynel B u3 I'. [ocnenusist popmyna
B 9TOM BBIBOJIE MTOJyYeHA MpUMeHeHrneM npaBuiaa MP x dopmyrnam A, u B,,.

B ncuncnennn BeICKa3bIBaHUI UMILUIMKAIUS OY4EHDb TECHO CBS3aHA C BEIBOJUMOCTEIO.

7\ @ Teopema 3 (o deoykyuu, Opopan)'. Tlycts I' — MHOKECTBO (opMmy:I.
(D6
M Nmeem I' U {A} + B, Torma u Tonmbko Torna, koraa '+~ A o B.

%é .................................................................

Cneocmeue:

1. AoB,BoC+A>C.

2. Ao(B>C),B+-A>C.

Hoxazamenvcmeo 1.

(a) A > B runore3a.

(b) B> C rumore3a.

(¢c) A rumore3a.

(d) B npumenss MP u3 (a) u (c).

(e) C mpumensis MP u3 (b) u (d).

Takum o6pasom, A > B, B> C, A+ C. U o teopeme neaykmuu, A > (B > C),
B-A>C.

Jlokazamenvcmeo 2.

(a) A> (B> C) rumoresa.

(b) B runoresa.

(¢c) A rumore3a.

(d) B> C npumenss MP w3 (a) u (c).

(e) C mpumensis MP u3 (b) u (d).

Takum o6pazom, A > (B> C), B, A+ C. ! no teopeme aenykuuu, A > (B > C),
B-A>C.

[Tpumep ucmonb30BaHMs TEOPEMBI O IEAYKIMH cM. B maparpade 7.3 miaBsl 7.

HOJ]HOTa, PA3PEIIUMOCTD 1 HENMMPOTUBOPECYUBOCTHL HCHYUCIICHUSA BBICKA3LIBAHUM

B ncuncnenun BrICKa3bIBaHUHM y HAC €CTh JIBa MMOHATHUS, Kacarouuecs: GopMyll: Teo-
peMa U TaBTOJOTHsA. AKCHOMBI M IPABWIIO BBIBOJIA IPUIyMaHbl TaK, YTO 3TH JIBa MOHATHSA
COBIAJAIOT.

Kak Dp6pan (1908-1931 rr.) — hpaHIy3CKHi MaTeMaTHK U JIOTHK.
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Hama nenb — noka3zats, uTo (hopMyra UCUUCIICHUST BHICKA3bIBAHUN SIBIISIETCS TaBTO-
JIOTHEN TOrJa W TOJBKO TOTJa, KOrjla OHa €CTh Teopema. B oqHy CTOpOHY 3TO cOBCeM
POCTO.

@ Teopema 4.

%’é 1. JIro0Oast akcHOMa B MICUMCIICHUM BBICKAa3bIBAHUI SBJISICTCS TaBTOJIOTUCH.

2. JIrobast TeopeMa B UCUHCIICHUN BBICKA3bIBAaHHI SIBJISIETCSI TABTOJIOTHCH.

Jlokazamenvcmeo. To, uTo Kaxkmas akcuoma A;—A; SIBISIETCS TaBTOJIOTHEH, JIETKO
MIPOBEPHUTH C MIOMOIIBIO TAOIUI] UCTUHHOCTH. JIJIs TOKa3aTenbCcTBa M. 2 TEOPEMBI 10CTa-
TOYHO J0Ka3aTh, YTO MpaBuiio MP, IpUMEHEHHOE K TaBTOJIOTUSIM, IPUBOJUT K TABTOJIO-
THSM.

JlefcTBUTEIBHO, IMYCTh MPHU MPOU3BOJIILHOM pacpeeICHUN UCTHUHHOCTHBIX 3HAYe-
Huit popmynet A u A o B sBisitorcst Tapronorusimu. Torna ¢gopmymna A UCTHHHA H, TIO
cBOiicTBaM UMILIHKaIMHU, B uctuaHo. CiieqoBarensno, B — taBronorus. JlokasareancTsa
00paTHOTO YTBEPXkKACHUS CMOTpUTE B [4].

@ Teopema 5 ([locma', 1921 2.). ®opmyna A B HCUUCIEHUH BBICKA3bIBa-
HUH SIBJIICTCS TEOPEMOM TOT/a M TOJIBKO TOT/Ia, KOria A — TaBTOJIOTHS.

LSRR TEOpNOI TOTI N TOIKO T, 0138 A abTonoT.

Wureprnperamnus GopMyn UCUUCICHHUS BBICKA3bIBAaHHIA MPOCTa — 00IACTh WHTEPIIpe-
TalMU COCTOUT U3 JABYX 3HAUCHHUM «MCTUHA» U «JIOXKb»; MO3TOMY IPONO3ULIMOHAIIbHAS
nepeMeHHasl MPUHUMAaeT Tosibko 3HaueHuss U u JI u uHTepnperanus cocTaBHOU ¢op-
MyJIbl BBIYUCIISIETCS TIO M3BECTHBIM 3aKOHAM C TOMOILBIO JIOTHUYECKUX Olepauuii Haj
MCTUHHOCTHBIMH 3HaueHUsMH. [lockonbKy sr00ast ¢hopmyna CONepKUT TOJIBKO KOHEU-
HOE YHCIIO TPOMO3UITMOHANBHBIX TEPEMEHHBIX, TO (hopmyrna o0agaeT TOIBKO KOHEU-
HBIM YHUCJIOM pa3IM4YHbIX UHTeprnpeTaruil. CieqoBareabHO, UCUUCICHUE BhICKa3bIBAaHUI
SBJISIETCS, OYEBUIHO, Pa3pelIuMoi popMaIbHOI Teopueil.

Jlerko yOGemuThCs, YTO MCUMCICHUE BBICKA3bIBAHUHN SBISETCS HETPOTHUBOPECUMBOM
Teopuei. [[elicTBUTENBHO, BCE TEOPEMbI HCUMUCICHUS BHICKA3bIBAHUI CYyTh TaBTOJIOTHH.
CrnenoBarenbHO, HUKaKasi ONpoBepKuUMasi GopMysia He MOXKET OBITh JOKa3aHa.

JApyrue akcuoMaTu3auMu MCYUCICHUS BbICKA3bIBAHUM

Teopus, onpenesieHHas Il MPONO3ULIMOHAIIBHOM JIOTUKH, HE SIBJISIETCSA €IUHCTBEH-
HO BO3MOKHOU aKCHOMAaTH3allMeld MCUMCICHHUS BBICKa3bIBaHWM. E€ oCHOBHOE HOCTOMH-
CTBO — JIJAKOHUYHOCTh TIPU COXPAHEHUM OMNPEACICHHON HarsAHOCTU. J|eCTBUTENBHO,
B TEOPUHU BCETO JIBE CBA3KH, TPU CXEMbI AKCMOM M OJIHO NpaBuji0. M3BECTHBI U MHOTHE
JIpYrue akCHOMaTU3alluy UCYUCIIEHUS BBICKA3bIBaHUM, PEIJIOKEHHbBIE PA3TUYHBIMU aB-
topamu [4, c. 48-51]. B kaccuueckot J0oruke Bce akCuoMaTu3alui IPUBOJST K OTHOMY
MHOYECTBY BBIBOIUMBIX (DOPMYIL.

Hampumep, octaBuB MP kak eTUHCTBEHHOE TIPABWIIO BBIBOJIA, MOYKHO OOBSIBUTH CXE-
MaMHU aKCHOM CJIeTyIoIIue (HopMyIIbl:

"Smus Jleon IMoct (1897-1954 IT.) — aMepUKAHCKHi MATEMATHK U JIOTHK.
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e A>(BoA);

° (AD(BDC))D((ADB)D(ADC));
e A& BoA;

e A& B>oB,

e Ab(B>A&B);

e ADAVBE;

e BoAVBEB;

. (ADC)D((BDC)D(AVBDC));
e -A>(A>B);

e (A>B)>((A>-B)2-A);

e AVv-A.

IMocnenusas akcuoma A v — A, Ha3pIBaeMas «3AKOHOM UCKIIOUYEHHO20 mpembezoy
M MHOTJIa YhuTacMasl KaK «TPEThEro HE JaHO» (tertium non datur B TaTHHCKOM OpHUIrHHa-
Jie), BbI3BaJia B TIepBOH mooBrUHE XX Beka OOJBIIOE KOJTHYECTBO CIIOPOB.

6.4 AKcnomarmsauma reomeTpmn

«Hauana» EBknmupma He OBUTM JOCTAaTOYHO IOCIEAOBATEIbHBIMU C TOYKH 3pPEHHUS
BOIUIOIICHUS Jake HEe(POpPManIbHOIO aKCMOMAaTHYECKOro MeTona. Tpakrar HauWHaeTcs
C ONPENEIICHUN TaKUX T€OMETPUUECKUX MOHATHH, KAK «TOYKa», «IPSIMas, «IUIOCKOCTb)»
u n1p. Ho 310 BCe He ompeneneHus, a MOsSCHEHUs NOHATHH. [Ipm cOBpeMeHHOM H3I10-
JKEHUU TE€OMETPHUM JlaHHbIE MOHATHUS He ompenenstorcs. EBknmmuna gaer 19 akxcuom [5],
KOTOPBIM YJIOBJIETBOPSIIOT TOUKH, IPSIMBIEC U TUIOCKOCTH, HO ATUX AKCMOM HEIOCTAaTOYHO.
OH MHOIZa ONMpaeTcsl Ha YTBEP)KIEHUs, HE BXOAIINE B CIIMCOK akcuoM. MHorue pac-
cyxJeHus EBkiamnaa anennupoBaiy K 3puTenbHoN nHTYHIMd. Ho Tem He MeHee cienyer
OTJIaTh JOJKHOE JIPEBHETPEYECKUM MaTeMaTWKaM, U B YaCTHOCTU EBKiuay, 4Tto BHep-
Bble OoJiee ABYX ThICSU JIET Ha3aj Oblla MOCTABJIEHA 3a/1a4a JIOTHYECKOro 000CHOBaHMS
MaTeMaTHKH U B OOJbIIEH YacTH yIOBIETBOPUTEIHHO PELICHA.

N3noxenne reomerpun, ocHoBaHHOe Ha «Haudamax» EBknmzaa, mocreneHHo yiyd-
I1aJI0Ch YCHJIUSIMH MHOTHX MaTeMaTHUKoB. bbuin 100aBieHbl OTCYTCTBYIOIINE AaKCHOMBI,
U HEKOTOpbIE aKCMOMBI cTaiau TeopeMaMu. O4eHb MHOTO yCHJIMH OBLIO MOTpayeHo Ma-
TEMAaTUKaMHM Ha OCBOOOXKJEHME reomMeTpuu EBKINMIA OT €ro axkcuomsl o napanens-
Heix npameix. Yactb akcuoM EBKiIMI Ha3bIBaN nocmynamamu — OHU ObUTH CBS3aHBI
C KaKMMHU-TO T€OMETPHUECKUMH MOCTPOCHUSAMH U aKCMOMa O HapaljieNbHBIX Oonee u3-
BECTHA Kak NATHIN moctynar EBknuna. B coBpemenHOM U Oojiee mMpOCTOM, HO Marema-
TUYECKH PaBHOCHIILHOM, BHJI€ aKCHOMA O MApaJUIEIbHOCTHU ITIACHUT:

«B nrockocmu uepez mouky, He 1eHCaAuwyr0 Ha OAHHOU NPAMOU, MONMCHO NPOBECmU
O0HY U MOJILKO 0OHY NPAMYIO, NAPANLETbHYI0 OAHHOLLY.

3a 71Ba ThIcAYENeTHsI ObUIO MPEATI0KEHO MHOIO J0Ka3aTelbCTB 3TOW aKCHOMBI, HO
B K@XIOM U3 HUX PaHO WUJIM MO3HO OOHAPYKUBAJICS MMOPOUHBIM KPYT: OKa3bIBAIOCH, YTO
Cpely SIBHBIX WJIHM HESBHBIX IOCBUIOK COAECPKUTCA YTBEPKIACHUE, KOTOPOE HE yHAETCs
JI0Ka3aTh 0€3 MCIIOIB30BAHUS TOTO XK€ MSTOro MOCTYara.



148 MaBa 6. AKcMomaTuyeckun meton

I'my6okoe uccienoBaHre aKCHOMBI O MapaljieIbHbIX, OCHOBAHHOE Ha COBEPILIEHHO
OpUTMHAJIBHOM IIpUHLUIE, NpoBEN B 1733 romy UTambSIHCKUN MOHAaX-HE3YHWT, IIPEMNO-
nasarens marematuku Jlxuponamo Cakkepu. OH omyOnuKoBaj TpyH MO Ha3BaHUEM
«EBKINJ, OYMILIEHHBIA OT BCEX MATEH, WM K€ TeOMETpHUYEecKas MOIBITKA YCTaHOBUTH
camble TiepBble Hayana Bcel reomeTpum». Maes Cakkepu cocTosyia B TOM, YTOOBI 3ame-
HUTH TATHINA MOCTYJIAT MPOTUBOMOJIOXKHBIM YTBEPKACHUEM («Uepe3 TOUKY, B3STYIO BHE
JTAHHOM TIPSIMOM, MOXKHO MPOBECTH Oo0Jiee OHOM MPSIMOii, MapasuIeabHOM TaHHOI), BBI-
BECTH U3 HOBOW CHCTEMbI aKCHOM KaK MOXXHO OOJIbILIE CIEICTBHA, TEM CaMbIM IOCTPO-
UB «JIOXHYIO T€OMETPHUIO», U HAWTU B 3TOM I'€OMETPUU MPOTUBOPEUHS WIIM 3aBEAOMO
HemnpueMiIeMble MoyiokeHus. Torna crpaBelIMBOCTh aKCHOMBI O HapajulebHBIX OyaeT
JI0Ka3aHa oT NpoTuBHOIO [6]. Ho eMy He ynanoch moy4uTh IPOTUBOPEYHE.

B nepsoii nonosune XIX Beka 1O IyTH, IPOJIOKEH-
HoMy Caxkepu, nouutu Kapin "aycc, BeHrepckuili Marema-
TUK SlHOm boitsu u poccuiickuit Maremaruk Hukouai Jlo-
OaueBckuii (puc. 6.3). Ho nenp y HUX Oblia yxe WHAs —
He pa3001aYuTh HEEBKJIUOBY F€OMETPUIO KaK HEBO3MOMXK-
HYI0, a, HA00OPOT, MOCTPOUTH AIBTEPHATHUBHYIO T'€OMET-
PHUIO M BBIICHUTH €€ BO3MOYKHYIO pOJIb B PEaJIbHOM MHU-
pe. Ha TOT MOMEHT 3T0 OblUIa COBEPIIEHHO epeTHYecKast
uzes; HUKTO W3 y4€HBIX paHee He COMHeBascs, 4To (u-
3UYECKOe MPOCTPAHCTBO E€BKIUAOBO. l'aycc He peruics
oIyOJIMKOBaTh paboOTy Ha 3Ty TEMY, HO €r0 YepHOBBIE 3a-
METKH M HECKOJIBKO MHCEM IOATBEPKIAIOT IITyOoKoe Io-
HUMaHHE HEEBKJIMJIOBOW I€OMETPHH.

JloGaueBckuit u boilsin mposBUIM OOJBIIYIO CMe-
J0CTh, ueM ['aycc, u moutn ogHoBpeMeHHo (JIobaueBckuii — B gokane 1826 roga u myo6-
nukanuu 1829 rona; boiisiu — B muceme 1831 roga u myonukamuu 1832 rona), He3aBUCH-
MO JpYT OT JIpyTa, OMyOJUKOBAIN U3JI0KEHHE TOTO, YTO cedac Ha3bIBAETCsl TeOMETpUEH
Jlo6aueBckoro. JlIoGaueBCKHii IPOJBUHYJICS B UCCIEIOBAHUN HOBOM r€OMETPHHU Jajblie
BCEX, U OHA B HACTOSIIIUNA MOMEHT HOCHUT €TO MMS.

[IpuBenem mpuMepsl TEOpEM, KOTOpble UMEIOT MecTo B reomerpun JlobGaueBckoro.
[Tpexxae Bcero 3aMeTuM, YTO BCE TEOPEMBI, JOKa3bIBaeMble 0€3 UCTIOIb30BAHUS AKCHOMBI
napansenbHOCTH, COXPaHAIOTC U B reomerpun Jlobauesckoro. Hampumep, BepTUKaib-
HBI€ YIJIbl KOHTPYSHTHBI (pPaBHBI), YIJIBI IPU OCHOBAaHMM PAaBHOOEIPEHHOTO TPEYTOIbHU-
Ka KOHTPYSHTHBI; U3 JaHHOM TOYKU MO>KHO OIIYCTUTh Ha JTAHHYIO NPSIMYIO TOJIBKO OJUH
neprneHAuKymsp. Teopembl ke eBKIMI0BOW I'€OMETpPUH, MPHU J0Ka3aTeNbCTBE KOTOPOil
NPUMEHSETCS aKcHoMa IMapalljieIbHOCTH, B TeoMeTpuu JIo0aueBCKoro BUIOM3MEHSIOT-
cs. Hammpumep, Teopema 0 cyMMe yIJIOB TPEYTOJIbHUKA: CYMMA GENUUUH VeN08 NI0D020
Mpey2orbHUKa MeHbule .

Pasnocts & = - (24 + «¢B + «C) HaswiBaercs aedexrom tpeyronbauka ABC.
JloGaueBckuil 10Ka3aji, 4YTO B €r0 T€OMETPHH IUIOUIa/lb TPEYTroJbHUKA MPOMOPLHOHAIb-
Ha aedekry, S = k - 0, rae KOdpPUIMEHT k 3aBUCHT OT BHIOOpA €IUMHUIIBI U3MEPEHHUS
IUIOIAIEN.

WutepecHo, 4ro B reoMeTpuu JIo6aueBCKOrO CyLIECTBYIOT TPU NpPsIMbIE, MOMAPHO
napajulelbHble IpYT APYTYy B pa3iMuYHBIX HalpaBieHUsX (puc. 6.4).

Puc. 6.3 — Huxomat
JloOaueBckuit
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Puc. 6.4 — TpeyronbHUK U3 NMapajIeIbHbIX MPSAMBIX

VY TpeyronpHHKa, 00pa30BAaHHOTO ATUMHU NPSMBIMHU, BEPIIMHBI KaK Obl HaXOIATCA
B OECKOHEUHOCTH, MpUUYEM Mepa Kaxaoro yria pasHa 0. Otciona cieayert, 4to JAedext
3TOTO «TPEYrOJIbHHUKA» PABEH U U, CJIEIOBATENIbHO, 3TOT OECKOHEUHBIM «TPEyTroJIbHUK»
MMeeT KOHEYHYIO IUIOIIAb.

I'maBHas 3aciyra JloGaueBCkoro B TOM, YTO OH MOBEPUJ B HOBYIO T€OMETPUIO U UMEI
MY>KECTBO OTCTauBaTh CBOE yOeKIEHHE.

ITpu sToM JloGaueBckuii neCTBOBAN «CHHTAKCUYECKH», MAHUIYJIHUPYS C aKCHOMa-
MU 4YHCTO (opMasIbHO, 0€3 Kakoro Obl TO HU OBLIO BU3YaJbHOTO COIMPOBOXKIEHUS, MO0
HUKTO B T€ BpEeMeHa He MOr cebe MpeACTaBUTh, KaK HEEBKIUIOBY T'€OMETPUI0 MOXKHO
peann3oBarh.

Jloka3aTh HENPOTUBOPEUYUBOCTH HOBOW reomerpun HH JloOGaueBckmii, HU bolisiu He
CyMeJH — TOTla MaTeMaTrKa emé He pacrosiaraja HeoOX0JUMBIMU JIJIsl TOTO Cpe/ICTBa-
Mmu. Tonbko crycts 40 net nosiBuinch monens Penukca Kielina u mogens Ilyankape,
peanu3yrolre akCHoMaTKy reometpun JlobaueBckoro Ha 6a3e eBKINI0BON T€OMETPHH.
B monenn Knelina (puc. 6.5) mI0CKOCTb — BHYTPEHHOCTb Kpyra k, IpsMbIE — XOPbI.
Yepes Touky P npoXoauT LEIbI My4YOK XOp/, HE MepeceKarouuX MpsMylo d.

i)

—

Puc. 6.5 — Moxenb Kieitna

Takum o0pazom, reomerpust JIoGadeBCKOro HEMPOTUBOPEUHBA, €CIIM HEMPOTUBOpPE-
YHBa €BKJIUI0BA TCOMETPHS.

IlepBast nmocnenoBarenpHas U IOJIHAS aKCHOMATHYECKas TEOpUsS JUIsl €BKIMIOBOU
reoMeTpun Obuta co3mana Jlasugom ['minsbepTom B camom koHie XIX Beka, mocie Toro
kak Mopui [Tam u T'uns6ept oOHapy) uiu Bce yTBepxaeHus, kotopbie EBkiing He cdop-
MYJUPOBAJ B BUJI€ AKCUOM, HO MCIOJIb30BAJl IIPU J10KA3aTeIbCTBAX [7].

Hanum mipencraBienne 06 akcmomaruke ['miapbepra B HepopmamsHOoM Buje. [lon-
HOE€ OMMCAHHE aKCHOM M MOHITHHA W MPUMEPHI 10Ka3aTeNIbCTB T€OMETPUUECKUX TEOPEM
cMoTpuTe B [S5]. BocemMb MOHATHI CUUTAIOTCS HEOMPECICHHBIMU: «TOUKa», IpsMasy,
«IJIOCKOCTBY», OTHOIICHHE «TOUKA JIEKUT HA MPSIMOW», OTHOLIEHHE «TOUYKA JIEKUT Ha



150 MaBa 6. AKcMomaTuyeckun meton

IJIOCKOCTH», OTHOIIEHNE «TOYKA B JIEKUT MEXKIy ToukaMu A U C», OTHOLIEHUE PaBEH-
CTBa JJIs YIVIOB, OTHOLIEHUE PAaBEHCTBA I OTpe3KoB. Ha 0CHOBE MCXOAHBIX HEOIpee-
JSIEMBIX TOHATUI OINPENEISAIOTCS HOBBIE TOHATHUS IIEPECEKaThCs» (O MPSAMBIX U ILIOC-
KOCTSIX ), «JIKATh Ha», «IIPUHAJICKATEY, KIIPOXOIUTH Yepe3» (0 MPSAMOM U MIOCKOCTH)
U T.1I

AKCHOMBI JIENTCS HAa NATh FPYIIL.

AKcuombl cBsi3H (8 akcnom)

AKCHOMBI CBSI3H, WJIH AKCUOMBI ITPUHAIIEKHOCTH, TOBOPAT O TOM, B KAKUX OTHOLIE-
HUSIX TOYKH, IPSMBIE U TUIOCKOCTH MOTYT HaXOAMUThCS APYT ¢ aApyroM. [Ipu unaTepnpera-
IIUM 3TUX aKCUOM Ha €CTECTBEHHOM S3bIKE MbI OOBIYHO MCIIONIB3YEM BBIPAXKEHUS «TOUYKA
JICKUT Ha IUIOCKOCTW, «IIPsIMasl IIPOXOIUT Yepes3 JABE JaHHBbIE TOYKU» U T.II.

IIpumep akcHOMBI U3 3TOM I'PYIIIIBL:

Ecnu 0se pasznuunvie mouxu nexcam Ha HeKOMoOpou Npamol U Ha HeKOMopou Nioc-
KOCMU, Mo 6CAKASA MOYKA, 1eAcawas Ha 2Mou NPAMOU, JeHCUm U Ha Mo nI0CKOCIU.

AxcuoMbl nopsiaka (6 akcuom)

AKCHOMBI MOpSI/IKa ONUCHIBAIOT PACIOIOKEHUE TOYEK MPSAMON HAa OCHOBE OTHOLIE-
HUSL «MEXKITY».

B kadyectBe mpumepa akCHOMBI M3 3TOHM Tpymmsl npuBeneM akcuomy llama (Mo-
pun ITam otkpeun 3Ty akcuomy B 1882 1.). Ota akcnoma B He(hOpMaIbHOM H3JI0KEHUU
TaKOBa:

IIpsimas, pacnonodicennas 6 NAOCKOCMU MPEY2ONbHUKA U NepeceKkarowds 0OHy u3
CMOPOH IM0O20 MpPey2oNbHUKA, 0053amenbHO nepecekaem u KaKyio-mo opy2yio CHopoHy.

AKCHOMBI KOHTPY3HTHOCTH (6 akcuom)

B »Tux akcmomax ornpenensercs paBeHCTBO OTPE3KOB, YIIIOB, TPEYTOJIBHUKOB.

Ho npeaBapuTenbHO 3T HOBBIE IOHSATHS JOJKHBI OBITH ONPEIENIeHbl Yepe3 Heompe-
JIEJISIEMBIE U YK€ BBEJICHHBIC ITOHATUS.

[Ipumep akcHOMBI:

Beaxuii yeon pasen camomy cebe.

AKCHOMBI HENIPEPHIBHOCTH (2 aKCHOMBI)

[IpuBenem BonbHbIE HOPMYTUPOBKH 3THUX JABYX aKCHOM.

Axcroma Apxumena yTBEp>KJIaeT, uTo, [Iaras o npsiMold paBHOMEPHBIMHU IlIaramu,
MOKHO PaHO WJIM MO3HO MepelarHyTh yepe3 J0yo TOUKY Ha ATON MPsIMOM.

Axcuoma Kanropa yTBepxnaet, 4yTo Ajs JII0OOH MOCIeI0BaTeNbHOCTH BIOKEHHBIX
JpyT B IpyTa OTPE3KOB HAMAETCs TOUKA, JIeXkKallasi BHYTPU KaKI0r0 U3 ITUX OTPE3KOB.

[TocnenHss rpymnma COCTOUT U3 OJHOM aKCHOMBI.

AKcHOMA 0 MapaJlieJIbHbIX

Yepes 6CAKYI0O MOUKY, He JeHcauiylo Ha Kakol-1ubo npamoul p, npoxooum ne bonee
OOHOU NPAMOU, NAPATNENbHOU NPAMOU D.

VYTBepkaeHHE, YTO 4Yepe3 TOYKY BHE JIaHHOM NPSIMOM MOXXHO IPOBECTH MPSIMYIO,
napajyIeIbHyI0 JaHHOW, €CTh TEOPEMA, BBITEKAIOIIAS U3 OCTAIBHBIX AKCUOM F'€OMETPHH,
TaK 4YTO HET HY’K/bl IIPOBO3MIIALIATH €€ AKCUOMOM.

Axcuomatuky ['mibOepra MOKHO MOJHOCTBIO OMUCATh Ha SI3bIKE MEPBOrO MOPSAKA,
U akcuoMbl [ mipOepTa 00pa3yroT HE3aBHCUMYIO CHCTEMY akcUoM. UTo kacaeTcs Henpo-
TUBOPEYMBOCTH CHUCTEMBI aKCHOM, TO ['MIBOEpPT MOCTPOMI €€ MOJIEeNb, OMHPAIOILYIOCS
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Ha TEOPHUIO IEUCTBUTENIBHBIX Yncel. UTO KacaeTcs TEOpHM JEWCTBUTENBHBIX YUCEN, TO
€€ HeNPOTHUBOPEUUBOCTH (KaK MOKAa3bIBalOT MOJENH, ocTpoeHHsle Kanrtopom u Jlene-
KHMHJIOM) CBOIMUTCSI K HENPOTHMBOPEUYMBOCTH PALMOHAIBHBIX YHCEN, YTO, B CBOIO Oue-
penb, CBOAUTCS K HEMPOTHUBOPEYUBOCTH TEOPHHU dieMeHTapHo! apudmeruku EA (mapa-
rpad 6.6).

ITpaBoMoOueH BOMpOC: Kakas M3 akCHOM O MapaiuienbHocTH, EBkmuna wim JloGa-
YEeBCKOT'0, TOYHEE OMMCHIBACT T€ MPEACTABICHUS O CTPYKTYype peajsbHOro (hu3n4eckoro
MPOCTPAHCTBA, KOTOPHIE OTPAXKAIOTCS B reoMeTpuieckux oOpazax? CTporuii OTBET Ha
3TOT BOIPOC: HEN3BECTHO. OHAKO MOXHO C YBEPEHHOCTBIO YTBEPKIaTh, YTO B IOCTYTI-
HBIX HalleMy HaOJII0ACHHI0 001acTAX MPOCTPAHCTBA €BKJIMI0BA FEOMETPUs COOIIIOAAeT-
Csl C BBICOKOM CTEIIEHbIO TOYHOCTH. Tak 4TO, KOrjga Mbl TOBOPUM O HEU3BECTHOCTH, MBI
UMEEM B BUJly OYCHb OOJIbIINE OOJIACTH MPOCTPAHCTBA.

6.5 Teopun nepBoro rnopsigka

SI3BIKM TIEPBOTO MOPSAIKA UCTIONB3YIOTCSA B (POPMATBHBIX TEOPUAX MEPBOTO MOPSIKA.

CuHTaKkcHM4YecKHe CBOWCTBA MCTHHHOCTH TeOPHI ¢ I3bIKAMM MEPBOr0 MOPSAKA

ITycte HaMm nana Hekotopast (opmanbHas Teopust I ¢ S3bIKOM HEPBOTO TOPSI-
ka {2 ¥ 3a7aHa MHTEpNpeTanus ¢ 5Toro sA3pika. O603HaunM vepes F, MHOKECTBO BCEX
Gopmyn teopun T, UCTHMHHBIX B JaHHOM HMHTeprperanun. Muoxectso F, obmagaer
ONPENECICHHBIMA CBOMCTBAMM, KOTOPBIE OTPAYKAIOT 3aJI0KEHHYIO B SI3BIKM IIEPBOTO IO-
psIZIKa JIOTHKY, HE 3aBUCSIIYIO OT KOHKPETHBIX 0COOCHHOCTEH MHTEepIpEeTaIlu.

[IpenBaputensHO HAIO ONPENENUTH cienytomiee nmousatue. Ilycts nana dopmyna P,
CBOOOZHOE BXOXKJCHUE TIEPEMEHHON X B P U TepM ¢. MBI TOBOPUM, UYTO OGHHOE 6X0JiC-
OeHue x He ceéazvlieaem t ¢ P, eciii OHO He JIEXUT B 00JaCTH AEHCTBUS HHU OIHOTO
KBaHTOpa BUJa Vy u Jy, r1e y — epeMeHHas1, BXOAsIas B .

WNHpIMU croBaMu, Mocie MOACTAHOBKM ¢ BMECTO JAHHOTO BXOXKJIEHHS X BCE Iepe-
MEHHbIE, BXOJSIIUE B f, OCTAHYTCSI CBOOOAHBIMU B P.

Yare Bcero NpUXOAUTCS TMOJICTABIATh TEPM BMECTO Ka)KJOT'O U3 CBOOOIHBIX BXOXK-
JIEHUH TaHHOUM nepeMeHHOW. Ba)Ho, 4To Takas onepauusi epeBOIUT TEPMbI B TEPMBI
u ¢popmysl B popmyibl. Ecnu kaxkoe cBo60HOE BXOXKIEHUE X B P HE CBSI3bIBAET f, MbI
Oyz1ieM TOBOPHUTH MPOCTO, YTO mMePM t C60000HbLIL 01 X 6 P.

1. Tepm y cBOOOICH [Uisi mepeMeHHON x B (Gopmyne P(x), HO TOT ke TepM ) He
cBOOOJIEH JUTS TIepeMEHHOM X B opmyie VyP(x).

2. Tepm f(x, z) cBoOOIEH /AJIst IepeMeHHOM x B dpopmyne VyP(x, y) o O(x), HO TOT
xe TepM f(x, z) He cBOOOICH AJIsl mepeMeHHou x B ¢popmyne IzVyP(x, y) > O(x).

Tenepb MbI TOTOBBI IEPEYUCTUTL CBOUCTBA F().

1. Jlnsa mo0oi 3aMkHyTON Qopmyinsl P mubo P € F, mubo —-P € F,.
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2. MnoxecTtBo F, HE CONEPKUT IPOTUBOPEUUS, T. €. HU JUId Kakoi (GopMyisl P He
MOKET OBITH, YTOOBI OJHOBPEMEHHO BINONHANOCL P € Fy u -P ¢ F.

MmuoxectBo F, CONEPKUT BCEe TABTONOTMH sA3bIKa €2 (cM. TiIaBy 5, maparpad 5.4).

4. MmuoxectBo F, CONEPKHUT ClepyIOIHe 00e3HaunMble (HOpMyIIbI:

a) VxA(x) 2 A(1),
rne A(t) ects popmyna teopun T u t ects TepMm Teopuu T, CBOOOIHBIN
st x B A(x). YemoBue, 9To0bI ¢ ObIT CBOOOICH IS X, — THTHEHUYECKOE
MpaBUJIO TIPU TIEpeMEHE 0003HAYCHUIA;

0) Vx(A 5 B(x)) > (A > VxB(x)),
rae A He COIEPKHUT CBOOOTHBIX BXOXKICHUHN MEPEMEHHOH X;

B) (Vx—-A(x)) ~ (—HxA(x)).

5. MmuoxecTtBo F, 3aMKHYTO OTHOCUTENIBHO IPaBUiI BEIBOJAa modus ponens u 0600-
mienus. [lo onpenenenuto 310 o3Havaet, yto ecnu A € F o U A>BeF ¢> TO
Takxke B € F; ecnin A € F, T0 VxA € F, s mo6oii nepeMeHHOM X.

OmnpenesieHue Teopuii MepBOro NOpPsiAKa

Teopueit nepsozo nopsadka Ha3bIBaeTCs TEOPUS C A3bIKOM 2 TIEPBOTO MOpsAIKa, 00Ja-
JTaroIIasi BCEeMH OMMCAaHHBIMU B MPEbIAYIIEM ITyHKTE CBOWCTBAMU UCTHHHOCTH. Teopun
NEPBOro MOPsIKA Pa3IMYalOTCs CUTHATypaMu 2 U aKCHOMaMH.

AxcuoMbl Teopuu mnepBoro mopsiaka 7 pa3OuBaroTcs Ha JBa Kilacca: JIOTMYecKue
AKCUOMBI (BMECTE C aKCHOMaMH PaBEHCTBA) M COOCTBEHHBIE (WJIM HETIOTUIECKHE).

Jlozuueckue akcuomol: xakoBbl Ob1 HU ObUTH Gopmynsl A, B u C teopun T, cneny-
fo1me (GopMyIbl SBISAIOTCS JOTHYECKUMH akcuoMaMu Teopuu T

Ay;.A>(BoA).

A>. (A2 (B>C))>((42B)>(4>C)).

A;. (-B>-4) > ((-B>4) > B).

Ay. VxA(x) 2 A(t), tne A(t) ects dopmyna teopun T u t ectb TepMm Teopun T,
cBOOOMHBIN Jtst X B A(x). 3aMeTHUM, 4TO ¢ MOKET COBIIAJATh C X, U TOTJa MBI [TOJTy4aeM
akcromy YxA(x) o A(x).

As. Vx(A > B(x)) o (A ) VxB(x)), rae A HE CONEP)KUT CBOOOIHBIX BXOXKICHHIM
NEPEMEHHOM X.

AKcuomosl pasencmea.

A6. tl = tl.

A7. tl = 12 ) 12 = f].

Ag. =, &thb =t 01 = t5.

A9. =5 &... & t, =Sy Df(tl,..., tn) Zf(Sl,...,Sn).

Ap. =51 & ... &t,=3s, DP(tl,..., tn) EP(S],...,S,,).

B sTux akcuomax ty,.. ., t,, S1,. .., S, — JFOObIE TePMBbI, / — TFOOOH n-MECTHBIN (yHK-
[IUOHATBHBIA CUMBOJ U3 2, P — 10001 #-MECTHBINM MPEANKATHBI CUMBOJ U3 €2.

Co6cmeenHble akcuompl: TAKOBbIE HE MOTYT OBITh C(HOPMYIIMPOBAHBI B OOILEM CITy-
yae, 100 MEHSIOTCS OT TEOPUH K TEOPUH.

Ilpasunamu 6év1600a BO BCAKON TEOPUM NEPBOrO MOPAJKA ABISIOTCS:

1. Modus ponens:

A, A>B
B

MP.



6.5 Teopun nepBOro nopsigka 153

2. IlpaBusno o6o01eHus:
A(x)

Gen.
VxA(x) e

®opmyna B Ha3bIBaeTCs Henocpeocmeennvim cieocmeuem gopmyn A, A > B no
npasuy modus ponens. ®opmyna VxA(x) Ha3bIBAETCS HENOCPEOCMBEHHBIM CLEOCEU-
em popmynst A(x) no npasuny 0606wenusn.

NHTYUTUBHBIN CMBICT TIpaBWII BhIBOAA cieayromuid. [IpaBuno modus ponens oTBe-
YaeT JIEMEHTAPHOMY PACCYXICHHUIO TUTIA: €CITU BEpHO A W BEPHO, UYTO M3 BEPHOCTH A
cienyeT BepHOCTh B, To BepHO B. [IpaBuio 00600IIeHIS COOTBETCTBYET IIPAKTUKE 3aMTUCH
TOXKIECTBA WM YHUBEPCAILHO BEPHBIX YTBEPXKACHUN B MaTemaruke. Korma mMbl nuiem
(a+b)? = a® +2ab + b> win «B MPAMOYTOJIBHOM TPEYTOJILHUKE KBAJpaT THUIOTEHY3bI
paBEeH CyMMe€ KBaJIpaTOB KaTeTOBY», KBAHTOPHI VYab, V (TPEYroJbHUK) OITyCKAIOTCS.

Teopust mepBOro MOpsAIKa, KOTOpasi HE COMEPIKUT COOCTBEHHBIX aKCHOM, HAa3bIBACTCS
ucuucieHuem npeouKkamos nepeozo nopsaoka. Yucmoim ucuucnenuem npeoukamoe
Ha3bIBACTCS MCUUCIICHUE MPEAUKATOB MEPBOTO MOPSJIKA, HE COAEpIKaIlee MPEeIMETHBIX
KOHCTaHT U (PyHKTOPOB.

AxcuoMsl A;—A; SIBISIOTCS TaK)Ke aKCHOMaMU HMCYMCIICHMS BBICKA3bIBaHHH, IMO3TO-
My C TIOMOIIBIO TIpaBmiia modus ponens BEIBOJUMBI BCE TABTOJIOTHH SI3bIKA {2. AKCHOMBI
A4—As Ha3BIBAIOTCS «JIOTUYECKUMH aKCMOMaMU C KBaHTOpaMu». Akcuoma A, (akcuoma
cneyuanusayuu) o3Havaet, uto eciu A(x) BepHa s Jr06oro x, To A(t) BepHa I
JII000ro ¢, rae ¢ — uMs JII000ro 00LEKTA.

Teopun mepBoro mopsigka ¢ COOCTBEHHBIMH aKCHOMaMH IMUPOKO pPacIpocTpaHe-
Hbl B Maremaruke. HekoTopble U3 HUX MPUMEHSIOTCS B JOTMYECKOM MPOrpaMMHUpPOBa-
HuH [8, 9]. Jlornueckoe mporpaMMHUpOBaHKE SBISETCA, OXKATYH, Hanbosee BrieuaTIsio-
IIUM PUMEPOM MTPUMEHEHUS UCH U METO/IOB MaTEMaTHIECKON JIOTUKH (TOYHEE, OTHOTO
U3 €€ Pa3eNioB — TEOPUH JIOTHUECKOTO BBIBO/IA) B MPOTPAMMUPOBAHUH.

Wnest nucnonb3oBaHUs sI3bIKa JJOTUKHU MIPEIUKATOB MEPBOTO MOPS/IKa B KAYECTBE S3bI-
Ka MpOorpaMMHUpPOBaHUs BO3HMKIA elle B 60-e roabl, Korna co3/1aBajuCh MHOTOYHCIICH-
HbIE CHCTEMBl aBTOMATUYECKOTO JI0Ka3aTelbCTBA TEOPEM M OCHOBAaHHBIE Ha HHUX BOII-
pocHO-0TBeTHBIE CUCTeMBbI. CyThb 3TOH WACH 3aKIIFOYAeTCs B TOM, YTOOBI MPOTPAMMHUCT
HE yKa3blBaJl MAIlIMHE TOCIEA0BATEILHOCTh IAaroB, BEAYIIUX K PEIICHUIO 33Jlaud, KakK
ATO JIENAeTCs BO BCEX MPOLEAYPHBIX SI3bIKAX MPOTPaMMHUPOBAHMS, a OMUCHIBAI Ha JIO-
TUYECKOM SI3bIKE CBOWMCTBA MHTEPECYIOIIEH ero 001acTu, HHa4Ye TOBOPS, OMUCHIBATT MHP
cBoel 3amaun. [[pyrue CBOWMCTBA M YAOBIETBOPSIONINE UM OOBEKTHI MAlllMHA HaXOMJIa
OBI cama IyTeM MOCTPOCHUS JIOTHUECKOTO BBIBOJIA.

[IepBbie KOMIIBIOTEPHBIE pEATU3aLMK CUCTEM aBTOMAaTHUYECKOIO JOKa3aTeIbCTBA TE€O-
peM MOSBHIINCH B KoHIle 50-X romoB, a B 1965 . JIx. PoOuHCOH! tipeiokun MeTos pe-
sommroruit [10], KOTOPBINA U TIO cel JIeHb JISKUT B OCHOBE OOJBIIMHCTBA CUCTEM MOMCKA
JIOTUYECKOTO BBIBOJIA.

! Tkon Anan Po6uncon (anrn. John Alan Robinson; pox. 1930 r.) — aummiickuii GpUI0cod 1 JOTHK.
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Haubonee pacnpocTpanen s3bIK Joruueckoro nporpammuponanus [Iposnor. Cocras-
T mporpaMMy Ha si3bike [IpoJior, mporpaMMuCT TEM caMbIM CO34AET MPUKIAJAHYIO TE€O-
PHIO TIEPBOTO TOPSIKA — 3aMUChIBAET COOCTBEHHBIE aKCHOMBI TEOPUU U HUYETO OOJIbIIIE.
[IpryeM 3T aKCMOMBI MUIIYTCA B TAaKOM BHJZIE, YTO MPOTrPaMMHPOBATH MOXKET Ha)ke
YEeJIOBEK, HE 3HAIOLIUM MaTeMaTudyeckou Jioruku. Mutepnperarop ¢ s3bika [Iponor co-
JIEP)KUT BCE OCTAJbHBIC (JIOTUYECKHE) aKCHOMBI U TIBITACTCS JT0Ka3aTh (OPMYIIbI, IPE-
JlaraéMble MPOrpaMMHUCTOM.

@ Teopema 6. Ecnu Teopus TIEpBOTO MOPSIKA TIPOTHBOPEYNBA, TO B HEH
BBIBOAMMA JIt00ast popmya.

(oS meewwaeSwgopy

Jokaszamenvbcmeo. B camom nene, mycts Gopmynbl A U —A BBIBOOUMBI B TEOPUHU.
®opmyina -4 > (A > B) sBIsSETCS TABTOJIOTWCH B MCUMCICHUH BBICKA3bIBAHUIA, Clie-
JIOBaTeIbHO, OHA BBIBOAMMA. EE€ BBIBOJ, MOCKOJIBKY OH COAEPKHUT TOJNbKO MP, ocraer-
sl BBIBOJIOM M B JIFO0OM Teopuu mepBoro mopsiaka. Iloatomy dopmyna -4 > (4 o B)
BBIBOJMMA B TEOPUH MEPBOro mopsiaka. J[Baxabl npuMensis MP, Mbl MojlydaeM BbIBOJ
MPOU3BOJIBHON (hOpMyIIBI B.

Takum o0Opazom, AN JTOKa3aTeslbCTBA HENPOTHBOPEUMBOCTU KaKOH-THOO TeopHH
NepBOrO MOpPsAKA JTOCTAaTOYHO YCTAaHOBUTH HEIOKAa3yeMOCTb B 3TOW TEOPHH XOTS OBl
OIHOH (OPMYIIBI.

B Teopusix nepBoro nopsizika UMIUIMKAILUS OY€Hb TECHO CBS3aHA C BHIBOAMMOCTHIO.

S
’@ Teopema 7 (0 0edykyuu). Ecou T A+ B, 10— A2 B.

%é .................................................................

JlokazarenbcTBO cM., Harpumep, B [11, c. 70].

@ Teopema 8. Ilycth T — Teopusi IEPBOTO MOPSAKA U JIOTUIECKUE aKCHO-
’ MbI A1—As5 TEOPUU SABJISIOTCS TMOAMHOXECTBOM MHOXecTBa (hopmyr S.
%é Torma ec S + P, To 1160 S — MPOTUBOPEUHBO, OO0 P o0IIe3HaunMa.

JlokazarenbCcTBO cM., HarpuMmep, B [11, c. 64].
Teopema 8 TOBOPUT O KOPPEKTHOCTH UCUUCIICHUS TIPEIUKATOB: TS T000M (hOpMYITBI
P w3 + P cienyer E P.

@ Teopema 9 (I'éoens o nonnome). Ilycts T — Teopust TEPBOTO MOPSIKA
U JIOTHYECKHE AKCHOMBI TCOPUH SIBJSIOTCS TTOIMHOKECTBOM MHOMKE-

%’é ctBa popmyn. Torna:
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a) ¢opmyna P BeIBoAMMA U3 S B TOM M TOJBKO TOM Cydae, Koraa
1160 S — NPOTHBOPEUHBO, TNOO0 P 00IIe3HaunMa;

06) ¢opmyna P He3aBucHMa OT S B TOM W TOJIBKO TOM ClIydYae,
korna SU {P} u S U {-P} HEMPOTHBOPEYHBBIL.

JlokazarenbCcTBO CcM., HarpuMmep, B [12, c. 64-69; 11, c. 84-86].

Cneocmeue. Eciii Teopusi IEPBOTO MOPSAJIKAa HETPOTUBOPEUHBA, TO OHA MOJIHA. B yacT-
HOCTH, UCHUCIICHUC MTPCAUKATOB — IIOJIHAsA TCOPUL.

JIpyruMu cioBaMu, B UICYMCIICHUH MPETUKATOB JJOKa3yeMbl BCe 001Ie3HaunMBble (op-
MYJIblI 1 TOJIBKO OHH.

@ Teopema 10. 3amxHyTast hopmyna A SBISETCS JOTHUYECKUM CIEICTBH-
€M 3aMKHYTOTO MHOXECTBa 3aMKHYTHIX ¢opmyin I' Toraa u TonbKo To-

%’é roa, xorga I' + A.

JlokazarenbcTBO cM., Harpumep, B [11, c. 87].

AKCHMOMaTH4ECKHE TEOPUU MOXKHO paziinyarh B 3aBUCHMOCTHU OT TOTO, KaKasi CUCTe-
Ma, CCMAaHTHUYCCKasA WM ACAYKTHBHAA, JICXKKUT B OCHOBEC ONPCACICHUA TCOPUU.

MHOX€eCTBO 3aMKHYTHIX (hOpMYJI, KOTOPbIE JIOTUYECKHU CIEAYIOT U3 JaHHOTO MHOXe-
CTBa AKCHOM, HA3bIBACTCS HEPOPMAIbHOU AKCUOMAMUYUECKOU meopueil.

MHOXeCTBO 3aMKHYTBIX ()OPMYJI, KOTOpPBIE JI0Ka3yeMbl B TEOPUH NEPBOTO MOPSIKA
U3 JAHHOTO MHO’KECTBA aKCHUOM, Ha3bIBACTCSA (POPMANbHOU AKCUOMAMUYECKOU meopueil.

[Tepedopmymnupyem Teopemy 10 B HOBBIX TepMHHAX: HepopMaibHash aKCHOMATH-
yeckasi Teopusi ¢ akcuomamu [ coBmamaer ¢ GhopManbHON aKCMOMaTHYECKOW TEOpHeH
¢ akcuomamu I'.

ITomHoTa ucuuciIeHus MNPpECANKATOB HUKAK HEC O6JICF‘-Ia€T JKM3Hb B OTHOLLICHUU pas3pe-
HIUMOCTH.

R
LAY T T

HoxkazarensctBo cM. B [13, ¢. 297-300].

6.6 Akcnomartuka lNeaHo

Teopus snemenTapHoil apupmetnkn EA sBUIach Ha4yalIoOM HCIIOIb30BaHUS B MaTe-
MaTuke HopMaIbHBIX aKCHOMATUYECKUX TEOPH MEPBOro MOpsAaKa. SI3bIK AIeMeHTapHO
apu(METHKH — A3bIK IEPBOTO MOPSI/IKAa — UMEET CUTHATYpPY, COCTOSILYIO U3 OJHON KOH-
ctanTsl 0, OJHOMECTHOTO (DYHKIMOHAIBHOTO CUMBOJIA S M IBYX JBYMECTHBIX (DYHKIIH-
OHAJIBHBIX CUMBOJIOB + U x. CraHAapTHas MHTEPIPETALUs 3TOTO SA3bIKA UMEET CBOUM

I Anonso Yépu (1903-1995 1T.) — BRIIAFOMIUIICS aMEPUKAHCKHI MAaTEMaTUK U JIOTUK, BHECIITUIA 3HAYH-
TENBHBIA BKIJIQJ B OCHOBBI HH()OPMATHUKH.
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HOCHUTEJIEM MHOXECTBO HaTypalbHbIX yrces N, KoHcTauTy 0, QyHKIMOHAIBHBIE CHMBO-
JIbI MHTEPIPETUPYIOTCS KaK CIIOXKEHHE U yMHOXeHHe, a S(x) o0o3Hauaer x + 1.

CobctBeHHbIe akcoMbl EA cyTh (pOpPMYIIBI CIIEAYIOIUX BUIOB.
Py (P(0) & vx(P(x) > P(S(x)))) 5 VzP(2)

(MpUHIMIT MaTeMaTUYecKor UHIYKIUH, P — Ipou3BoiibHas (opmyra),
P,. S(t;)=S(ty) o t) = tr,
P;. -(S(2) = 0),

Py. t"r‘O:t,
P5. 4 +S(t2) ZS(tl +t2)a
P6. OXlZO,

P, S(th) xth=t xtr + by

Axcrombl P, u P; 00ecnieunBarOT CylIECTBOBAaHUE HYJSI U OTEpalUU «HETOCpe]-
CTBEHHO CIICTYIONIHi. AKCuOMBI P4—P; TIpecTaBIsSIIOT OO0 pEKypPCUBHBIC PABEHCTBA,
CIIy’Kalllue ONpeAEICHUSIMH ONEpafil CII0KEHUS U YMHOXECHHUS.

C nomoureto npasuia MP u3 cxeMbl akcioM P; Mbl MOKEM MOJIYYHUTh CIEAYIOIIee
npasuio uagykumn: w3 P(0) u Vx(P(x) > P(S(x))) sesomutes VxP(x).

Axcuombl P1—P5 Been Ieano! (1891 1) s akcMOMarH3alMy HaTypajIbHOIO psija.

Cpenu JIOTHUEeCKUX aKCHOM JIsl TEOPUHU TIEpBOro nopsiaka (maparpad 6.4) nmpucyt-
CTBYET aKCHOMa!

Ay. VxA(x) 2 A(t), toe A(t) ects dopmyna teopun T u t ectb TepMm Teopun T,
cBoOOAHBIH st x B A(X).

Ceituac ynmoOHO Ha mpumepe cucteMbl EA TOSACHHUTH, MOYeMy HEO0OXOIUMa aKCH-
oMa A4 U ONpENeNeHns TEOpUU MEepPBOro MopsJiKa, — OHA MPEAOTBpAaIlaeT KOJIIU3HIO
NIEPEMEHHBIX.

Paccmorpum teoputo EA. Tlycts A(x) ects hopmymna 3b(b = x + 1). Torma VxA(x),
o6o3Havaromias Gopmyiny Vx3b(b = x + 1), —ucturHas Gopmysia Mpu CTAHAAPTHOU HH-
teprperannu EA. BossMem TepMm ¢ = b, Torma st Tepma ¢ umeem opmyiy Vx3b(b =
=x+1)>3b(b =b+1). Dopmyna 3b(b = b+1) noxxHa Py CTAHIAPTHON UHTEPIPETAIIUH
EA, cnenoBarenbHo, Gpopmyna VxA(x) > A(¢) noxHa.

OCHOBHBIM CpEICTBOM BBIBOJIA Te€OpeM B Teopun EA sBnseTcs, Kak U CIeI0BaJo
0KUJaTh, CXeMa UHAYKIMHU. PaccMoTpuM B kauecTBe nmpumepa BbIBOJ hopMysbl 0 +x = x
(oHa oTnuyaeTcst OT akcHoMsl X + 0 = x). O6o3HaunM 0 + x = x yepe3 A(x). CHauana Mbl
nomkHb gokazark 4(0), T.e. 0+ 0 = 0, HO 3TO YACTHBIN CIIy4Yall YIOMSIHYTONH aKCHOMBI.
Tenepp MoxkeMm nokazarh A(x) 2 A(S(x)). [Ipennonaras BOCHOIB30BAaThCS TEOPEMOI
JeAyKIUH, Bo3bMeM A (x) B Ka4eCTBE THIOTE3bI:

A(x) unm 0 + x = x (runoresa);

0+ S(x) =S(0 +x) (qacTHBIH CIydail aKCHOMBI);

0+x=x>85(0+x)=S(x) (CBOWCTBO paBeHCTRA);
S(0 +x) =S(x) (modus ponens);
0+S(x)=S(x) nm A(S (x)) (TPaH3UTHBHOCTH PaBEHCTBA).

!Txyserme Ieano (1858-1932 rr.) — uranssHcKuii MaTeMaTnk. BHEC BKJIaJ B MaTeMaTHUECKYIO JIO-
T'HKY, aKCHOMaTHKY, GHiI0copuio MaTeMaTuKH.
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ITo Teopeme 7 (0 memykuuun) oTcrona cienyer + A(x) o A(S (x)), a 3aTeM Vx(A (x) o

) A(S (x))) Tax kak A4(0) yxe 10Ka3aHO, TO 1O CXeMe HHAYKIUH nonydaem + YxA(x)

i - 0 +x =x.

AHaJOrM4HO JOKa3bIBaIOTCA Apyrue npoctele Teopemsl EA. CrnenyeT NOMHUTB, Of-
HaKo, 4YTO Mepe] TeM Kak JI0Ka3bIBaTh KaKylo-TM00 Teopemy (Hampumep, KOMMYTaTHB-
HOCTb YMHOXEHHSI: X X ) = J X X), TOJE€3HO YyXe 3HaTb HEKOTOpbIE TEOpeMbl. Takum
o0pa3oM, Jaxke J10Ka3aTelbCTBO MPOCTHIX TeopeM EA conepkuT B cebe TBOpUECKHUil
MOMEHT — OH COCTOMT B HanboJiee palMoHaIbHOM BBIOOpE MOpPsAKa, B KOTOPOM 3TH TEO-
pEMBI CIENYET 10KA3bIBATh.

Crenytomiee yTBEp>KICHHE SBISETCS SMIUPUUYECKH YCTAHOBJICHHBIM (haKTOM: BCE
paccyX1eHusi 00bIYHOM (MHTYUTHUBHOMN) TEOPHH YHCEN, KOTOPbIE HE aleJITUPYIOT K MPo-
U3BOJIBHBIM JIEUCTBUTENBHBIM YHCIaM M GYHKIHAM, MOTYT ObITh ()OpMaILHO BOCTIPOU3-
BeleHsl B EA.

S3b1k Teopun EA (Kak 1 M11000# SA3BIK TEOPUU TIEPBOTO MOPSAKA) MOKHO PACIIUPHTB,
BBE/I HOBbIE (DYHKIIMOHATIbHBIE CUMBOJIBI U KOHCTAHTBI, KOTOPBIE «I0Ka3yeMO BBIpa3u-
MBD» B sI3bIKE. JTO MPOCTO (HhOpMaIbHBIN BapHAHT «BBEICHHUS HOBBIX 0003HaueHMID». Ux
nobapiieHre K andaBUTy cOKpamiaer (popmMyiabHBIE BBIBOABI M 3amucu (HOPMYII, HO HE
YBEITUUMBACT MHOXKECTBO BBIBOAUMBIX (HOPMYIL.

VY JIOTMKM OAWH HEJOCTaTOK: OHa He
OCTaHAaBJIMBACTCS Ha MOJITYTH.
. Yunoem. Jenv mpughgpuoog

6.7 Akcnomartuka Llepmeno—PpeHkens

S3b1k niepBoro nopsnka Liepmeno—®@peHkens npeaHasHadeH I ONMCAHKS TEOPUHU
MHOXecTB. CHUrHatypa si3blka COJEPKUT €IUHCTBEHHYI0 KOHCTAHTYy & (MMS IIyCTOTO
MHOECTBA MPU MUHTEPIpPETAK) U JABa MPEAUKATHBIX CUMBOJIA: = (PaBEHCTBO) U CUM-
BOJI IPUHA/JIEXKHOCTH €.

Axcuomamuka Llepmeno—®penkens 00buHO HazbiBaeTcsi cucremoil ZF umu ZFC,
rae C moayepKuBaeT NMPUCYTCTBHE B CHCTEME aKCHOMBI BbiOopa. IIpexne yem HavaTh
ONMCBIBATH AKCUOMBI, Cpa3y yKaXkKeM, 4TO SIBJIAETCS CTaHAAPTHOM MHTEpIpETALMEN s3bI-
Ka. B kauecTBe HOCHUTENSI MHTEPTIPETAIMK OoTpenensieTcs yuusepcyM Gon Heiimana. OT1o
0osiee OrpaHUYEHHBIIN KJIAaCC MHOKECTB, YeM KaHTOPOBCKHM yHHBepcyM. YacTh orpaHu-
YeHUIl BbI3BaHA JKEJTaHHWEM H30eXaTh MapaJoKCOB HAUBHOM TEOPUHM MHOXKECTB, Apyras
YacTh OIpEIeNseTCs XKellaHHeM, 4TOObl paccMaTpHBaeMblIii KJIacC MHOXECTB ObLIT 3a-
MKHYT OTHOCHUTEJIBHO BCEX MaTeMaTUYeCKUX KOHCTPYKIMHA, HEOOXOIUMBIX Ul pean3a-
UM KaK BO3MOXHO OOJIbIIEH 4acTu colepKaTeIbHOM MareMaTHuKH.

B ynuBepcyme ¢on Heiimana V' snemeHTaMM MHOXKECTB MOTYT OBITh TOJIBKO MHO-
xecTBa. JII000e MHOXKECTBO CTPOUTCS U3 IyCTOTO MHOXKECTBa — «u3 HUuYero». He Bcs-
Kasi COBOKYITHOCTb MHOKECTB SIBJISIETCS MHOXECTBOM, B YaCTHOCTH, COBOKYITHOCTb BCEX
MHOXXECTB YHHBEpcyMa V' MHOXeCTBOM He siBisieTcst. [loaTomy TouHO (hopMympyroTcs
T€ OIepalu, KOTOpble He BBIBOAAT 3a npeaeisl V. CUMBOIIBI IEPEMEHHBIX S3bIKA SIBIIS-
IOTCSl TOJIbKO UMeHaMu MHOecTB. [lomHoe onucanue ynusepcyma V [12, c¢. 100-108]
TpeOyeT 3HaHU, HEe BXOAAIIUX B KypC JIEMEHTAapHOMN JIOTHKH, U MTO3TOMY MBI OCTaHO-
BHUMCS TOJIBKO Ha IIPUMEpaX.
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VYHUBEpCYM CTPOUTCA MHAYKTHUBHO, HAYMHAS C IIyCTOTO MHOXECTBA MOCIEA0BATEb-
HBIM MIPUMEHEHHEM onepanuu P: «MHOXECTBO BCeX MOIMHOXecTB». Takum obOpaszom,
[IEPBBIE MHOKECTBA CJIEAYIOLIUE:

o V=0,
o I :P(Vo):{g},
o V,=P()={2, {2},

o Vi :P(Vn):
[ ]
.2
Umeem V, c V,,1. MuoxecTBO V, coctout u3 22 (n — 1 JIBOEK) KOHEUHBIX MHO-
KECTB, JIEMEHTAMU KOTOPBIX, B CBOIO OYEPE/Ib, SIBISAIOTCS KOHEYHbIE MHOKHUTEIH, U T. II.
BerifTu 3a mpenenbl KOHEYHBIX MHOXKECTB HENb3s, €ClIU He 00paTuThCs K paccMoTpe-
HHIO BCeX V), KaK «y»e MOCTPOEHHBIX», K 00BETUHEHUIO KOTOPhIX CHOBA MPUMEHSIETCS
onepauus P.
Ilepeuncaum akcuomsl ZFC, KOTOpbIE SBJISAIOTCS UCTUHHBIMU B CTaHAAPTHOW MH-
Tepuperanuu ¢ Hocurenem V.
1. Axcuoma nycmoeo mmnoocecmsa

Vx—|(x € @)

2. Axcuoma napul
Vx,y AXVz(zeX ~z=xvz=y).

3. Axcuoma 06weOuUHeHUs MHOHCECNBA MHONCECNE
VX3YVy(yeY ~Ix(x e X & yex)).

MHuoxecTBO Y 0603HadaeTcst mpocto UX.
4. Axcuoma MHOIHCECMBA BCEX NOOMHONCECME

VX3IYVZ(ZeY ~Vx(xe ZoxeX)).

MHuokecTBO Y eCTh MHOXKECTBO BCEX IOJIMHOKECTB MHOXKECTBa X .
5. Axcuoma obvemHocmu

VX, Y(Vz(zeX ~xeY) o X =Y).

Ecnm MHOXKECTBa UMEIOT OJTHU U T€ KE DJIEMEHTHI, TO OHH PaBHBI.
6. Axcuoma pezynsaprHocmu

VX3x(xeX & -Iy(yex & y e X)).

CyTb ee B TOM, 4TOOBI 3aIIPETUTh CUTYAIlUU BUJA X € X.

7. Axcuoma beckoneunocmu

B sT0#i M cneayromieil akcnomMax Mbl AJis ICHOCTU (POPMYIUPOBOK CBOOOAHO MOJb-
3yeMCsl IEPEMEHHBIMU 1711 (PYHKITHH, TTOCKOJIBKY YK€ 3HaeM, KaK ONpenesaTh QyHKIIUN
Yyepe3 MHOXKECTBA.
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[ X-X&
X3 Vx,y(xeX &yeXef(x)=f(r)2x=y) &
Hy(yeX& Vx(x eXof(x) iy))

AKcuoma yTBEpXKIaeT, YTO CyHIeCTByeT OECKOHEeYHOe MHOKecTBO. J[iist aToro uc-
TIOJIb3YETCSI CBOMCTBO, BBIMOJIHAEMOE TOJIBKO Il OECKOHEYHBIX MHOXKECTB: CYIIECTBYET
OMEKIMs MHOXECTBA Ha €ro COOCTBEHHOE MOJAMHOKECTBO.

8. Axcuoma noocmarnoexu

[Tycts A(x, y) — npousBosibHas Gpopmyrna si3bika Llepmeno—®Dpenkens, X — MHOXKe-
ctBo 1 Vx(x € X 2 31yA(x, y)), To {y | Ix(x e X & A(x, y))} Taxxke MHOKECTBO.

[Mondopmyna F1yA(x, y) sBISETCA COKpANICHHOM 3alUChi0 (HOPMYITBI, KOTOpas yT-
BEPIKJIACT, YTO CYIICCTBYET TOJIBKO OJHO 3HAYEHHE Y, JUISl KOTOPOTO BHIMOIHEHO A (X, V).

9. Axcuoma evibopa AC

VY(YeXoIp(yeY))o

v (X >uX)&VY(YeXof(Y)eY)

AKCHOMa YTBEPXKJAeT, 4TO JUI KaKAOr0 MHOXKECTBA X CYIIECTBYET (PYHKIHS BBbI-
Oopa Ha X, T.e. QyHKIUS f, COMOCTABISIIONIAS BCIKOMY TOJMHOXKECTBY Y € X aleMeHT
f(Y)eY.

Vcnonb3oBaHre aKCHOMBI BBIOOpa B MaTeMaTUKe MPOHMCXOJUT MOBCEMECTHO U, KaK
NpaBUIIo, HEO0CO3HaHHO. KaXkIpIii pa3 Kak TOJIBKO YTO-JIMOO0 JIOMYCKAaeTCs 1Mo MoBoay Oec-
KOHEYHBIX MHOXKECTB, B 3aMaCKUPOBAaHHOM ITyOrWHE 0OBIYHO BO3HHKAET aKCHOMa BHIOO-
pa, 6e3 KOTOpOl «BCE pacchImaercs». PaccMOTpUM J10Ka3aTenbCTBO YTBEpXkKAEHHs (TU1a-
Ba 3, Teopema 12.3).

’@ .................................................................

Obveounenue cuémuo20o Yucia CHeMmHbIX MHOMCECME CUEMHO.

%é .................................................................

Joxazamenbcmeo. IlycTb uMeeTCsi CYETHOE YUCIO CYETHBIX MHOXKECTB Aj, 4s,...
PacnionoxuB 31eMeHThl KaXA0r0 M3 HUX CJIeBa HAlpaBO B IMOCIEI0BATEIbHOCTD (A,- =
={a,, a;,,.. }) U TIOMECTHB 3TH TIOCIEI0BATEIBHOCTH APYT MO IPYTOM, TTOIYYUM Tab-
JUIY

doo do1  do2  Aoes
ajp ap aiz ap
o dz; dxp 4y
asp das; dszx a4z

Tenepb 3Ty TabIUIy MOKHO Pa3BEPHYTH B MOCIIEIOBATEIIBHOCTD, HAIPUMEP TTPOXOIS
110 OYEPEN THATOHAIIN:

apo, Aol, A10, A02, A11, A20, A03, A12, A21, A30,- - -

Ecnu MHOXECTBa Ai HE NEPECCKaIMCh, TO MBI IMOJIYYHUIIN MCKOMOC IMPEACTABICHUC
I UX O6’beHI/IHeHI/I${. Ecmm MEpeCceKaiInucChb, TO U3 HOCTpO@HHOﬁ OCICa0BAaTCIIbHOCTH
Hag0 BbI6pOCI/ITB MMOBTOPCHUA.
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[To mepBoMy BHEUATIICHUIO OKA3aTEIHCTBO JAET HYKHBIM pe3yJabTar 0e3 KaKuX Obl
TO HH ObLI0 Npeanonoxenuii. Ho 6e3 akcuoMsl BeiOOpa He ynaercs: pukcupoBarh TalIu-
1y, IOTOMY YTO W3 MHOXKECTBA BO3MOXKHBIX HyMEpAlUil KaKI0W MOCIeA0BATEIbHOCTH!
A; TpeOyeTcst BEIOpaTh KaXKIblH pa3 KOHKPETHYIO HYMEpaIuio, YTO HEJb3s clenarh 0e3
akcuomsl AC.

MO)XKHO Ha/IeATHCS BBINTH U3 TIOJIOKEHHS OKOJIBHBIM myTeM. Ho, okasbiBaercsi, HU-
Kakas Jpyras cxema JI0Ka3aTelIbCTBa He paboTaeT, XOTs ATO YCTaHABIIMBAETCS YXKe He
Tak mpocto [14, c. 64].

Hckmouenne AC u3bIMaeT U3 MareMaTu4eckoro apceHana Maccy yaoOHBIX U HpH-
BBIYHBIX MHCTPYMEHTOB. Hampumep, SKBUBAJIEHTHOCTH (€, 0)-ONpeneNeHus] HenpephiB-
HOCTH OIPEJIETICHHUIO C MMOMOIIbIO CXOJUMOCTH MOCIeI0BaTeIbHOCTEH.

HeBunHast ¢ Buy akCHOMa BBIOOpa 3HAMEHHTA «HCBEPOSTHBIMU» CIICIICTBUSIMUZ.

@ Teopema 12 (banaxa—Tapckozo). lap B ¢ R® nomyckaer pasbueHue
.w Ha KOHEYHOE YMCIIO HEMEPECEKaroluXcsi MHOXECTB By, By,. .., By, u3
%é KOTOPBIX MOKHO COCTaBHTh IEPEJBUKEHUEM B;, Kak TBEpABIX Ten (T1e-
PEHOC IUTIOC TOBOPOT), JUOO0 JABa mIapa TOTO ke paauyca, JTudo map

YABOEHHOTO pajfyca.

XoTsl yTBEpKJeHNE TeopeMbl 12 Ha3pIBalOT Takke napaaokcoM banaxa—Tapckoro,
HO 3TO He mapajokc. [logpoOHOe U 37eMEeHTapHOe A0Ka3aTeNbCTBO MOXKHO MTOCMOTPETh
B kHure [15]. XoTs TeopeMa BBINISIAMT MIOKUPYIOLIEE, HO OHA HE MPOTHUBOPEUYHUT BO3-
MOXHOCTH M3MEpsTh 00beMbl Tell. IIpencTaBisercss «eCTECTBEHHBIMY, UYTO BCAKOE (IO
KpaiiHell Mepe orpaHHYeHHOE) MOJAMHOKECTBO MPOCTpaHCTBa uMeeT ooveM. Ho u3 teo-
PEMBI CIENyET, YTO 3TO HE TaK.

Kypt I'énens noxazan (1940 r.), yto akcuoma BbIOOpa HE MPOTUBOPEUHUT CUCTEME aAK-
cuoMm ZF. Tounee, ecniu ZF uenporuBopeunsa, To U ZFC uenporusopeunsa. [Tox Kosn?
B CBOIO o4epeab Aokaszain (1963 r.), uro ecnu ZF HenpoTtuBopeunsa, To U ZF 1U10c 0T-
punanue AC Takke HENPOTUBOPEUUBA.

B Teoputo MHOXecTB ZF MOXXHO J100aBIATh U IPYrHe aKCHOMBI, JHIIb Obl OHU HE
MPOTHUBOPEUNIIH C CYIIECTBYIOIIUMU. B CBSI3U € 3TUM paccMOTpUM ceifuac TUIOTe3y KOH-
TrHyyMa. Jloka3aB, 4TO MOIIHOCTH oTpe3ka [0, 1] mpeBOCXOAUT MOITHOCTh MHOXECTBA
HatypaibHbIX yucen N (maparpad 3.6 maBsl 3), €CTECTBEHHO 3a/1aThCsl BOIIPOCOM: CyIIle-
CTBYET JIU MHOYKECTBO, MPOMEXYTOUYHOE MO MOIIHOCTH? {71 OTBETa MOXKHO IBITAThCS
HaliTu noamHoxkecTBO U3 [0, 1] mpomexytounoit mouHOCTH. IIUpoKyt0 W3BECTHOCTH
MOJIYYMIJIO KAHTOPOBO MHOKeCTBO C, MOSydaeMoe MOCIe10BaTeIbHBIM BbIOpachIBaHUEM
tpereit u3 [0, 1]. CHauana otpesok [0, 1] neauTcsa Ha TpU paBHBIX YacTH U CPEIHSS
yacTh (MHTepBai) ygangerca. C KaXI0il M3 OCTaBUIMXCS 4YacTeil MOBTOPSETCS aHajo-
THYHas onepanus — U Tak 10 OeckoHeuHoctd. B mpenene ot [0, 1] moutn HUuero He
OCTaeTCsl, YTO U HA3BIBACTCA KAHMOPO8bIM mHoxMcecmeom C. JInrHa BHIOPOIIEHHBIX
TpeTel paBHa

"Hauume Takux HyMepaluii rapaHTHpPyeT CYETHOCTh MOCIIe10BaATEIbHOCTH.

2Beprpan Paccen Tak oto3Baics 06 akcioMe BbIGOpa: «CHauala OHA KaXeTcsh OYEBHIHOM; HO deM
GoJITbIlie BIyMBIBACIILCS, TEM 0OJiee CTPAHHBIMHU Ka)XKyTCS BBIBOJBI M3 TOM aKCHOMBI; MOJ] KOHEIl K€ BO-
o0l1e nepecraelib MOHUMaTh, YTO K& OHA 03HAYACT.

3TTon xo3ed Kosn (1934-2007 IT.) — aMepHKAHCKHil MAaTEMATHK.
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1 2 2\
—1l+=-+1z] +...]=1,
3 3 3

T. €. «BCS JUIMHA» BBIOpachIBaeTcs, HO TeM He MeHee C OKa3bIBAETCSl PAaBHOMOIIHO KOH-
TUHYYMY.

Puc. 6.6 — Muoxectso Kanropa

B pesynbsrare MHOrMX 6e3ycreniHbix nonelTok Kanrop npumen k yoexxaeHuto crpa-
BEUIMBOCTH CJICIYIOLIETO YTBEPKICHHUS.

I'mnore3a kontunyyma (I'K)

He cymectByer MHO)€ECTBa, MPOMEKYTOYHOTO 110 MomHocTH Mexkay N u [0, 1], T.e.
BCJIE/] 32 CUETHBIM MHO>XECTBOM Cpa3y HAET KOHTHUHYYM.

OTy runore3y He MOIIM JI0Ka3aTb B TEUEHHE COTHU JIET. B urore okasanoce, 4To
TUIOTE3Y C PAaBHBIM YCIIEXOM MOJKHO INPHUHSTH WIM OTBEPTHYTh Kak akcuomy. ['€nenb
nokaszan (1940 r.), uro eciau teopus ZF HenpoTtuBopeuuBa, To I'’K HE MPOTUBOPEUUT
akcuomaruke ZF u mostomy e€ MOXKHO 100aBUTH Kak akcuomy. M cHoBa KosH nokazan
(1963 r.), uto ecnu Teopust ZF HenpotuBopeunBa, To I'K He sBisercs teopemoit ZF,
T.€. K ZF MOXHO 100aBUTh OTpULIAHUE THIOTE3bl KOHTUHYYMA.

[Tonywaercs, 4To MBI 00J1a/1aeM, IO KpaifHeH Mepe, YEThIPbMsI Pa3InUHbIMUA TEOpPHU-
MU MHOXKECTB (C THUIIOTE30M KOHTHHYyMa MM 0e3 He€, ¢ akcCMoMO# BbiOopa miu 0e3
Hee) U BCE OHU B OJIMHAKOBOW CTENEHU HENMPOTHUBOPEUUBHI.

A Kak Xe J1eJ10 0OCTOUT ¢ HEeMPOTHBOPEUMBOCTHIO akcuomarnke ZF? HeuspecTHo,
U MBI MOXEM TOJIBKO JorajbiBarbcs. Poccuiickuii Mmaremaruk 1O. . Manun 3ameuaer:
«Bompoc o ¢dopmanbHOI HEpOTHBOpEeUHBOCTH akcHoM Llepmeno—®dpenkenst nomKeH
OCTaBaThbCs IPEIMETOM BEpPBI, ITOKAa U TIOCKOJIBKY HE IIPOAEMOHCTPUPOBAaHA UX MPOTHUBO-
peunBocTh. Bece Te nokazarenbcTBa, KOTOphIE ObUTM OCHOBaHBI HA HUX, JO HACTOSIIETO
MOMEHTA He MPUBEJH K MPOTUBOPEUHIO, HO pa3BEpHYIIH Mepe]l HaMHu O00oraThlii MUp Kiiac-
CHUYECKOM M COBPEMEHHOH MareMaTukH. JTOT MHUp 00JanaeT HEKOTOPOH peasbHOCThHIO
¥ BHYTPEHHE! JKU3HBI0, MaJIO 3aBUCAIIMMU OT (DOPMAITU3MOB, ITPU3BAHHBIX €TI0 ONUCHIBAT.

OOHapy>keHHe MPOTUBOpeYHs B JIO00M M3 3TUX (OPMATU3MOB, Oyae OHO M MHpO-
U30MJET, TOCIIYKUT JIMIIb MPOSICHEHUIO, YTOYHEHUIO W, BO3MOXHO, IEPECTPOMKE Ha-
IIMX MPEICTABICHNH, HO HE MX KPYIIEHHIO, KAK 3TO MHOTOKPAaTHO CIy4aJIOCh B IIPO-
mmom» [12].

HemanoBakHO OTMETHTB, 4TO apu(MeTHKa MOXKET ObITh orpyxeHa B cucremy ZFC.
B pesynbrare apudpmerndeckue akcuombl [leano craHoBsrcs teopemamu ZFC, B TOM
YuCIIe M MaTeMaTudeckas MHAYKLus, —ubo akcuoma Py (maparpad 6.6 riaBsl 6) sBis-
€TCsl YaCTHBIM CITyyaeM TpaHC(PUHUTHON MHIYKIMH, KakoBas B ZFC He nocTynupyercs,
a gokasbiBaeTcs [14, ¢. 66-67].

[TonBens UTOr pacCMOTPEHUIO AKCMOMAaTH3allMd F€OMETPUHM U TEOPUU MHOMKECTB,
MBI BHJIUM, YTO Y MaT€MaTUKOB €CTh BBIOOP, CUUTATh JIM CIIEAYIOIINE YTBEPXKICHUS aK-
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CHOMAaMHM WJIM K TAKOBBIM OTHECTH MX OTPUIIAHHA: AKCMOMAa O MapaJuIesIbHBIX, AaKCMOMa
BbIOOpa M TMIIOTE3a KOHTHHYYyMa. TeM caMbIM IMPaBOMOYHO YTBEPXKIaTh O CYIECTBOBA-
HUU Pa3JINYHBIX MATEMaTHYECKUX PEaIbHOCTEN.

?
’e' KoHTpornbHbie BONpockI Mo rrnase 6

[1]
2]

[3]

[4]

[5]

[6]

[7]

[8]

. s gero ¢opManbHBIN S3BIK HAJENAETCS CEMAaHTUYECKOW U JeyKTUBHOW CH-

creMaMu?

. Yro Takoe MozeNb aKCHOMaTUYECKON Teopun?

3. B kakoMm cilydyae akcMOMaTHuyecKas TEOpHsl Ha3bIBa€TCsl MOJHOW OTHOCHUTEIBHO

JAHHOM MHTEpHpeTauu?

. B xakoMm ciayuyae akcuoMaTuyeckas TEOpHsl Ha3bIBAETCsl pa3peIIuMOoit?

. ITouemy opmanpHas cucTeMa, UMEIOIIAs TOJBKO YATUHSIONINE MpaBuiia (apa-

rpa¢ 6.2 m1aBbl 6), UMEET pa3peLIAIONINA alTOPUTM.

’ .................................................................
Og Pekomengyemas nutepatypa K rnase 6
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[naBsa 7

MATEMATUYECKOE OOKASATEJIbCTBO

Co BPEMCH TI'PECKOB T'OBOPUTH «MATEMATUKA» —
SHA4YUT T'OBOPUTH «I0Ka3aTCIbLCTBO.

Huxonsa Bypbaxu. Teopus muoocecms

Xoporee J0Ka3aTeIbCTBO —3TO PACCyKICHHE,
KOTOpOE JIeNTaeT Hac yMHee.

0. U. Manun. Jloxkazyemoe u nedokazyemoe

B aT10li T1aBe A0Ka3aTeNbCTBO B MATEMATHUKE UCCIENAYETCS C PA3HBIX CTOPOH. Y TOY-
HSIOTCS JJaHHBIE paHee OIPENEIICHUS Pa3JINYHbIX BUIOB MAaTEMAaTHUYECKUX JOKA3aTENbCTB.
PaccmarpuBarotcst 1 Ipyrue METOMIbl 10Ka3aTeIbCTB.

7.1 Hgykuma

B MaremarnyeckoM TBOPUYECTBE OCHOBHBIE YAaCTH: 3TO JIOTaJKa U JOKA3aTeIbCTBO.
Jloragka MOXKeT OBITh HampaBlieHa Ha MOJIyYE€HHE TMIIOTE3bl — MPEAOI0KEHUs, UCTHH-
HOCTbh KOTOPOTO MBI O’KHJIaeM. B 3TOM ciydae, MOIy4uB THIIOTE3Y, MBI HYK/Ia€MCS B €€
nokaszarenbcTBe. Ho HaM HEoOXoAMMO Takke orafarbes, Kak MpoBecTH Oe3ympedHoe
JI0Ka3aTenbCTBO. TakKe pPEIIeHHE CEpbEe3HOM MareMaTH4eCKOW 3aJaud BO MHOTHX CIIy-
qasgx TpeOyeT MaTeMaTHYeCKOTO OTKPBITHS (XOTS ObI JIJIsl TOTO, KTO pelIaeT 3ajady).
N B 3TOM Ci1ydae 4acTO MBI TOJKHBI 10Ia1aThCsl. B 1epBoil I1aBe MBI YIIOMSIHYJIU O IBYX
BU/IaX JIOTHYECKUX PaCCyKACHUI: MHAYKUMU U JenyKiuu. PaccMoTpuM moapoOHO MH-
TYKIHIO.

WHayKkTUBHOE paccyXJIeHHe — MPOIecC MOdyueHUs] OOLIEro yTBEp KIEHUSI Ha OCHO-
B€ U3y4YCHHS 4aCTHBIX IpUMepoB. Korna Mbl paccMarpruBaeM KOHEYHYIO IIOCIIE0BATEIIb-
HOCTh YHMCEN U TPE/ICKa3bIBaeM, KakuM OyleT CIEAyIollee YMCIIOo, Mbl OOHapyKUBaeM
HEKOTOPBIH 00pasell, M1aboH, KOTOPOMY YIOBJIETBOPSIIOT U3BECTHBIE YICHBI ITOCIIEA0BA-
TEJIBbHOCTH. DTO TUIWYHAS MHYKLIHS.
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Hcnonv3zytime unoykmugHoe paccyxcoenue, ymobwvl npeockasamos Hauboiee 8eposim-
Hoe cliedyioujee YUcio 8 NOC1e008AMeNIbHOCMAX!

a 3,69 12, 15,7

b. 1,3, 610, 15,7

PeweHune:

a. Kaxnoe nocnenyroriee 9ucio Ha 3 OoJbIle 4eM IpeablayIiee, TO3TOMY Mbl TIpe/-
CKa3bIBaeM, 4TO mocie 15 goimkHo ciemoBarh 18.

b. IlepBrble nBa Yncia OTANYAIOTCSA Ha 2. Pa3HOCTh MEXIy TPETbUM M BTOPHIM PaB-
Ha 3. PaccMoTpeHue cienyromux pasHOCTEed MPUBOAUT HAC K MBICIH, YTO Pa3HOCTH
MEXJly COCETHHUMH 4YJieHaMH TocjenoBareiabHo Bo3pacTatoT Ha 1. Iloatomy normuno
HPEATNONIOKHUTh, YTO Clieaytomee yucio 3a 15 Oyner 21.

Hcnonv3zytime unoykmugnoe paccyxcoenue, ymobwvl npedckasamos Hauboiee 8eposim-
Hoe credyioujee YUCio 8 NOCIe008AMENbHOCTNU dy:
2, 7,24, 59 118, 207, ?

PeweHune:
HI/I)Ke CTpOKI/I qUCeJI lIaHHOﬁ IIOCJICI0OBATCIBbHOCTH BBIITUIIICM paSHOCTI/I COoCCaAHUX
YHCEeI:
2 7 24 59 118 207

5 17 35 59 89
[TomydeHHy10 OCIEI0BAaTENbHOCTh OOBIYHO HA3bIBAIOT MOCIIE0BATEIBHOCTRIO nep-
6blX pCZS’HOCI’}’leZZ oCJICO0BAaTCIbHOCTHU a,,. Ho I IEPBBIX paBHOCTCﬁ MBI MOKEM HaMTH
«CBOW» PAa3HOCTU — BTOPBIE PA3HOCTH VISl TIOCIEN0BATEIbHOCTH ;.
5 17 35 59 89
12 18 24 30
Teneps HaX0UM TPETHU PA3HOCTH IS TIOCIEI0BATEIBbHOCTH '
12 18 24 30
6 6 6
DTO TMO3BOJIAET OMPENETUTh OYEPEHYI0 BTOpPYIO pasHocTh 30 + 6 = 36, moToM —
OYEPEIHYIO NIEPBYIO pa3HOCTh 89 + 36 = 125 u, Hakonen, 207 + 125 = 332 — ouepenHoi
YIEH MOCJIe0BATeIbHOCTH d,.

[Tpumepst 7.1 u 7.2 sBASAIOTCS yueOHBIMH, TaK KakK, O4YEBUIHO, J1I00as KOHEYHas Io-
CJIEIOBATENBHOCTh UMEET OECKOHEUHOe MHOXKECTBO MPOJOKeHHH. B mpumepax peub
UJIET O €CTECTBEHHBIX, OUEBHUIHBIX MPOJOKEHUAX. B MaTemarnueckux 3ajgadyax MHIYK-
(1Sl BO3HUKAET, KOIZla UMEETCS HECKOJIBKO YaCTHBIX CIIy4aeB, [l KOTOPBIX Mbl yCTaHO-
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BUJIM YacCTHBIE YTBEPKACHUS O KAKOM-TO MaTeMaTHUYE€CKOM OOBEKTE, U HaM XOTENI0Ch Obl
HOJTY4YUTh 0OUMii 3ak0oH. OYeBHIHO, HAIl BBIOOP JAOraJ oK OTpaHUYEH, TaK KaK MareMa-
THUKH IIPOBEPSAIOT CBOU TMIIOTE3HI.

MHoroyroiabHbI€ YHCIIa, IO MHEHHUIO TH(aropeies, UrpaioT BaXXHYIO pojib B CTPYK-
Type Muposaanus. [1o3ToMmy UX M3ydyeHHEM 3aHMMaINCh MHOTHE MAaTEMATUKU aHTUYHO-
ctu. bonbIoit nHTEpec K GUrypHBIM YHCIaM MPOSBUIIN MHIWHCKHE MAaTeMaTHKH U TIep-
BbIE MAaT€MaTUKU cpeaHeBekoBor EBponsl. B HoBoe BpeMst MHOIOYrOJIBHBIMU YHCIaMU
3anumanucek depma, Dunep, Jlanrpanxk, ['aycc u apyrue. B knaccuyeckod mHTEpripe-
TallMd MHOTOYTOJIbHBIMHM YHCJIaMH MBI Ha3bIBaeM 4YHCIIA, KOTOPblE MOXKHO H300pa3uTh
Ha IUIOCKOCTU B BMJI€ MPAaBUIBHOIO MHOIOYTOJbHHKA C IOMOLIbIO TOYEK HJIM IIapOB
OJJMHAKOBOTO pa3zMepa (puc. 7.1).

ey

Puc. 7.1 — TpeyronpHo€, NATUYTOJIBHOE U IMIECTUYTOJBHOE YUCIIA

HarnsiiHOCTh MHOTOYTONBHBIX YUCEI CIIOCOOCTBOBANIA C TIOMOIIBIO HHAYKIUH Tpe-
CKa3bpIBaTh MHOTHE yTBepkaeHus. Pepma chopmynupoan B 1654 1. «3050TyIo» Teo-
pemy: nto0oe HaTypajlbHOE YMCIIO MPEACTaBHUMO B BHUJE CYMMBI 7 N-YTOJIBHBIX YHCEIL.
I'mnote3y ®@epma nokaszan Komw tonsko B 1815 rogy [1, ¢. 62-65].

TpeyronbHOE YHCIO —3TO YHCIO KPYXKKOB, KOTOpbIEé MOTYT OBITh paccTaBlICHBI
B ¢opMe mpaBMWIIbHOTO TpeyroybHuKa. Ha pucynke 7.2 n3o0pa)keHbl NepBbIE MATh Tpe-
YTONbHBIX yucna S,, n =1, 2,3, 4, 5.

JAEgdedizy i

Puc. 7.2—S1=1,Sz=3,S3=6,S4=10,S5=15

OueBHIHO, C YUCTO apu(METHUECKON TOYKU 3pEHHUS, 1-€ TPEYTOIbHOE YUCIIO — ITO
CyMMa 71 IEPBBIX HaTypajbHbIX yKcel. [loaTomy nomydaem

3aKJIroueHre, OCHOBAHHOE HAa MHIIYKTUBHOM PACCyKICHUH, MOXKET ObITh HEKOPPEKTHO.
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M3BectHa 3amada [30, c. 50] o6 ompenenenun yucna R, obmactei, oOpazyeMbIx
n(n—1)/2 xopaamu, KOTOpbIE COETUHSIOT 72 PUKCUPOBAHHBIX TOYEK HA OKPYKHOCTH, IIPH
NPEATOIOKEHNH, YTO HUKAKUEe TPH XOPJIbl HE MEePEeCceKatoTcsi BHYTpH Kpyra (puc. 7.3).

PS>

R,=2 Ry,=4 R

Puc. 7.3 — Xopas! B kpyre

Pesynprar npu n = 2, 3, 4, 5 HaBOAUT HA MBICITb, YTO R, = 2" , HO Rg = 31 (puc. 7.4).

Puc. 7.4 — Koutpnpumep: Rs = 31

YacTHblll caydail, OKa3bIBAIOIIUN JIOKHOCTh YTBEPKIAEHUS, HCTUHHOCTh KOTOPOTO
npearnosarajgack B o0IIeM cilydae, Ha3bIBACTCs KOHmpnpumepom (OOLIETO yTBEpKIe-
Hus). Hannume koHTpIprMepa onpoBepraer 10Ka3bIBaeMO€e YTBEPKICHHE U 3aCTaBIsSET
BBIIBUHYTh HOBOE INpeanoyiokenue. Ha camom nesne npaBuibHON Gopmynnoit Oyaet

+n~(n—1) +n-(n—l)(n—2)(n—3).

IMapaxokc Femmest!

B nayke mupoko uCnonb3yercst npunyun uHOyKyuu, KOTOpbId yTBepKaaeT, uro: «Ha-
OmrofieHue sBIEHUS X, KOTOPOE COOTBETCTBYET TEOPHH 1, JOTIOJTHUTEILHO TIOTBEPIK 1a-
€T TEOpUro 1.

[Tpenmonoxum, OUOJIOT UIET JOKAa3aTeIbCTBA CBOEH rumnoressl «Bce BOPOHBI — uep-
HbeIe». Ho 1u1st 3TOTO eMy HeT HeoOXOMMOCTH OTIPABIIATHCS B AKCIieauIuu. 6o B cury
3aKOHA KOHTpano3utmu 4 > B = =B 5 ~A4, JONOJHUTEIIbHBIM CBUAECTEIHCTBOM THIIOTE3bI

'Kapn I'ycras Temnens (1905-1997 IT.) — HeMelkuii u aMepHKaHCKHii puiocod.
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ABJISIETCS BCAKUN HEUEPHBIN MpenMeT, HaliIeHHbI OMoIoroM JoMa (KOHEYHO, €ClId OH
HE OKa)KETCS BOPOHOM).

Jloruka GeccuiibHa (GopMann3oBaTh HHAYKIHIO (HO, cM. [2], TOM 2), TeM He MeHee
OHA COBEpPILIEHHO HE MPENATCTBYET UCIIOJIb30BAaHUIO MHIYKLIUU B HAyKE U B )KM3HU: MBI
HOJIb3yeMcs €10 Yallle, YeM BCeMU NMPUHIUNAMU (POpMaIbHON JIOTHKH, BMECTE B3STHIMHU.

Jloruka oueHp BakHa B MaTreMaTHKe, OJHAKO OHAa HE HACTOJBKO TECHO CBsA3aHa
C OTKPBITUSAMH U H300pETEHUSIMH, KaK MOXKET MoKa3arhcs. JIornka He yKa3bIBaeT MyTh
U HE MOJCKA3bIBACT, KAK HAWTU pelieHre. DTOT MyTh OTKPHIBAIOT 3KCIIEPUMEHT, aHAJIO-
TUsl M MHTYHUIMS, a 3aTeM JIOTMKa MPEeBpaIlaeT 3TU HEXOXKEHbIE TPONUHKU B LHIMPOKYIO
MarucTpab, o KOTOPOil MOXKET mpoexarh JH000H.

7.2 MatemaTtndeckasa MHOYKUNS

Maremarudeckast HHAYKOUA ABJIACTCA NPHUEMOM HO-
Ka3aTeJbCTBA, YaCTO IMOJIC3HBIM JJId IMOATBCPIKIACHUA Ma-
TEMATUYCCKUX HpelIHOJ'IO}KeHI/II\/'I, K KOTOPOMY MBI HNPpHUIIIIN
C TIOMOIIIBI0 HEKOTOPOTO MPOIIECCa MHTYKITUH.

B xnwure [2] [.Iloia! (puc. 7.5) pacckasbiBaeT, Kak
C MOMOIIM UHIYKIIMH MOYKHO HaWTU (pOpMyITy AJIsi CyMMBI
n MEPBBIX KBAJIpaTroB

1+4+9+16+... +n%

3

Puc. 7.5 — Ivepas Iloiia OH cpaBHHUBAET ATy CyMMY C CYMMOW NEPBBIX 71 HATY-
paJbHBIX YKCEN C U3BECTHOM (popmyIoit

1+2+2+...+n=[n-(n+1)]/2.

OH roBOpUT O TOM, YTO €CTECTBEHHO MOMNBITAThCSI OOHAPYKUTH KaKOTO-TO poja Ma-
pajuieNnn3M MeXAy 3TUMH ABYMsI CYMMAaMH U PacCMOTPETh UX COBMECTHO:

n 1 2 3 4 5 6
142+3+...+4n 1 3 6 10 15 21
1+4+9+...+n2 1 5 14 30 55 91

Jlanee oH nuerT:
«Kak cBs3aHbl ABe nociaeaHue cTpoku? HaM MOXeT mpuilTH B rOJIOBY HUJiesl UCClie-
JIOBaTh UX OTHOILICHHE:

n 1 2 3 4 5 6
12422+, .. +n2 5 7 ; 11 13
1+2+...+n § § ? 3

! Tsépmp Toita (aurn. George Polya— Jlxopmx Ionna; 1887-1985 IT.) — BeHrepcKuii M aMepHKaH-
CKHIl MareMaTHK ¢ MUPOBBIM MMeHeM. OCHOBHBIC PE3y/IbTaThl — B TEOPHU YHCEN, QYHKIHOHAILHOM aHa-
JIM3€, MaTeMAaTHYSCKON CTAaTUCTUKE W KOMOMHATOpPHKE. 3HAMEHUTHI €r0 KHUTH O TOM, KaK PelIaTh 3aJaqu
W KaK HaJ0 YYHUTh pPeliaTh 3aJaqH.
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31ech MPaBUIIO OYEBUIHO, U €CITH OTHOIICHHE BO BTOPO# CTPOKE 3allKCaTh CIEAYIO-
M 00pa3oM:
11 1
3 3°
€ro MOYTH HEBO3MOXKHO HE 3aMeTHTh. EiBa M MBI CMOXKEM yAep)KaTbcs U HE chopMy-
JII/IpOBaTB Hpe,Z[HO.HO)KeHI/Ie, qTo

(SR
W o

W] W
W[ W

12422+, +n 2n+1

142+...+n 3

HOHB3YHCB 3HAUCHHEM 3HaMEHATEIs B JIEBOM 4aCTH, KOTOPOC MbI CUAUTACM H3BCCT-
HBIM, MOXKEM BBICKa3aTh HAIIIE MPEATIONOKEHNE B (hopme
2 _ n-(n+1)2n+1)

12422432+, . +n < )

Bepno 1m 310? To ecTb, Bcerna Jin 3T0 BEPHO?»

Hanee . Iloiis qOMOTHUTEIBHO MPOBEPSET 3Ty (HOpMyiTy, B YACTHOCTH, IMOJIydaeT
HEOCTIOpUMOE CJIe/ICTBUE W3 MpeArnonaraeMoi GopMyIbl, YTO CEpbE3HO IMOATBEPKIACT
ero gorazaky. M HakoHell, IPUBOAUT CIIEAYIOLIEE JOKA3aTeIbCTBO.

«IIpennonoxurenbHO BEPHO, UYTO

12+22+32+m+n2:n~(n+16)(2n+1).

Heocmnopumo BepHO, 4TO

(n+ 1) = (n+ 1)(n+32)(2n+3) Cn-(n+ 16)(2n+ D)

CrnenoBarenbHO, BEPHO, YTO

(n+1)(n+2)(2n+3)
6

(MBI CHOXKHIIM J1Ba MPEIbIIYIIUX PaBEHCTBA). JTO O3HAYAET: €CJIM Halle MPearnoioxe-
HUE BEPHO I HEKOTOPOIO LIEJIOr0 YUCIA /1, TO OHO HEIIPEMEHHO OCTACTCsl BEPHO IS
CJIeIYIOLIEro Leaoro yucia n + 1.

OnHako Mbl 3HaeM, 4TO MPEANOJOKeHUEe BepHO mist n = 1, 2, 3,4, 5, 6, 7. bynyun
BEPHBIM JJIs1 7, OHO JOJKHO OBITh BEPHBIM U JJIA CIEAYIOIIEro yncia 8; Oyayuu BepHbIM
JUIst 8, OHO JIOJKHO OBITH BEPHO U Ui 9; Tak Kak OHO BepHO 175 9, oHO BepHOo u A 10,
a 3HauMT, 1 1A 11 u T. 1. [Ipennonoxenue BEpHO IS BCEX LEINBIX YUCEN, HAM YAAJIOCh
JI0Ka3aTh €ro B MOJHOM OOIIHOCTHY.

Hanee 1. Iloiia moka3sIBaeT, 4To MPEABIAYIIEE PacCyACHUE MOXKET ObITh YIpoIllie-
HO, €CJIM BOCIIOJIB30BaThCsl BAXKHBIM METOJOM JI0Ka3aTelbCTBA, HA3bIBAEMBIM «Mamema-
muyeckas unoykyus». IIpu 3ToM GeCKOHEUHOE MHOXKECTBO MEPEX0A0B OT (hUKCHPOBaH-
HOTO HaTypaJIbHOTO YMCJa 71 K CIEeAyIomeMy Yuciy 7 + | (Ipu3HakoM OeCKOHEYHOCTH
CIIy’KaT CJIOBa «H T.[.») B JOKa3aTeIbCTBE 3aMEHSETCS Ha OJHO OOlIee paccyKaeHueE.

[TpucTynum ceifuac K pacCCMOTPEHHIO Pa3HOOOPA3HBIX BapUAHTOB MaTeMaTHYECKOM
uHAYKIuU. COBpEMEHHOE pa3BUTHE NPHUHIIMIIA MAaT€MaTU4eCKOW WHAYKIIMM HaAdajoCh
¢ akcuoMm Ileano mist Teopun popmanpHOr apupmernku EA. Akcnoma MaTeMaTudecKoi
WHAYKIUH (CM. TiaBy 6, maparpad 6.6) B ctangapTHON uHTeprnperanuu EA BeIpaxaeTcs
bopmymnoii:

12+22+3%+ ... +n2+(n+1)* =
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(P(o) & Vx(P(x) > P(x+ 1))) 5 YnP(n). (7.2)

N3 akcuomer (7.2) cnemyet npenioxenue 1.

@ Tpeonoxcenue 1 (Ipunyun mamemamuyeckoi undykyuu). Iycts P(n) —
CBOMCTBO HaTypaJIbHBIX YUCEIl, BBIPA3UMBIX B TeOpuH EA.

%’é Ecnn

(1) Bemomaneno P(0) u
(2) nmns kaxmporo k > 0 u3 P(k) cnenyer P(k+1),

TO st Kaxkoro n > 0 cripaseuBo P(n).

Hokazamenvscmeo. V3 uctunnoctu dopmyn P(0) u Vx(P(x) > P(x + 1)) B CHIIY
akcuomsl (7.2) cnenyer VYnP(n).

B maremarndeckoil MHIYKIIMM UMEETCS UHOYKMUGHBLI 0a3uc — YTBEPKICHUE, YTO
CBOMCTBO BBINOJHEHO JJII CAMOTO MAJIEHBKOT'O M3 PacCMaTpUBAEMBIX YMCEI, U UHOYK-
mueHbll wiaz — 00O0CHOBAHUE TIEPeX0Aa OT YHCHA /1 K Yuciy # + 1.

[IpuBeeM ¢ MOMOIIBI MaTEMAaTHYCCKOM MHIYKIMU JOKa3aTelIbCTBO CIIPABEIINBO-
cTH GOpPMyYIIBI JUISl CyMMBI KBaJIpaTOB

n-(n+1)2n+1)

G :

12+22+3%2+. .. +n?

(7.3)

[Tycte P(n) ob6o3nauaer paBeHcTBO (7.3). O4ueBuAHO, 6a3uC MHIYKIUH BBIOIHEH,
0° = (0x1x 1)/6 = 0. lokaxem uHIYKTHBHBIN niepexon ot P(n) k P(n + 1): no6aBum
K 00euM vacTsm paBeHcTBa (7.3) ciaraemoe (1 + 1)2. Torna cneBa OyaeT cymMMa MepBbIX
n + 1 KBajparoB, a CIpaBa MoIy4aem

n-(n+ 16)(2n+ 1) s (n+1) = (n+1)(n +62)(2n+3)’

YTO U TpeOOBaJIOCH JA0KA3aTh.

3aoaua 1. Ilycte nana nocnenosarenbHOCTh 1, 1, 2, 3, 5, 8, ... uncen ®uboHauymn
f(n) (cm. tnasy 1, maparpad 1.3). THoxaxute popmyrny Kaccuru

n

fn+1)-f(n=1)=f(n)" = (-1)

npu n > 1.
Pewenue. Oupenennm P(n) xax f(n+1)-f(n=1) = f(n)’ = (-1)" npu n > 1.
Basuc unnykimu Beimonnsercs aust n = 2: f(3) - f(1) —f(2)2 = (—1)2.
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laz undyxyuu. Tycts ans k > 2 seimonneno P(k): f(k+1)-f(k-1)-f(k)” = (-1)".
Hoxaxem P(k + 1). Umeem

FU+2) £ (k) = (F(k+ 1) +£ (k) £ (k) =f (k + 1) -f (k) +f (k)" =
=f U+ 1)-f (k) +£(k+1)-f (k= 1) = (=1)" (8 cuay P(k)) =
= f U+ 1) (F) + (k= 1)) = (=1)" =f G+ 1)+ 1) = (<1)" =/ Gk + 1) = (-1)".
Orcrona momy4uaem f (k+2)- f (k) =f (k+1 )2 +(-1 )k+l ,T.e f(k+2) f(k)-f(k+1 )2 =

= (-1 )k+1 . To mpuHnumy mMaremaruueckoi uHayKuu umeeM f(n+1)-f(n—1) —f(n)2 =
=(-1)" mpu n > 1.

®opmyna Kaccuam o0bscuHseT copusm ¢ yuciamu PuOOHAYYM, PaCCMOTPEHHBIN
B m1aBe 1, maparpad 1.3.

Beinonnenue 6a3uca MHAYKIUE HEOOXOAUMO JUIsS HHIYKTHBHOIO JOKAa3aTesIbCTBa.

(puMep 7.6~ oovrveeerrenne

ITycts P(n) ecth
Y (2i-1)=n*+5.
i=0

Torma P(0) noxuo, a u3 P(n) cnenyer P(n+1). U P(n) 1T0XHO s BCEX HATYpajib-
HBIX YHCCII.

Jliist mr06Or0 HATYpaBHOTO /1 YKCIo 1%+ 5n+ 1 — getHoe. U B 3TOM citydae BepHOCTH
OJHOI'0 MHAYKTHBHOTO MEPEX0Ja HEAOCTATOYHO.

@ IIpeonoocenue 2. Ilpunyun mamemamuyeckou UHOYKYuu ¢ 0A3UCOM,
bomvuum 0. Ilycts P(n) — CBOWCTBO HATYPAIbHBIX YHCEI, BHIPA3HMBIX

%’é B Teopun EA.

Ecnn

(1) s HexkoToporo k > 0 BeimonneHo P(k) u

(2) ms xaxmoro m > k uz P(m) cnenyer P(m+ 1),

TO JIUISL K&XI0TO0 71 > k cripaBemuBo P(n).
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Hokazamenvcmeo. Tonoxkum T'(n) = P(n + k). Torma umeem

(la) BopmmonHeHo 7(0) u

(2a) mst xaxmoro m > 0 w3 T(m) cnenyer T(m + 1), u npemiokenue 1 maer s
kaxaoro n > 0 uctTuHHOCTH 7(1), YTO BiIEUYET cHpaBeTHBOCTh P(n) sl Beex
nzk.

@ Ipeonoscenue 3. TIpUHINTT MATEMAaTHYECKOW WHIYKIIMU SKBUBAJICHTEH
CYIIECTBOBAHUIO HAUMEHBIIETO DJIEMEHTA B JIFOOOM HEITYCTOM ITOMHO-

%’é s)kectBe N.

Jlokazamenvcmeo.

1. IIyctp B m1060M HEMycTOM MOAMHOXecTBe N CyIIecTByeT MHUHUMAJbHBIN 3Je-
MeHT. J[oKakeM BBITIOJHUMOCTD TIPUHIIAIIA MaTeMaTHIeckoi uHaykimu. [lycrs P(n) —
HEKOTOPOE CBOMCTBO HATYPAJIBHBIX YHCEII, I KOTOPOTO

(1) Bemonueno P(0) u
(2) s kaxmoro k > 0 u3 P(k) cnenyer Pk +1).

byneMm paccyknarb OT IPOTUBHOIO: MHOXKECTBO B = {n | ﬁP(n)} He mycro. Torma
CyIIECTBYET HAUMEHBIIMN 3JIeMEHT m € B. Tak kak P(O), no 0a3ucy WHAYKIWHU, — UC-
tuHa, T0 m > 0. CnenoBarensho, m — 1 € N u P(m — 1), m03TOMY 110 HHIYKTHBHOMY
nepexoay BbINoJgHEHO P nist m. Ho aTo mpotuBopeunt m € B, cieqoBarenbHo, B MmycTo.
U nostomy st Beex n > 0 cnpasemuso P(n).

2. IlycTp crpaBeyIMB MPUHLMII MAaTEMAaTU4YECKON MHAYKIMHM U B — HEemycToe noi-
MHOXkecTBO N. JlokaxeMm, 4To B B CylIecTBYeT HAUMEHBIINH 31eMeHT. OT NPOTUBHOTO:
IIyCTh B B HET HaMMEHbIIETro 31eMeHTa. Onpenenum npeauKar

P(n) —«Ym(m<n>m¢B)».

Nmeem O ¢ B, unaue 0 Ob11 Obl HAMMEHBIIMM 37eMeHTOM B B. [losTOMY BBITIONHE-
Ho P(0) — 6a3uc unaykiuu s P(n). TTokaxeM UCTHHHOCTh MHIYKTHBHOTO IEPEXOAa.
Iycte mis k Bemonueno P(k), T.e. amst Bcex m < k umeem m ¢ B, B 4acTHOCTH k ¢ B.
Orcrona cnenyert, uto kK + 1 ¢ B, nHade k + 1 Obul OBl HAUMEHBIITUM DJIEMEHTOM B B.
ITockonbky st Bcex m < k + 1 Boimonueno m ¢ B, o P(k + 1) —uctuna. Tem cambiM
MBI TOKa3aJIl BEPHOCTh HHAYKTUBHOTO TIEpEX0/a H, MO MPUHIIUITY MaTeMaTHYECKON WH-
JYKIHH, TONy4Yrid, 9410 aist Beex n > 0 cnpaseqmuso P(n). Ilocneanee o3Ha4yaeT, 4to
B = @. IlonydeHHOE IPOTUBOPEUNE TOBOPUT O TOM, YTO B UMEET HAUMEHBIINMI IEMEHT.

Bozeépamnaa unoykyus — oqvH M3 BapHaHTOB MaTeMaTWYeCKOW WHIYKIMH. 3/1€Ch
WHIyKTHBHBIA TIEPEX0l IPOUCXOUT HE OT OJHOTO 3HAYCHUS K CICAYIONIEMY, a OT BCeX
NPEBIIYIIMX 3HAYCHHN K IMOCIIEAYIONIEMy; [Iar HWHIYKIMH IEPEeBOAUT He OT P(x)
K P(x+1), a or P(y) anst Bcex y < x k P(x). Ilpu Takom mepexonae He Tpedyercs
6a3uca MHAYKIUU. B camoM nene, mockoibKy ycioBue x < 0 TOXIECTBEHHO JOXKHO, TO,
MIOCKOJIBKY M3 JDKH CIIEAYET BCE, YTO YTOAHO, IMEEM

Vx(x <05 P(x)),

a OTCIoIIa 1Mo MHIYKTHBHOMY miepexoxy umeeM P(0).
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@ @ IIpeonooicenue 4. Bozepamnas unoykyus. Iycts P(n) — cBO#CTBO Ha-
TypajbHBIX YHUCET, BEIPa3UMbIX B Teopuu EA.

%é Ecnu mi1st Bcex x yTBepKIeHHE Vy(y <XxD P(y)) Biieuet P(x), To mis
kaxaoro n > 0 cnpasemmso P(n).

@ @ Ipeonooicenue 5. Ipunyun 6eckoneunozo cnycka. Ilycts P(n) — cBOii-
CTBO HaTypaJbHBIX YUCEN, BBIpPa3UMBbIX B Teopuu EA.

éé Ecnu [u1sl KaKI0T0 HATypajbHOTO YKCINA, YIOBICTBOPSIONIETO CBOM-
ctBy P(n), HalIeTCS MEHbIIIEE, YIOBICTBOPSIOIIEE ITOMY JKe CBONCTBY,
TO YHCEN 1, JUTS KOTOPBIX BHIMTOIHEHO P(7), BOOOIIE HET.

dopManpHO:

@ Teopema 1. Cnepyroomue OiITh CBOMCTB MHOXecTBa N HaTypaJbHBIX

M YHUCCJI DKBUBAJICHTHBI:

%é (a) mpuHIMI MaTeMaTU4YeCKOW MHAYKIUU (Mpeanoxenue 1);

(b) mroboe HemycToe MOAMHOXKECTBO N MMEET HaUMEHBIIUN dJie-
MEHT;

(c) Becsikasi cTporo yOBIBaroIasi MOCJIEIOBATEIHHOCTh HATypPalb-
HBbIX YHUCCJI KOHCYHA,

(d) Bo3BparHas MHAYKIUA (TIpeAsioKeHHE 4);
(¢) mpuHIUI OECKOHEYHOTO CIycKa (IIpejIokKeHue 5).

Jlokazamenvcmeo.

(a) < (b): sxBuBaneHTHOCTH (a) U (b) KOKa3aHA B MPEITOKEHUH 3.

(b) < (c): ectm xg > x| > Xp > ... — OecKkoHeUHas yObIBaIoOmIas 1MOCIeI0BaTEb-
HOCTb, TO, OYEBHIHO, MHO)KECTBO €¢ 3HAUCHUI HE MMEET HAMMEHBIIETO IeMeHTa (JIJIs
KaKJIOTO 3JIEMEHTa Clienyromuii eme Menbiie). [loatomy u3 (b) caenyer (c). Hampo-
THUB, €CITM B — HEMyCTOe MHOXKECTBO, HE MMEIOIIEEe HAMMEHBILIETO dJIEMEHTa, TO OECKO-
HEYHYI0 yOBIBAIOIIYIO TOCIIEIOBATEIBHOCTh MOXKHO TOCTPOUTH Tak. Bo3pmeM mpous-
BOJIBHBIN 3NIeMEHT by € B. [1o Mpe/rnonokeH o, OH He SIBISCTCS HAUMEHBIINM, TaK YTO
MOXKHO HalTu by € B, myst kotroporo by > by. [lo Tem xe npuynHaM MOXKHO HaWTH b, € B,
i kotoporo by > by, u T. A. IlomydaeTrcst 6eckoHeuHas: yObIBaromasi Mmociae1oBaTelb-
HOCTb.

(b) < (d): BBIBemeM METOJ BO3BPATHOM WHIYKIIMHA W3 CYIIECCTBOBAHUS HaUMECHb-
IIIETO 3JIEMEHTA B JTF000M moaMHOKecTBe. ITycTh P(1n) — CBOMHCTBO HATYpaBHBIX YHCEI,
JUIsl KOTOPOTO CIPaBENIUBO YTBEPXKICHHE WHIIYKTUBHOTO IEepexoaa
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«UTSA BCEX X YTBEPXKICHHE Vy(y <XD P(y)) Biiedet P(x)». (7.4)

Paccyxmaem OT MPOTHBHOTO: mycTh P(n) crmpaBemnBO He Asl Bcex n. Pacemor-
PUM HEIyCTOE MHOXKECTBO B T€X 3J€MEHTOB, JJI1 KOTOPhIX CBOWCTBO P HeBepHo. [IycTh
X — HauMEHBIIUH 2J€MEHT MHOXeCTBa B. 110 ycI0BUIO MEHBIINX 3IEMEHTOB BO MHOXKe-
CTBE B HET, M03TOMY JUIs BCeX ) < x cBoicTBO P(y) BeimomHeno. Ho Torma B cuy (7.4)
JOJDKHO OBITH BBINOJHEHO U P(x), 4To npoTHBOpeynT X € B. CienoBarensHo, P(n) cipa-
BEIJIUBO JIs BCEX 71.

JlokaxkeM CyIlecTBOBaHME HAMMEHBIIETO AJIEMEHTa B JIF0OOM HEIYyCTOM MHO)KECTBE
C MOMOIIBIO BO3BpaTHOM MHAYKIMUH. [IyCcTh B — MHOXECTBO, B KOTOPOM HET HAaUMEHb-
mero 3neMenTa. J[okakeM MO MHAYKIWH, 4TO B MyCTO; IS 3TOro B KauectBe P(x)
BO3bMEM CBOICTBO X ¢ B. B camom zene, ecu P(y) BepHO Uit BceX y < X, TO HUKAKOii
AJIEMCHT, MEHBIINK X, HE JIGKUT B B. 3HAUMT, eCliv ObI X JIeXkaja B B, TO oH Obl ObLI Tam
MUHUMAJIBHBIM, a TakuX HeT. [lolydeHHOE MPOTHBOpEUNE T0KA3bIBAET CYIIECTBOBAHUE
MUHUMAJILHOTO 3JIEMEHTA B JIIOOOM HEITyCTOM MHOXECTBE.

(¢) < (e): ecnu ObI HekoTOpasi yOBIBArOmIasl MOCIEIOBATEIBHOCTh HATYPATBHBIX
gricen Obla Obl OECKOHEYHA, TO 3TO MPOTUBOPEUIIIO ObI MPUHIUITY OECKOHEYHOTO CITyC-
ka. Terepb BbIBEIEM MPUHIMI OECKOHEYHOTO CIYCKa M3 KOHEYHOCTH YOBIBAIOIIMX I10-
crnenoBarenbHOCTed. Eciam Obl U KaXI0ro 71y, YAOBICTBOPSIOIIETO CBOMCTBY P(ny),
HAIIJIOCh OBl MEHBIIIEE €T .|, YAOBIETBOPSIIOIIEE 3TOMY K€ CBOWCTBY, TO MOJIYYHUB-
nIasicst MOCJIe0BaTeIbHOCTh Oblila Obl OECKOHEUHO YOBIBAIOIIEH, Yero HE MOXET OBbITh.
Takum 06pa3om, OT IPOTUBHOTO OOOCHOBAH MPUHIUIT OECKOHEYHOTO CIYCKa.

[TpommutrocTprpyeM NpUMEHEHUE MPUHIMIA OECKOHEYHOTO CITyCKa.

3adaua 2. Tlycts k — HatypansHoe 4ucio, u \/k — e uenoe. Jlokaxure, uro \/k —
UppanoOHaIbHOE YUCIIO.

Pewenue. TIPeITIONOXNM, 4TO MOXKHO NPEACTAaBHTh \/k B BHE OTHOLICHHS Ha-
TypadbHbIX yucen m U n. O003HAYUM yepe3 g HauOoJiblliee HaTypalbHOE YHCIIO, HE
npeBocxomsmiee \/k. MiMeeM paBeHcTBa

\/%:ﬂ_m(\/l;—q) _ m\k — mq :nk—mq:ﬁ.

n n(Nk-q) nk-ng m-nqg n

[lepen mocneaHUM paBEHCTBOM IEPBOE 71 B YUCIUTENE 3aMEHUIIN MPOU3BEACHUEM
n\'k, a \/k 3amMenunn oTHOIICHKEM m /N,

MbI nonyduy U3 JpoOu m/n paBHYIO €l HOBYIO Ipo0b m'/n’, npudeM m’' < m u n' <
< n (MCXOJHBIC YUCIUTEIb U 3HAMEHATENb YMHOXKIIM Ha YKCIIO MEeHbIIee 1 U ympocTuiu
HE3aBHCHMO TaK, YTOOBI CHOBA MONYYMIUCH Henbie uncia). C HOBOM Apo6bio m'/n' Mbl
MOKEM MOBTOPUTH MOJ00HOE MpeoOpa3zoBaHME M MOJIYYUM APOOb C €llle MEHBIINMHU
YUCIIUTENSAMU U 3HAMEHATeJIMU U T. 7. 1o mpuHIumy OECKOHEYHOTO CITyCKa CIEIyeT,
YTO TaKMX YHCET m U 1 BOOOIIE HET.

ITpu nokazarenbcTBE OCHOBHOM TeOpeMbl apU(pMETUKU OOBIYHO MCIOIB3YETCS BO3-
BparHas MHIYKIHSL.

@ Teopema 2. Ocnosnasa meopema apugmemuxu. Besikoe HaTypaibHOE
’ 4YuCIo, Oombliee 1, eIMHCTBEHHBIM 00pa3oM (C TOYHOCTHIO JI0 TIOPSIKA
%é COMHOKUTEJIEN) pa3iokXUMO B MPOU3BEACHHUE MPOCTHIX YHCET.
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Jlokazamenvcmeo.

1. CHauana qokakem, 4TO HaTypaJibHOE YUCIIO, OoJbiiee 1, pa3iokUMo Ha MPOCTHIE
MHOXHTEH. [TycTh P(1n) €CTh YTBEPKIACHUE «/1 — MPOU3BEACHHUE MPOCTHIX THUCETD».

Hnoykmuenwiii wae. Bo3sbMeM HEKOTOpOE m > 2 M JOIMYCTUM, 4TO IJs Kaxaoro k,
YIOBJIETBOPSIOIIETO HEPAaBEHCTBY 2 < k < m, yrBepknenue P(k) ucruuno. Ecim m —
npocToe uucio, To P(m) —ucruna. Eciiu m — coctaBHOE YHCIIO, TO CYIIECTBYIOT # U S,
JUISL KOTOPBIX BBITIONHEHO 2 < r < m, 2 < s < m u r-s = m. Tak xak P(r) u P(s)
BBITIOJTHEHO, TO 7 U § — MPOU3BEICHUS MMPOCTHIX uncel. [loaTomy 7-s ecTh nmpou3BecHHE
NPOCTHIX Yncell. B cuity BO3BpaTHON MHAYKLUH, MBI ITIOJIy4aeM, 4TO JII000€ 71 Pa3I0KUMO
B MIPOU3BE/ICHUE TIPOCTHIX YUCEI.

2. TTokaxkeM eTUHCTBEHHOCTh pasiokenus, ciaenys [3, c. 17-18]. Iycts S(n) yrBep-
KJIaeT, YTO 71 UIMEET €MHCTBEHHOE MPEeICTaBIeHHE (C TOYHOCTHIO /IO TIOPsIIKa COMHOXKH-
Tesiel) B BUJE IPOM3BENICHHUS MPOCTHIX uuces. Bo3zbMeM HeKoTopoe m > 2 U JOIyCTuM,
9TO IS KaKI0TO k, YIOBJIETBOPSIONIEr0 HepaBeHCTBY 2 < k < m, ytBepxkaenue S(k)
uctunaHo. Ecm m —npoctoe umcio, o S(m) —uctuna. [Ipennonoxum, uto m — co-
CTaBHOE W MMEETCs JIBa PA3IUYHBIX MPECTABICHUS 7 B BUJIE MPOU3BEACHUS MPOCTHIX,
CKaXKeM,

m=pgr...=p'q'r. ..,

mep,q,r,...ap,q,r,. .. —npoctbie. OTHO U TOXXE MPOCTOE YUCIO HE MOXKET BCTpE-
TUTBCS B JIBYX Pa3JIOKEHHSX, TaK B 3TOM ClIyuyae Mbl COKpaTWiIU Obl Ha 3TO MPOCTOE
U TOXYYHJId OBl JIBa PAa3IUYHBIX PA3JI0KEHHUS MEHBIIETO YHCIa, a 3TO MPOTHBOPEUUT
UHIYKTUBHOMY TPEIIOJIOKEHHUIO.

He napymias oOuHocTH, MOXHO MpeanosaraTb, 4To p — HauMEHbIIee U3 MPOCTHIX,
BCTPEYAIOIINXCS B IEPBOM pa3loKeHUU. Tak Kak m — COCTaBHOE, UMEETCSI 10 MEHbIIEH
Mepe OJIMH MHOYKHTENb B Pa3JIOKEHHH, IOMUMO p; TOATOMY m > p*. AHAJIOTHYHO m > p'?.
Tak kak p U p’ He OJUHAKOBBI, TO IO KpallHEH MEpe OIHO U3 3TUX HEPABEHCTB CTPOroe
U, CIEA0BaTeNIbHO, pp’ < m. PaccMoTpuM Tenepp 4yucio m—pp’. IT0 HaTypajIbHOE YUCIIO
MEHbILIE 71, CIIEOBAaTEIbHO, OHO MOXKET OBITh MPEICTaBICHO, KaK MPOU3BEICHHE MPO-
CTBIX, OJTHUM U TOJILKO OTHUM criocoOoM. Tak Kak p AeNUT m, OHO JAETUT TaKxke m —pp’,
MO3TOMY p JOJKHO BXOJIUTH B Pa3lIOKEHUE m — pp’.

(MbI monb3yemcsl CleIyoIUM BCIIOMOTATeIbHBIM YTBEPIKICHUEM: €CITH pa3JioxkKe-
HHUE YHCiIa 7 Ha MPOCThIe MHOXKHUTEIU €IMHCTBEHHO, TO KaXAbIi MPOCTOM MHOXKHUTEIH 7
JIOJDKEH BXOAMTH B 3TO pasjioxkeHue. J[eHCTBUTENbHO, MyCTh a — Kakoe-HUOYb POCTOE
YHCIT0, JIeNALIee 1, TOTAA 1 = ab, TAe b — HEeKOTOpOe 1IeJI0e YHUCII0; Pa3I0KEHUE 71 MOXKHO
MOJyYUTh U3 pa3fiokeHus b, 1006aBUB MPOCTOM MHOXUTENb a. Tak Kak Mo MpeIrnoio-
KEHHUIO MUMEETCS TOJIbKO OJIHO PasjIoKEHHE # Ha MPOCThIe, TO d JIOJKHO BCTPETUTHCS
B HEM.)

AHaJOTUYHO YOEXKIaeMCs, YTO B 3TO Pa3JIOKEHHE JOJDKHO BXOAUTH | p’. Ciemosa-
TEJBHO, PA3JI0XKEHUE M — pp’ UMEET BU]I

m—-pp =pp'OR. ..,

rne Q, R,... —upocteie uncna. OTcroaa ciaeayer, uto uucio pp’ nenut m. Ho m = pgr. . .,
no3ToMy (Mocjae COKpalleHUsl Ha p) MOJydaeTcs, 4To p’ AenuT gr .. BBuny Bcnomora-
TEJIBHOTO YTBEPXKACHHUS, IPUBEICHHOTO BhIIIE B CKOOKaX, 3TO HEBO3MOXHO, H0O g7 .. —
YHuCJI0, MECHBIICC m, U p, HC ABJIACTCA OAHUM U3 NPOCTHIX ¢, 1,..., BXOAAIIHUX B €TI0
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pasnokeHne. DTO MPOTHBOPEUNE JOKA3bIBACT, UTO JUISl /m BhIMoIHEHO S(m). B cuty Bo3-

BPAaTHOM MHAYKIUH MBI TOJIy4aeM, 4TO JII000€ 7 Pa3iIokUMO B NMPOU3BEACHUE MPOCTHIX

qrceN eAUHCTBEHHBIM 00pa3oM (C TOYHOCTBIO JIO MOPSIIKA COMHOXKUTEINEH ).
WNHaykTuBHOE paccyX/IeHHEe MOKHO MPUMEHSATh Pa3IMYHBIMU CIIOCOOAMHU.
Hampumep, eciaun

(1) 6asuc naaykuun: P(0) u P(1) uctuHHO,
(2) wmHAYKTUBHBIHA miar: aist ao6oro n > 0 uz P(n) cnenyer P(n +2),

TO st Beex n > 0 crpaBemBo P(n).

B neficTBUTENBHOCTH, ABAa OTAENBHBIX MHIYKTHBHBIX JJOKA3aTeNbCTBA KOMOMHHUPY-
IOTCSI B OIHO (OJHO IS YETHBIX YUCEN W JApyroe JUisl HedeTHbIX uucen). [IpuBenem
npumMep, TAe TPU UHIYKTHBHBIX JJOKa3aTebCTBA CBEPHYTHI B OIHO.

3aoaua 3. Jlokaxxure, 4YTO €CIU HATypaiabHOE 1 > 13, TO CyIIECTBYIOT Takue HaTy-
panbHble yKcna a u b, uro n = 3a + 8b.

Pewenue. Tlycts P(n) ecTb yTBepKACHUE «71 = 3a+8b A5l HEKOTOPBIX HATYPATBbHBIX
a u by». Bynem ucronp30BaTh MaTeMaTHUECKYI0 WHAYKIHIO.

Basuc unoykyuu. P(14), P(15) u P(16) ucrunHsl, Tak kak 14 =2 -3+ 8, 15 =
=5-3+0-8u16=0-3+2-8.

Hnoykmuenoiii wae (P(k) > P(k + 3)) ITycTs asi HEKOTOPOTO HATYPalbHOTO
k > 13 BoeimosnaeHo P(n), T. €. CyHmIeCTBYIOT Takue a u b, uto k = 3a + 8b. Torma k + 3 =
=3(a+ 1)+ 8b, 1.¢. Bemmonueno P(k +3).

B cuity npuHIHMIA MaTeMaTHYeCKOi MHAYKIMU 171 Beex n > 13 umeem P(n). [leii-
CTBHUTENBHO, 3/1€Ch €CTh TPU OTICIBHBIX JIOKA3aTeNbCTBA: TIEPBOEC JIOKA3ATEIBCTBO IS
nocneaoBarenbHOCTH uncen 14, 17, 20,...; Bropoe — nig nocienoBareabHocT 15, 18,
21,... u TpeThe — s mociaenoBarenbHoct 16, 19,22, ...

WH1yKTHBHOE J10Ka3aTeIbCTBO MOXKET OBITh TaK)Ke MPOBEICHO, KOT/1a MHTyKTHBHBIH
6asuc ectb P(m) u P(m + 1) mis GUKCHPOBAHHOTO HATYPAIBLHOTO YHCIA 71 U MHIYK-
tuBHBIN nepexon ectb P(k) & P(k + 1) o P(k +2) nna npoussonsHoro k > m. Torma
B pe3yJsTare JUIs BCeX 1 > m crpaseaauBo P(n).

3aoaua 4. Jloxaxure, yTo 175 JH000T0 72 > | BBINOIHEHO HEPABEHCTBO

) < (g)1

Pewenue. Iycts P(n) ects yreepxaenue f(n) < (5/3)" "amn
Basuc unoyxkyuu. Umeem P(1): 1 <1 —wuctuna u P(2): 1 <5/3 —ucruna.
Hnoyxmuenwiii wae. Iycts k > 1 u P(k) & P(k + 1) —uctuna. Toraa

k-1 k
Fe+2) =f() +f(k+1) < (g) s (g) (8 cuny P(k) u P(k + 1)) =

k-1 k-1
5 5 5 8
= — . 1 + — = — . —_ <
3 3 3 3
M1 nokazanu P(k +2). TToatomy P(n) crpaBeuinBo st n > 1.

IMapanokcsbl U copu3M Npu MaTeMaTHYeCKONH MHIYKUIHH

1. Ilapagokc HeOXKUAAHHOM Ka3HH. MBI yXe BCTPETWIHUCH C 3THUM MapagoKCoM,
B maBe 1, maparpad 1.3. Kaxercs, 10 cux mop He CyHIECTBYET yIOBJICTBOPUTEIHHOTO

pasperieHus 3Toro napajaokca, ogHako cMm. kaury P. Cmannuana [4, c. 16-20].
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2. Mapanoke Pumapa. PaccMoTpuM 3TOT mapaiokc B HHOM (opMe MO CpaBHEHUIO
C OPUTMHAJILHBIM OMHUCaHueM B [5, c. 41].

@ IIpeonoocenue 5. Kaxxnoe HaTypallbHOE YUCIIO onpedensemcs Ha pyc-
CKOM sI3bIKe (hpa3oid, copeprkamieii Mmeree 14 cios.

N e

Hoxazamenvcmeo. Ilycts P(n) GyaeT yTBepKIeHUCM:

«n onpeodensiemcs Ha pyCCKOM A3blKe (hpasol, cooeparcaujeli Menee 4emvlpHaoyamu
Cl08Y.

basuc unoykyuu. n = 0 onpenensieTcs Kak «HaMMEHbIIIee HaTypajabHOe uncio». Ilo-
CKOJIBKY 3Ta (ppasa comepkut meHee 14 cios, To P(0) BBIMOIHEHO.

Unoykmusnoui wae. Ilycte k > 0 dbuKcHUpoBaHO M JOMYCTHUM, YTO HUMEET MECTO
P(0), P(1),..., P(k—1), T.e. KaXkm0€ YUCIO, MEHbIEE k, ONMPEICISETCS Ha PYCCKOM
s3bIKe (ppa3oii, copeprkaineid MmeHee 14 cnoB. Ecnu k He ompenensercsi, TO €ro MOXHO
OIIPENIETUTh KaK «HAMMEHBLIEE HaTypaIbHOE YUCIIO0, KOTOPOE ONPEAEIAETCS HA PYCCKOM
s3bIKe (Ppazoif, copepkalieil MeHee YeThIPHAAIATH CI0BY», — (ppa3a coctouT u3 13 cios,
U T0ATOMY k CTAHOBUTCS OINPENETICHHBIM IMOCJE 3TOr0. DTO MPOTUBOPEUHE JOKA3bIBAET
WHIYKTUBHBIN LIAr.

CrneZ1oBaTeNIbHO, 10 MaTEMATHYeCKOi HHAYKIMH P(n) cripaBeinBo IS BCEX 71, TaK
YTO JOKAa3aTeIbCTBO 3aKOHYEHO.

B sTom Bue napagoke Pumapa ouens 6mu3ok napagokcy beppu, onrcanHomy B ma-
parpade 1.3 raBsr 1.

3. Codusm. Bee momaau ognoi mactu. To, 4yTo BCe somaan OJHOM MacTH, MOXKHO
JI0Ka3aTh MHIYKIMEH M0 YMCIy JIOIMIAZel B ONpeeIeHHOM TalOyHe.

Joxazamenbcmeo. ECiu CyILIECTBYET TOJBKO OHA JIOIIA/(b, TO OHA CBOEH MACTH, TaK
4yTo 0a3a MHIYKIMK TpUBUAJIbHA. JIJI1 MHAYKTUBHOTO MEpexoa MPeAroNokKHM, YTO Cy-
niectByeT n+ 1 nomane (c Homepamu ot 1 10 n+1). [lo UHAYKTUBHOMY MPENIONOKEHUIO
JoLIaau ¢ HOMepaMHt OT 1 710 7 OAMHAKOBOW MacTH U, aHAJIOTHYHO, JIOIIAJAN C HOMEpaMH
oT 2 10 n + 1 nMmeror oauHakoByro MacTe. Ho momanm nocepenune ¢ Homepamu OT 2
JI0 n HE MOTYT M3MEHATh MAacThb B 3aBUCHUMOCTH OT TOTIO, KAK OHHM CIPyIIHMPOBAHbI —
3TO JIOIIAAU, a HE XaMeneoHsl. [loaTomy somanu ¢ Homepamu OT 1 70 7 TaKkKe AOIK-
HBI OBITH OIMHAKOBOHM MacTH. Takum oOpa3om, Bce n JomIaael oauHakoBOW MacTu. Uto
U TpeboBaIOCh J10Ka3aTh.

O0bsicHenue copusma. Ilockonbky 0a3uc MHAYKIUM JOKa3aH Uit # = 1, TO UH-
JTYKTHBHBIN Tepexof] OT n K n + 1 JoikeH ObITh BbINOMHEH I Bcex n > 1. Ho ato
HEBO3MOXHO, MTOCKOJIBKY mepecedeHne nByx Muoxect {1,2,...,n} u {2,3,...,n+ 1}
nycTo npu n = 1.

4. MMapanokc uzodperaresi. [lonmpoOyeM qoka3zaTh METOAOM MaTeMaTHUYECKON WH-
TYKIIMH HEPaBEHCTBO

1-3-...-(2n-1) 1
2-4....:2n <\/ﬁ’

nzl.

bazuc nanyknnn:
1
< —=.
1

N —
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Ilo MMPECATIOIOKECHUIO HHAYKIIUN:

1-3- .- (2k-1)-(2k+1) 1-3-...-(2k-1) 2k+1

1 2k+1
24 . 2k-(2k+2) 24 .2k

%12k 2%k+2

N HaM OCTacTCA O0Ka3aTrb, YTO

2k +1 1
< . .
2k+2  \k+1 (7.5)

Bo3Bozs 00e yacTu HepaBEeHCTBA B KBAapaT M U30aBISAACh OT 3HAMEHATeNeH, pHxo-
JIUM K SKBHUBAJIEHTHOMY HEPAaBEHCTBY

(k+1)(2k+1)* < k(2k +2)°. (7.6)

W nanee, packpbiBas CKOOKH, — K HEPABEHCTBY
4k + 8K + Sk + 1 < 4K + 8K* + 4k.

Oto HepaBeHCTBO HeBepHO! CrenoBarenbHO, HEBEpHBI U HepaBeHcTBa (7.6) u (7.5).
MOKHO cUMTaTh, YTO HEBEPHO HCXOJHOE HEPABEHCTBO?

Her nmenp3s. Heyﬂaqa roOBOPUT JUIOb O TOM, YTO HC TOAUTCA KOHKpCTHBII\/'I METO/,
J0Ka3aTcjIbCTBAa — MHAYKIHUA.

ITornpoGyeM Tenepp J0Ka3aTh HEPABEHCTBO:

13- ...-2n-1) 1
> 1. .
24 ..o axr " (7.7)

HepasenctBo (7.7) cuibHEe HAIIEro MCXOJAHOTO HEPABEHCTBA, M Ka3ajoch ObI, UTO

JIOKa3bIBaTh €ro TEM K€ METOJOM — UHIYKIMeH — neno Oe3HaiexHoe. Bee jxe monpolyem.
bazuc nHaykum:

1
Vi1

1
=<
2
ITo npeanonoKeHu0 NHAYKIWN:

1:3 ... (2k-1)-(2k+1) 1:3-...-(2k-1) 2k+1
2-4. ... 2k-(2k+2)  2-4-...-2k

W HaM Haao0 AJOKa3arb, 4TO

< 1 2k +1
2k+2  Jk+1 2k+2°

1 2k+1< 1
Vi+1 2k+2  k+2

CHoBa B0O3BO/IS 00€ YacTH HEPABEHCTBA B KBaJpar, M30aBIssICH OT 3HAMEHaresen
U pacKpbIBasi CKOOKH, MPUXOIUM K IKBUBAJICHTHOMY HEPaBEHCTBY

413 + 12Kk% + 9k + 2 < 4K + 12Kk% + 12k + 4.

OTO HEPaBEHCTBO BEPHO.

CrnenoBarenbHO, MbI JJ0Ka3aId (METOJOM MaTeMaTH4eCKON HMHIYKIMHM) HEPaBEHCT-
BO (7.7), U3 KOTOPOro HEMEJIEHHO BBIBOAMM Hallle IEPBOHAYATIbHOE HEPABEHCTBO.
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Kak xe 310 monyqaercs? Jleso B TOM, 4TO XOTsI BO BTOPOM CJIy4ae HaM M MPULLIOCH
JIOKa3bIBaTh 0oJiee CHIBHOE 3aKIIOYEHHE, HO Mbl MOIJIM IIOJIb30BAThCS U OoJiee CHIIb-
HBIM TPEAINoNoKeHneM HHAYKIMH. [logoOHas cuTyanus nonydnia Ha3BaHUE «RAPAOOKC
uzoopemamensy.

OTOT TepMHH BBeNl B HayuHbI 000opoT Apépan [loifa [6, c. 138]. On ucnonb3oBai
HaOII0IeHue, YTO IPHU JOKA3aTeIbCTBE M0 MATEMaTH4eCKOW MHIYKIIMU YacTO HEOOXOIu-
MO YCWJINBaTh J1I0Ka3bIBAEMOE NPEIJIOKEHUE U MHAYKTUBHOE YTBEP)KJIEHHE CTAaHOBUTCS
HaMHOI'O CJIO)KHEE KOHEUHOTo pe3yibrara. JTa HeoOXOAMMOCTh YCHIIMBATh PE3yibTar,
YTOOBI €ro CTPOro 000CHOBATh, HA MEPBBIN B3I KaxkeTcsl mapajgokcanbHoi. [Tapamgoke
u3o0peTaress UCIONb3yeTCs JJi ONMCAHUS SIBICHUH B 00JacTU MaTeMaTHKH, Iporpam-
MHPOBAHHSA U JIOTHUKH, a TAKXKE B IPYTHX 00JIACTSIX, CBA3aHHBIX C TBOPYECKUM MBIIIITICHUEM.

[Tapagokc m3o0perarens CBA3aH CO CICAYIONICH JIOTHYECKOH U METOH0JIOTHYECKOM
npobnemoii. B nokazarenscTBax MOpPOIO BCTPEUYAIOTCS BCIIOMOTAaTEIbHbIE YTBEPKICHUS,
Oosee CIIOKHBIE, UeM U3BJIEKaeMble U3 HUX CIEACTBHL. MOXHO JIM XOTS OBl B IIPUHIIHIIE
YCTPaHUTh OKOJIBHBIE IyTH B JOKa3aTelIbCTBAaX, KOTJA Mbl JI0Ka3bIBA€M JIEMMY JIMIIb
3aTeM, 4ToOblI B JalbHEWIIEM NMPUMEHHUTh €€ B YacTHBIX ciaydasx? JlokaszarenbcTBa 0e3
OKOJIBHBIX ITyTEll Ha3bIBAIOT TaKXKe MPSIMBIMHU.

H. H. HeneiiBona B [7, c. 868-869; 8, c. 323-325] nuiuet, 4To Jake B MPHUHIIMIIE
B MaTeMaTUYECKHX JIOKa3aTeIbCTBaX BHEIIHE MPOCTHIX MPEIIOKEHUN HEllb3s 00OUTHUCH
6e3 cioxHbIX JIeMM. [lapasokc nzo0peraresst MOKa3bIBaeT MOJHYIO METOOJIOTHUECKYIO
HECOCTOSITENIFHOCTh PEMYKIMOHN3Ma U dMIUpH3Ma’. UemoBeuecTBO He MOKET 0OOUTHCH
0e3 KOHLIETIUI U uJiel BBICIINX YPOBHEH B JIOTHKE U MPOTrPaMMHUPOBAHHH.

MaremaTH4ecKasi HHIYKIHSA 10 IOCTPOCHHUIO

C MeTo10M MaTeMaTHuecKoil HHAYKIMU CBA3aHO MOHSATHE WHTyKTUBHOTO ONPEICIICHHUSI.

ba3uc unoykyuu. Buipasicenue suoa A ecmo B.

Hnoykmuenwtit nepexoo. Ecnu mvr umeem evipasxcenus Ay, . .., A, mu-
na B, mo C, nocmpoennoe u3 nHux, makice ecms gvlpaxcenue muna B.

C KaxcoviM UHOYKMUBHBIM ONpedeneHueM Ce53aH RPUHUUR UHOYKUUU
no nocmpoenur 00vekma muna B.

ba3uc unoykyuu. Kasxcowuii oovexm suoa A obnadaem ceoticmeom 0.

Huoykmuenwtii nepexoo. Eciu Ay, . . ., A, obnaoarom ceoticmeom 6, mo
u C um obnaoaem.

3aknwouenue undykyuu. Tozoa n0boii obvekm muna B obnadaem
ceoticmeom 0.

OTOT NPUHLHII SIBISIETCS JJOTUYECKUM BBIPAKEHUEM CJIEIYIOLIEr0 HESBHOIO ITyHKTA,
MPUCYTCTBYIOUIETO B JIIOOOM HMHIYKTHMBHOM OIpPEIEICHUU: HUKAKUX IPYIHMX OOBEKTOB
THUIA B, KpoMe MOJIy4eHHBIX IPUMEHEHUEM IIPABUII €r0 onpeneneHus, Het. IHbpMu cio-

1PellyKHI/IOHI/I3M — MCTOJIOJTOFH‘ICCKI/Iﬁ IIPUHIINII, COTJIACHO KOTOPOMY CJIOKHBIC SIBJICHUA MOTYT OBITH
MMOJIHOCTBIO0 OOBSICHEHEI C IIOMOIIBIO 3aKOHOB, CBOWMCTBEHHBIX SIBIICHUSIM 0oJiee IMPOCTBIM.

9M1’II/IpI/13M — HaIIpaBJICHUEC B TCOPHU IMO3HAHUA, ITPU3HAIOIIICC ‘IyBCTBeHHHﬁ OIIBIT HICTOYHHUKOM 3Ha-
HUA U CHHATArOIIEee, YTO COACPIKAaHUEC 3HAHUS MOKET OBITH MpEeACTaBICHO 00 KaK OIMHCAHUE HTOTO OIIbITA,
R197(000) CBE/ICHO K HEMY.
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BaMU, MHOX€CTBO OOBEKTOB TUIA B — MUHUMAJIbHOE U3 TE€X, KOTOPbIE BKIIIOUAIOT Oa3uc-
HbIE OOBEKTHI U 3aMKHYThI OTHOCHTEIBHO MHIYKTUBHOTO Tiepexona. B mpocThix omnpene-
JICHUSAX 3Ty MUHUMAJIBHOCTh MOXKHO BBIPA3HUTh CIECAYIOUIMM 00pa3oM: 0OBEKT TOJKEH
NoJy4yarbcs U3 0a3MCHBIX KOHEYHBIM YUCIIOM MPUMEHEHUI 11aroB OonpeaeacHus.

CTouT OTMETUTD, YTO JIOTHYECKas UHIYKIHS [0 TOCTPOCHUIO BOBCE HE TpeOyeT of-
HO3HAYHOCTH IpeJICTaBICHUs 00beKTa B (hopMe, COOTBETCTBYIOLIEH OHOMY U3 ITyHKTOB
ero ompenenenus. Ho ans 3amanus GyHKUMN MHAYKIMEH MO MOCTPOEHUIO TaKas OIHO-
3HAYHOCTh HE0OXOAMMA.

MprMepbl MHAYKTMBHOMO onpeaeneHns no NoCTPOEHUHO

TakoBBIMHU SIBIISIFOTCS OTIpeIeNICHHEe TPOMO3UITMOHANBHON (popmyssl (Ti1aBa 4, mapa-
rpad 4.2), onpeneneHue TepMoB u GOPMYI s3bIKa TEPBOTO MOpsiika (T1aBa 5, mapa-

rpad 5.2).

JlokazarenbCcTBO JeMMbI 2 1715l TeopeMbl 4 u3 naparpada 4.3 riaBbl 4 ObLIO OTIIOXKE-
Ho. Celfuac Mbl IIPOBE/IEM J0KA3aTeIbCTBO 3TOW JEMMBI C IMOMOIBI0 MareMaTu4ecKon
WHAYKOWUU 11O TOCTPOCHUIO.

Jlemma 2. Tlycte A = B u C— popmyna, B KOTOPO#i BBIIEIECHO OJHO
BXOXeHHue HekoTopoi nepemenHoit X. Ilycts Ca momyuaercs uz C
3ameHoi storo Bxoxkaenus X Ha A, a Cg—u3 C 3amMeHOM TOro ke
Bxoxkaenns X Ha B. Torma Cy = Cg.

Hoxasamenvbcmeo. 17 okazaTenbCcTBa Mbl OyJIeM UCIIOIb30BaTh MaTeMaTHUECKYIO
UHIYKIHUIO 10 octpoeHuto hopmyist C.

baszuc undyxyuu. Ecnu popmyna C siBasieTcss MpoOCTO MPOMO3UIMOHAIBHOM Tepe-
MEHHOM, TO OHa JIOJDKHA coBMajarh ¢ X (Tak Kak B HEW MMeeTCs BXOXKIACHHUE MepeMEeH-
Hoi X). B atom ciiydae Cp ectb A, Cg ecth B, C4 = Cg — He uTO HHOE, Kak A = B.

Llaz unoykyuu. Ilycte teneps ¢popmyna C siBusercs coctaBHoi. OHa UMeET BUI
-D,wm D & E, wu Dv E, wiu D o E, unu D ~ E, npudem B mepBoM cirydae
BBIZICTICHHOE BXOXIeHue X comepkutcs B D, a B ocTanbHbIX citydasx — 1u6o B D, 6o
B E, Ho He B D u E cpasy. PaccmoTpum, Hanpumep, ciydaii, korna C umeer Bung D o E
U BbIIeNieHHOE BXoxaeHue X copepxkurcs B D. [lo MHAYKTUBHOMY NPEIIONIOKESHHUIO
YTBEpXKJICHHE JIEMMBI cripaBesTuBo Jutst D. 3amenss X B 9Tom BxoxaeHuu B D va A u B,
nosxy4aeM cootBeTcTBeHHO Gopmyisl Dy u Dg. ScHo, uto Cu ecth Dy 0 E, a Cg ecthb
Dg o E. Umeem Dy = Dg. Tlpumenum terniepb gemmy 1 (i Teopemsl 4 B maparpade 4.3
miaBel 4) B ciiyyae A > C = B 5 C, e B ponu A Beictynaetr Dy u B poiu B — Dg,
B posu C — E. B pesynsrare noinydaem Cus = Cp. [lpyrue ciaydaum paccMaTpUBarOTCS
QHaJIOTUYHO.
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B rmaBe 6 Obina ompenenena teopust L. @opmynamu B Teopun L SBISIOTCS BCe-
BO3MOYKHBIE€ CTPOKH, COCTaBJICHHbIE U3 OYKB a, b. EnuHcTBeHHO# akcuomoii L sBnseTcs
CTpOKa a, HaKoHell, B L uMeeTcs /1Ba MpaBuia BbIBOAA:

X X

xb " axa

brina chopmynupoBana B naparpade 6.3 maBsl 6 MeTareopema: eciiu X — Teopema,
TO aaX — TOXe Teopema.

Jloka)keM, UCTIONB3Ysl MaTEMaTHUECKYI0 UHIYKIIUIO TI0 TMTOCTPOCHHIO.

bazuc unoykyuu. X — akcuoma a. Toraa, mpUMEHsIsl BTOPOE MPABHIIO BBIBO/A, TIOJY-
yaeM aaa — 310 Gopmyna aaX .

Hlae unoyxyuu. Ilycte dopmymna X —teopema u X momydeHa u3 Gopmynsl ¥ 1o
OJTHOMY W3 MPaBWJI BBIBOJIA, TPUYEM MBI MIpEaroiaraeM, uro aay — reopema. Jlokaxem,
4YTO @aX TaKXKe UMEET JIOTUYECKUM BBIBOJ. PaccMOTpUM JABa cityyas:

1) X =Yb, torna aaX = aaYb BeiBoguTCS M3 aaY;

2) X =aYa, Torna aaX = aaaYa BeiBogUTCS U3 aaY.

[lo mpuHIMIY MaTeMaTn4ecKo MHIAYKLUU M0 MOCTPOEHUIO 3aKII0YaeM, YTO €CIIH
X —TeopeMa, TO aaX — TOXKe Teopema.

7.3 PasnunyHble BMObl OoKa3aTenbCTB B MaremaTuke

[ToHsiTHE TOKA3aTENbCTBA HE MPUHAMICKUAT MaTEMaTHKE, MaTeMaTUKe MPUHAJICKUT
JMIIb €r0 MaTeMaTH4yecKast Mojielib — (pOpMajbHOE JOKA3aTeIbCTBO.

PaccMoTpuMm, Kak COOTHOCSTCS He(OpMalbHbIE JOKA3aTeNbCTBA U JIOTHUYECKUH BBI-
BoJI. Jlorn4eckuii BBIBOJI HATOMUHAET MPOIIECC MBIIIJICHHSI, HO TIPH STOM MBI HE JIOJKHBI
CUHMTaTh, YTO €TO MpaBHia CYTh MPABMIIA YEIOBEYECKOH MbICTH. J[0Ka3aTeabcTBO — 3TO
HeyTo HepopManbHOE; WHBIMHU CIIOBaMH, 3TO MPOAYKT HOPMAaJIbHOTO MBIIUICHUS, 3aITH-
CaHHBIH Ha YEJIOBEYECKOM SI3bIKE U TIPEIHA3HAYCHHBIN I 4EJIOBEUECKOTO MOTPEOIeHuSI.
B noxaszarenbcTBaX MOTYT HCHOJB30BaThbCs BCEBO3MOXKHBIE CIIOKHBIE MBICITUTEIIbHbIC
NPUEMBI, U XOTSI HHTYUTHBHO OHU MOTYT Ka3aThCsl BEPHBIMU, MO>)KHO YCOMHHUTBCS B TOM,
BO3MOJXKHO JIM JTOKa3aTh UX JIOTHYECKH. MIMEHHO MO3TOMY MBI HyXKJIaeMcsi B (hopMmaiu-
3aIMu. BBIBOA —3TO MCKYCCTBEHHOE COOTBETCTBHE JOKA3aTENbCTBA: €T0 Ha3HAUCHUE —
JOCTUYb TOH e 1IeIH, Ha 3TOT pa3 ¢ MOMOIIBIO JIOTUYECKOW CTPYKTYPhI, METOBI KOTO-
pOH HE TOJNBKO SICHO BBIPAXKEHBI, HO M OYEHb MPOCTHI.

OOb1uHO (opMaNbHBIN BBIBOA OBIBACT KpalHE JUIMHEH 10 CPABHEHHIO C COOTBET-
CTBYIOIIEH «ECTECTBEHHOW» MBICIIBIO. DTO, KOHEYHO, TJIOXO — HO 3TO Ta LI€Ha, KOTOPYIO
NPUXOIUTCS TUIATUTH 32 YIPOIICHUE KaK0To mara. YacTo ObIBaeT, YTO BHIBOJ U JI0Ka3a-
TEJICTBO IPOCTHI» B JIOTIOJHEHUHU JPYT K IpyTy. JloKa3aTenbCcTBO MPOCTO B TOM CMBIC-
JIe, YTO KaXKJIbIH IIar «KaKeTCs MPaBIIBHBIMY, aKe €CJIM MBI M HE 3HAeM TOYHO, Tove-
MY; JIOTUYECKHIA BBIBOJ MIPOCT, TOTOMY YTO K&K/l M3 MHOTOYHMCIICHHBIX €T0 IIaroB TaK
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IIPOCT, YTO COMHEHMS B IPABUJIBHOCTH ATHX IIATOB HE BO3HHMKAIOT, U IOCKOJBKY BECh
BBIBOJI COCTOMT W3 TaKUX IIaroB, Mbl TIpeAroyaraeM, 4ro oH Oe3ommboueH. Kaxmprii
THUII TIPOCTOTHI, OJHAKO, IIPUBHOCUT CBOW THII CIOXHOCTH. B ciryyae nokasarenbcTsB —
3TO CJIIOKHOCTh CUCTEMBI, HA KOTOPYIO OHU OIHUPAOTCS, @ UMEHHO, YEJIOBEYECKOTO SI3bI-
Ka; B CJIy4ae JIOTMYECKUX BBIBOAOB — ATO MX IPAHIMO3HAS JUIMHA, Je]aronias uX MoYTH
HEBO3MOXXHBIMU JIJIs1 [IOHUMaHUS.

dopMalbHbIE J10Ka3aTeIbCTBA B MATEMATHKE (B TOM YMCIIE U B MAaTEMAaTHUYECKOMN JIOTH-
Ke) B OOJIBIIMHCTBE CITyYaeB SBISAIOTCS ToKa3zarenbcTBamMu Buna «I° — Py wnu «ue I' - Py
JUTSL pa3HBIX TEOPU IEpBOTO MopsiKa, MHOXKECTB I 1 pasHbIX (KinaccoB) Gpopmyi P.

Pesynbrar «I' - P» MOXET I0Ka3bIBaTbCA MOCPEACTBOM IPEABSIBICHUS ONUCAHUSA
BbIBoZa popmyibl P u3 I'. OHako B Mano-MalIbCKU CIIOXKHBIX CITydasiX OHO OKa3bIBACTCS
HACTOJIBKO JUIMHHBIM, YTO 3aMEHAETCS HHCTPYKIUEHN IO COCTABIICHUIO TAKOTO OIIUCaHUS,
Oontee wnu MeHee moaHoi. Hakonen, mokazarenscTBo «I° — P» MOxeT BOOOIIE HE CO-
MPOBOXKIATHCS TPebsiBICHNEM BbiBoia P u3 I, XoTs Ob1 1 HemonmHoOro. B 3TOM cimyuae
MBI «HE JOKa3bIBaeM P, a TOKa3bIBaeM, UTO CYIIECTBYET JOKA3aTeIbCTBO P).

Pesynbrar «ue I' - P» B peKux cilydasix MOKET yCTaHaBIMBAaThCSl YUCTO CUHTAKCH-
YEeCKUM PacCyX/IeHHUEM, HO OOBIYHO JOKa3aTeIbCTBO OMUPACTCS Ha KOHCTPYKIIMIO MOJIe-
7Y, T. €. UHTEPIPETaluy, B KOTOpoil I ucTuHHO, a P JI0XKHO.

MHorve mMareMaruku KPUTHUKYIOT aKCMOMATUYECKMM METOX 3a TO, PaJHd 4Yero OH
OBLJT CO3/1aH: OH M30aBIIsE€T MaTeMaTUKy OT cMbIcia. [loromy uTo cHauyana Mbl U30aBis-
€M MaTeMaTHKy OT pPa3HbIX I'€OMETPUYECKUX MPEACTaBICHUM, oT HHTyuuuu. [lepexons
K (opMaJIbHOM aKCMOMaTUYECKONH TEOPHH, Mbl, B OOIIEM-TO, U JIOTUKY U3TOHSAEM U3 Ma-
TeMaTuku. M B pe3ynbrare OT COAepkKaTeIbHOIO JOKAa3aTeNIbCTBA OCTACTCS JIUILb CKEJIET,
cocTosnMid u3 (HopMaNbHBIX CUMBOJIOB. [IperMyIIECTBO MOCIEIHET0 POBHO B TOM, YTO
MBI HE 3HA€M, UYTO TaKOE€ «CMBICII» M «MHTYHULHA», HO 3aTO TOYHO 3HAEM, YTO TAKOE€ Ma-
HUITYJISIUN ¢ KOHEYHBIMH CTPOKAaMU CUMBOJIOB. DTO U MO3BOJIAET HaM MOCTPOUTH TOU-
HYI0 MaTe€MaTHYeCKYH MOJENb CIOXHOTO SIBIEHHS — JO0KA3aTeIbCTBA — U MOJABEPTHYTh
€€ MareMaTu4eCKOMY aHaju3y.

Maremariuueckoe J10Ka3aTesIbCTBO U3HAYAIBHO ObUIO TICHXOJOTHYECKUM MPOIIECCOM
yOexeHns co0eceTHIKa B BEPHOCTH TOTO WJIM UHOTO YTBepkieHus. B ¢popmanbHoii cu-
CTEME 3TO HE TaK: BCE CBEJIOCh K UACTO MEXaHUYECKOMY IMPOLECCY. DTOT MEXAHUUYECKHI
npolLecc cnocoOeH BBIMONHATH KoMIbloTep. OHaKo, Kak M BCsKas MOJENb, MEXaHUYe-
CKHMH IIPOLIECC IEPENAeT JIMIIb HEKOTOPBIE YEPThI PEalIbHBIX JOKA3aTelbCTB. Y TAKOH
MOJIETIH €CTh CBOM I'paHHIIbI IpUMEHUMOCTH. HeBepHO aymarh, 4To opMasbHbIEe T0Ka-
3aTeIbCTBA U €CTh «HACTOSIIME» MAaTEMaTUYECKHUE JOKA3aTelIbCTBA WM YTO MAaTEMaTUKU
Ha caMOM jieie paboTaloT B paMKaXxX OIpPEIeICHHbBIX (OPMabHBIX CUCTEM.

ITo cnoBam 1O. . Manuna [9, c. 54], «B KauecTBe CpeAcTBa OOIIEHUS, OTKPBITHS,
¢uKcanuy MaTepuana HUKakoi (OpMaJIbHBIHN A3bIK HE CIOCOOEH KOHKYPHPOBATh CO CMe-
ChIO HALIMOHAJIBHOTO MAaTeMaTH4ecKoro apro u (Gopmyil, MPUBBIYHOM ISl KaXK1A0To pado-
TAIOILETO0 MaTeMaTUKay.

OTaenbHO CTOMT CKa3aTh O IpENoJaBaHWM Maremaruku. Her Huuero xyxe, uem
CTPOUTH O0yUYEHHE IIKOJLHUKOB M CTYJIEHTOB Ha BBHIIIOJHEHUH MEXaHUUECKHUX JIEHCTBUI
(anropuTMOB) WM K€ Ha MOCTPOEHUH (POPMATBHBIX JIOTUYECKUX BBIBOAOB. Tak MOKHO
3aryOHTh B YesloBeKe J1r000e TBopueckoe Havyaao. COOTBETCTBEHHO, MPU 00y4YeHUH Mare-
MaTHKE HE CTOUT MOAXOIUTH C IMO3ULHUUA CTPOrOro aKCHOMATUYECKOTO METO/A B CMBICIIE
['unbOepra — He ISt TOTO OH OBLIT CO3/IaH.
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Omnpenenenue nokasarenbcTBa 06110 yrouneHo H. H. HeneliBonoii. Jo-
Ka3zamenbcmeo — KOHCTPYKLUS, CHHTaKCUYeCKasi IPaBUIbHOCTh KOTO-
pOi1 TapaHTHUPYET CEMAHTUYECKYIO.

ITon »3TO ompeneneHue mnomajaarT Bce (opMmaibHbIEe AoKa3arenbcTBa. Ho u Heko-
Topble HedopMalbHBIE J0KazaTenbcTBa. Hampumep, ucnonb3oBaHue nuarpamMm BenHa
JUIs 0OOCHOBAHMS TOXKACCTB anreOpbl MHOXKeCTB (T71aBa 3, maparpad 3.2). B atux aua-
rpaMMax HeT MpeNIoKEeHUH, HeT MpaBWJ BBIBOJA, HE BUJHO YMO3AKIIOUCHUN, HO OHU
JIOKa3bIBAIOT Ha XOPOIIO MOJ00pPaHHBIX CUCTEMaX MHOXECTB.

[lepeuncnum pazauyuHble METOABI MaTEMAaTHUECKHX J0Ka3aTenbcTB. Hano, KoHeuHo,
YUUTHIBATh, YTO B CJIIO)KHOM JIOKA3aTENILCTBE MOTYT cpa3y NPHCYTCTBOBATH HECKOJIBKO
METO/I0B.

C ToukM 3peHust O0IIEeTO IBUKEHUS MBICIIN BCE JI0KA3aTEIbCTBA MOPA3ALIIAIOTCS Ha
npsmvle U KOCBEHHbIe.

[Tpu mpsiMoM JTOKa3aTeNbCTBE 3a/laua COCTOUT B TOM, YTOOBI MOJBICKATh TaKkue yoe-
JUTEIbHBIC apTyMEHTBI, U3 KOTOPBIX 10 JIOTHYECKUM TPaBHIIaM TMOJTYYaeTcsl 3aKIoue-
HHe. J[pyrumMu ClI0BaMH, UCTHHHOCTh YTBEP)KICHHS BBIBOAMTCS W3 MCTHHHOCTH TOCHI-
70K 0e3 BBEJCHHUS JIOTIOIHUTEIBHBIX MPEIIOT0KESHHH.

Henpsimoe (kocBeHHOE) J0Ka3aTeIbCTBO MCTUHHOCTH WM JIO)KHOCTH HEKOTOPOTO
YTBEP)KJCHUSI COCTOUT B TOM, YTO OHO JJOCTUTAETCS TIOCPEICTBOM OIPOBEPKEHUS HEKO-
TOPBIX JIPYTHX BBICKa3bIBaHHI, HECOBMECTUMBIX C JTOKa3bIBaeMbIM. KOCBeHHBIE H0OKa3a-
TEJICTBA TIPUMEHSIOTCS B OCHOBHOM B MareéMaTHKe.

1. AkcuomaTuyeckuii metoa. Ilonpasnensercs Ha popManbHBII 1 HEPOPMATBHBIH
(cM. TmaBy 6, maparpad 6.1).

2. Jloka3aTreJibCTBO MeTOA0OM Nepedopa. Takoil METOJ 4acTO NPUMEHSIOT, KOrja Ko-
JMYECTBO BAPHAHTOB HE3HAYUTEIILHO JIJISl IPOBEPKU JIaHHOTO YTBEPIKIACHUS, HAIPUMED,
YTBEPXKJCHUSI O KaKOM-TO CBOIMCTBE HATypaJbHBIX YHCET B OTPAHUYECHHOM JHaIla3oHe.
C ucnoibp30BaHUEM CHCTEM KOMITBIOTEPHOM anreOpbl MpoBepKa MOXKET OBITh IpoJesiaHa
Ui 04eHb Oonblux uncen. Hampumep, camast crapas oTKpbITas npo0ieMa co BpeMeH
AQHTUYHOCTH: CYIIECTBYIOT JIM HEYETHble coBeplieHHble uucia? Ha konen 2014 roga
NPOBEPEHBI BCE HeueTHble umcia, Menbimme 103, HeueTHOoe COBEpIIEHHOE YMCIIO HE
oOHapyKeHo! .

3. Ucnosib30BaHue TeopeMbl 0 AeAyKIMHU. TeopeMa 0 IeqyKIuu ClIpaBeyIuBa AJIs
UCYMCIICHUSI BBICKA3bIBaHUi (TaBa 6, maparpad 6.3, Teopema 3) u Ut TEOpUil IEPBOTO
nopsizika (rasa 6, naparpag 6.5, Teopema 7). Teopema ciyUT 000CHOBaHHUEM CIENy-
IOLIEero MpreMa, KOTOPBIM 4acTo UCMONb3YIOT B MaTeMaTHUECKUX Jl0Ka3aTenbcTBax. Jis
TOTO 4TOOBI T0Ka3aTh yTBepxkaAcHHEe «Ecnm 4, To BY», nmpeanoiararmT, 4To CIPaBeIJIMBO
A ¥ 10Ka3bIBAIOT CIIPaBEJIMBOCTD B.

1Ha aJIbHOC YHCJIO 7 HAa3bIBACTCsA COBCPIICHHBIM, €CJIM CyMMa €ro BCEX ﬂeJ’IHTCJ’ICﬁ aBHa 2n.
2
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JIOKQKHTE, YTO JUIS KaXIOTO [EJIOTO 71, €CITU /1 YE€THOE, TO 1% TOXKE YETHOE.

Hokazamenvscmeo. Tak Kak n 4eTHOE, TO €M0 MOXKHO TPEACTABUTH B BHIE 1 = 21,
riae m —uenoe uucio. Ilostomy n? = (2m)? = 4m? = 2(2m?), tne 2m? —uesnoe 4ucIo,
T. €. n’° 4YeTHOE.

4. Jloxa3aTeJbCTBO MMINIMKALMHA € MOMOIIBI KOHTpamo3uuuu. PaccMorpum
YCJIOBHOE BBICKa3bIBaHUE BUA A D B, r1e A — KOHBIOHKIIUS MMOCBUIOK, B — 3aK/IIOueHuE.
Wnorna ynobHee BMECTO J10Ka3aTelbCTBA MCTUHHOCTH 3TOM MMIUTUKAIMK YCTaHOBUTH
JIOTUYECKYI0 UCTUHHOCTh HEKOTOPOTO IPYroro BbICKAa3bIBaHUS, PAaBHOCHIBHOTO MCXOJ-
HoMy. Takue ¢popMbl 10Ka3aTeNbCTBA OTHOCATCA K KOCBEHHBIM METOJIaM.

Konmpanosuuueii hopmynsl A > B Ha3pIBaeTcs paBHOCUIbHAs Gopmyna —B D 4.
[ToaTOoMy eciu Mbl yCTaHOBUM HCTHMHHOCTb KOHTPANO3MILIMU, TO TEM CaMbIM JOKAXKEM
VCTUHHOCTb UCXOJHOW MUMIUIUKAIUH.

Ha ocHOBe KOHTpamo3uiuu JOKaKHUTE, YTO €CIH M U 1 — IPOU3BOJIbHBIC MOJIOKH-
TEeNbHBIE IEbIE YHCia, Takue, uto m X n < 100, To nmubo m < 10, audo n < 10.

Jloxkazamenbcmeo. KoHTpano3uiyen HCXOMHOMY YTBEPKIACHHUIO CITYXKHUT CIIETyIOIIee
BheIcKa3bpIBaHue: «Ecau m > 10 u n > 10, To m x n > 100», 4TO OYEBUIHO.

[IpeumyIiecTBa MeTOA J10KA3aTeNIbCTBA C MOMOIIBI0 KOHTPANO3UIIUHN MPOSBISIOT-
Csl IPY aBTOMAaTU3UPOBAaHHOM CIOCO0E J0Ka3aTelbCTBa, T.€. KOIZa J0Ka3aTelbCTBO CO-
BEPILAET KOMIIBIOTEP C MOMOINBIO CHENMAIBHBIX IPOrPAMMHBIX CUCTEM JOKa3aTeIbCTBa
TEOpeM (Hampumep, ¢ IOMOIIBIO sA3bIKa IporpamMmmupoBanus [Iposor).

[Ipu mocTpoeHuu BBIBOJOB HE BCET/a 11€J€CO00pa3HO KJIaTh MOSIBICHUS UCKOMOTO
3aKJIIOYEHHs, TIPOCTO MPUMEHSS MpaBuia BbIBoJA. VIMEHHO Takoe 4acTo ciiydaercs, Ko-
IJa Mbl JieJ1aeM JOoNyIleHue A A JoKa3aTeabCTBa UMILTMKAuU A O B. Mbl npuMeHsem
LIETTHOE MIPABUIIO U modus ponens K A ¥ IpyTUM MOCBUIKaM, YTOObI B KOHIIE MTOTYYHUTh B.
OnHako MOKHO TOITH 1O HENMPAaBWJIBHOMY MYTH, U Torja OyAeT J0Ka3aHO MHOTO IMpe-
JIOXKEHUH, OOJBIIMHCTBO U3 KOTOPBIX HE UMEET OTHOUICHHS K Hallell 1eiau. ITOT METOJ
HOCUT Ha3BaHUE NPAMOU 601Hbl U UMEET TEHJCHIUIO MOPOXKIATh JAaBUHY ITPOMEKYTOU-
HBIX PE3YJIbTaToOB, €CIIM €r0 3alporpaMMHUPOBAThH Ul KOMIIBIOTEpAa U HE OTPAHUYMTH
[TyOUHY.

Jlpyras BO3MO>XKHOCTb — UCIIOJIb30BaTh KOHTPAIMO3UIMIO U TOMBITATHCS, HAPUMED,
nokazatb -8B 2> -4 BMecTo A > B. Toraa Mbl fomycTuM —B U nonpoOyeM J0Kka3ath —4.
3T0 MMO3BOJISET ABUraThcs Kak Obl Ha3aJl OT KOHIA K Havyally, IPUMEHsIsI IpaBuiia Tak, 4YTo
CTapoe 3aKJIIOUEHUE UTPacT pojib MOCHUIKH. Takas opraHu3anus MOMCKAa MOXKET JIydlle
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NoKa3arb, Kakue pe3ysbTaThl UIMEIOT OTHOIICHUE K Aeny. OHa Ha3bIBaeTCS NOUCKOM Om
yenu.

5. loka3aTeJIbCTBO ¢ MOMOILIBIO IPOTHBOPEYHs (0T NPOTHBHOIO0). YacTHBIM ci1y-
YaeM KOCBEHHBIX METOJIOB J0Ka3aTelbCTBa SIBIISICTCS MPUBEACHUE K MPOTHBOPEUHIO (OT
IPOTUBHOTO). MeTon ToKa3aTeabCTBAa OCHOBBIBACTCS HA CIEIYIOIIEM YTBEP)KICHUM.

Ecmu I, -S + F, tne F — mo6oe npoTuBopeune (TOXIASCTBEHHO JIOXKHasK hopMyIia),
o'+ S.

B 3TOM MeTO/Ie MCTIONB3YIOTCS ClIEAYIOIINE PABHOCHIIBHOCTH:

e AoB=-(4>5B)>(C&-C) = (4&-B) > (C&-C),
e A>B=(A&-B)> -4,
e A>B=(4&-B)>B.

Hcnonb3ys BTOpYIO U3 MPUBEACHHBIX PABHOCUIILHOCTEH ISl OKa3arenbcTBa 4 O B,
MBI JJOITyCKaeM OJTHOBPEMEHHO A U —B, T.e. MpeArnogaraem, 4ro 3aKI04eHHUE JTOKHO:

-(4>B)=-(-AVB)=A4&-B.

Tenepb MBI MOXKEM JBUTaThCS U BIEpen OT A, U Ha3ax oT —B. Eciu B BeIBOTUMO
u3 A, TO, OMyCTUB A, MBI floKazaiu Obl B. [ToaToMy, 1OMyCTHB —~B, MBI IOJIy4YUM MPOTH-
Bopeure. Ecim ke Mbl BbiBelIeM —A U3 —B, TO TeéM CaMbIM MOJIyYUM MPOTUBOpPEUUE C A.
B obmeMm ciyyae Mbl MOXKEM J€MCTBOBaTh C 0OOOMX KOHIIOB, BBIBO/SI HEKOTOPOE Mpe-
noxenue C, nBUrasch BIEpen, U ero orpunianue -C, ABUrasich Hasaja. B ciaywae ynaum
3TO JOKa3bIBAET, UTO HAIUU IOCBUIKU HecoeMecmumpl UIN npomusopeuugvi. O1crona
MBI BBIBOAMM, YTO JONOJHUTENIbHAS MOChUTKA A & B 10KHA OBITH JIOXKHA, a 3HAYUT,
IIPOTHBOIIOJIOKHOE €1 yTBepxkaeHne 4 O B nctuHHO. MeTon 1oKa3arenbcTBa OT Ipo-
TUBHOTO — OIMH U3 CaMbIX JIy4lIMX MHCTPYMEHTOB MaTeMaThka. «JTo ropasno Ooiee
«XUTPOYMHBII» TaMOUT, yeM 000N IIaXMaTHBIM TraMOUT: IMIaXMAaTUCT MOXKET MOXKEepT-
BOBAaTh NELIKY WU Jaxke QUrypy, HO MaTeMaTHK XepTByeT napmuro» [10, c. 61].

Msl yxxe npuMeHsuid B naparpade 4.3 maBsl 4 METOl OT MPOTHBHOTO MPH JOKa-
3aTeNIbCTBE TABTOJOTMYHOCTH HEKOTOPBIX MMIUIMKauui. Crenyromue mpuMmepsl Oosee
3HAMEHMUTHI.

@ Teopema 3. llkona Ilugacopa. JlokaxxeM, 4TO TMarOHAIb €IUHUYHOTO
M KBaJIpaTa sSIBJISICTCS] HPPAIMOHAIBLHBIM YUCIIOM.

SN

Lokaszamenvcmeo. Vcnionb3ys teopemy Iludaropa, nepedopmynupyeM yTBepkie-
Hue: He cyujecmeyrom 06a maxKux yejvlx 4ucia p u g, umobvl 6LINOAHANIOCH OMHOUEHUE

V2=£
q

B camoM Jene, Toraa Mbl IPUXOIUM K PABEHCTBY p? = 2¢%. MBI MOKEM CUHUTATh, YTO
1pobb p/q HeCOKpaTHMa, HHAYe MbI C CAMOTO Hadyajia COKPATHIX Obl €€ Ha HAUOONBIIHI
obmuii genmurens yucen p U g. C mpaBoil CTOPOHBI UMEETCS 2 B KAYECTBE MHOXKHTEIIS,
U I0TOMY p? €CTh YE€THOE YHMCIIO, M, 3HAYUT, CAMO p — TaK)KE YETHOE, TaK KaK KBaJIpar
HEUETHOTO YKCJia €CTh HEUETHOE YHUCIIO. B TakoM ciiydae MOXKHO TOJOXHTH p = 2r.
Torna paBeHCTBO MPUHUMAET BUJI:

4r* =2¢%, um 21 = g%
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Tak Kak C JIEBOH CTOPOHBI TETEPh UMEETCS 2 B KaUYECTBE MHOXHTENS, 3HAYUT g2,
a CIIeZI0BaTeNbHO, U g — ueTHoe. UTak, u p, u ¢ — 4eTHble 4ucaa, T. €. IeJIATCs Ha 2, a 3T0
MPOTUBOPEUUT JOIMYIIEHHIO, 4TO Ipo0b p/q Hecokparuma. Wtak, paBeHCTBO p? = 242
HEBO3MOXXHO U \/2 HE MOXET ObITh PallMOHAIIBHBIM YHCIIOM.

’@ .................................................................

Teopema 4 (Eexiuoa). Jlokazatb, 4T0 IPOCTHIX YMCENT OECKOHEYHO MHOTO.

%é .................................................................

Jokaszamenvcmeo. I1pennonoxum, 4To CylecTByeT KOHEUHOE MHOXKECTBO MPOCTHIX
YHUCeN U p eCcTh HaubOombIee u3 Hux: 2, 3, 5, 7, 11,..., p. Onpenenum uucio N = p! + 1.
Yucno N npu nenenun Ha jiroboe w3 yucen 2, 3, 5, 7, 11,..., p maer B ocrarke .
Kaxxoe yucno, KoTopoe He SBISETCS MPOCTBIM, JEIUTCA, 10 KpalHEel Mepe, Ha OHO
MPOCTOE Yucio. Yucino N He IEeNUTCsl HA Ha OAHO MTPOCTOE YUCIIO0, CIAEA0BATENIbHO, N —
camo mpocrtoe uucio, npudeM N > p. Takum 00pazoM, Mbl IPUILTH K TPOTUBOPEUHIO,
KOTOpOE JI0Ka3bIBAET, YTO MPOCTHIX YUCENl OECKOHEYHO MHOTO.

Co¢puzm. Eqununa — mHanbospiiiee HaTypaJIbHOE YUCTIO.

Hoxazamenvcmeo. Ot npotuBHoro. [lycts k£ > 1 Oyaer HauOONBIIMM HATYpaTbHBIM
YUCIIOM; TOT/Ia uMeeM k -k = k> > k- 1 = k. HepaBeHCTBO MOKa3bIBACT, UTO k HE SIBIISCTCSI
HauOOJBIIUM HaTypalbHBIM 4HciIoM. CleaoBareinbHO, HUKAKOE 1LIeIoe Yucio k > 1 He
MOKET OBITh HAUOOJBIIUM HaTypaIbHBIM YHcIOoM. OcTaeTcst IPUHSATH, YTO HAaUOOIBIITUM
HAaTypaJbHBIM YHCIIOM SIBJIseTCs 1, Tak KaK TOJBKO B TOM Clydyae Mbl HE MPUXOAUM
K IIPOTHBOPEYHIO.

[ToripolyiiTe pa3oOparbcsi CaMOCTOSITEIBHO.

6. /loka3are/ibCTBO KOHTPNpUMepoM. MHorue MaTeMaTHueCKUe TUIIOTE3bl UMEIOT
B CBOEil ocHOBe (hopmy: «Bce 00BbEeKTHI cO CBOMCTBOM A 007a1at0T CBOWCTBOM B». MbI
MO’KEM 3aIucarh 3TO B BUAE GOPMYIIbL:

Vx(A (x) o B(x)),

rie A(x) o6o3Ha4aeT mpeauKar «x o0mamaeT CBOUCTBOM A», B(x) — «x obmamaer CBOi-
cTBOM B». Eciii 4uncino BO3MOXXHBIX 3HAUCHUH X SBISIETCSA KOHCYHBIM, TO B IPHUHIUIIC
JI0Ka3aTeJIbCTBO MOXET OBITh MPOBEICHO C MOMOIIBIO pa30opa CIydYaes, TO €CTh HEIo-
CPEIICTBEHHOW MPOBEPKOW BBHITIOJTHUMOCTH THUIOTE3BI IS KaXJ0ro oObekTa. B ciaydae
€CJIM YHUCIIO OOBEKTOB HE SABIISIETCS KOHCYHBIM, TO TaKOW BO3MOXKHOCTH HE CYHICCTBY-
€T JaX€ B IPpHUHIMUIIC. OHHaKO IJIs1 JO0Ka3aTeJIbCTBA JIOXKHOCTHU THUIIOTE3BI JOCTATOYHO
NPUBECTH XOTsI ObI OMH MpUMeEp (Ha3bIBAEMBIH B 3TOM CIIy4ae KOHMPAPUMEPOM), JUIS
KOTOPOTI'O THIIOTE3a HC BBIIIOJHUMA.
3HAMEHUTBIX KOHTPIIPUMEPOB MHOXKECTBO. [lepeuncinumM HEKOTOpbIE U3 HUX.

g anMep 712

depma' mpemmonarai, 4To BCe YMCIA BHIA

pe=2"+1

Tsep ®epma (1601-1665 rT.) — PpaHIy3CKuii MaTeMaTHK, OHH U3 CO3/IATeNel aHAIMTHYECKOH reo-
METPHHU, MaTEMaTHYECKOTO aHaJIN3a, TEOPHH BEPOITHOCTEH M TEOPHH YHCEIL.
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npocteie. [lepBeie nsaTe uucen mis k = 0, 1, 2, 3, 4 apnsrorcst mpoctbiMu. OH HE CMOT
HPOBEPUTH YHUCTIO ps = 4 294 967 297. depma ObuT HempaB, BOZMOXHO, IMOYTH COBCEM
HEMpas, JIeJI0 B TOM, YTO BCE€ OCTaJIbHBIE YHCIIA, KOTOPBIE YAAI0Ch MPOBEPUTH HA MPOC-
TOTY, OKa3aJIUCh COCTaBHBIMH. YHCIIO ps OBLIO Pa3IoKEHO HA MHOXHUTEIH DUIECPOM.

Diinep npeanonoxui (1769 r.), uro ans 1000T0 HATYPaILHOTO YHUCNA 1 > 2 HHUKa-
KYIO 7-10 CTEIEHb HATYPaJbHOTO YHMCIIa HEb3sI MPEACTAaBUTh B BHIAEC CyMMBI (1 — 1) n-x
CTETNEHEN IPYTuX HaTypalbHBIX yucen. To ecTh, ypaBHEHUS:

-1

ZaZ:aﬁ

=1

3

=~

HE UMEIOT pelleHns B 1eNbIX yrciax. B 1966 roxy Obul HaliieH 1Sl 7 = 5 KOHTpIpUMED

27° +84° + 110° + 133° = 144°,
st n = 4 xouTpripuMep ObuT HaiineH B 1986 romy:

2 682 440* + 15 365 639* + 1 879 760* = 206 156 734*.

B 1806 roay Amrep' mpeanpuHsII MOMBITKY JTOKa3aTh, YTO BCSAKAS «IIPOM3BOJIBHASD
bynkus nupdepeHpyemMa BCIOAY, 32 UCKIIOYEHUEM «HUCKIIOYUTEIBHBIX U U30JIUPO-
BaHHBIX» 3Ha4eHUH aprymeHTa. OMH U3 KOHTpIpuMepoB Obul HaiineH B 1930 roxy Ban
nep Bapnenom? — npumep HenpepbIBHOM, HO HuTE He AU(dEpeHIUPYeMOi GyHKIUH:

* {lOnx}
v(ix)=) ———,

rae GurypHble CKOOKH 03HAYarOT B3SATHE IPOOHOM YaCTH.

7. Metoa MaTeMaTH4ecKoi MHAYKIMU. /lenykuus kak oOlIeHayYHBIH METON SB-
JSIeTCSl OCHOBHBIM METOJIOM MaTeMaTUKU. Maremarndeckass MHIYKIUS SBHO BOCXOIUT
K 9TOH ke uaee. Akcuoma HHAYKUuH [leano mocTynmupyer nucarh TOJIBKO MEpBBId U 00-
M IIary JT0Ka3aTesbCcTBa U, TAKUM 00pa3oM, SIBISICTCS M0 CYIIECTBY MEPBBIM MeTaMa-
TEMAaTHYECKUM MPUHIUTIOM. XOTs aKCHOMa UHIYKIIMU (GOpMyTupyeTcs Ui GopMaIbHOR
apu(MeTuKH, HO, B CYIIHOCTH, OHA fBJsAETCS (PyHIaMEHTAIbHBIM apXeTHIIOM Marema-
TUYECKOTO MBIIUICHHUS.

' Auzipe-Mapu Ammiep (1775-1836 IT.) — 3HAMEHUTHIH (paHIy3CKUil GU3HK U MaTeMaTHK.
2BapTem, BaH jaep Bapaen (1903-1996 T.) — royutaHIcKuil MaTeMaTuK.
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OTMeTuM, 4TO MareMaTudeckasi MHIYKIMs OYCHb YacTO MCIOJIB3YEeTCs IS ToKa3a-
TEJICTBA TUIIOTE3, MOJTYUYECHHBIX C TOMOIIBIO MHIYKIHH.

Jloka3aTeabCTBO CTAHOBUTCS TAaKOBBIM TOJBKO B PE3yJibTare COIMAJIbHOTO aKTa
«TIPUHATHS J10Ka3aTeNIbCTBa». ITO OTHOCUTCS K MaTeMaTHKe B TOU e Mepe, uTo U K Gu-
3WKe, JIMHTBUCTUKE WK Ouosoruu. [IpeacraBieHne o MaTeMaTHYECKOM JJ0Ka3aTelIbCTBE
MmeHsieTcst co BpemeneM (cM. [11, c. 370-390]). Onnako co Bpemenu EBkiinza HeM3MeH-
HOH OCTaeTcsl UaeanbHasi CTPYKTypa MareMaTHUeCKOro J0Ka3aTelbCTBa «HEOYCBHIHOU
UCTHHBI»: MEPEX0]] K HeH OT «OUYeBHIHBIX» MU YCTAHOBICHHBIX paHee MOCHUIOK IIO-
CPEACTBOM CEpUH SIBHO BBIITMCAHHBIX «OUEBUIHO 3aKOHHBIX)» JIEMEHTAPHBIX YMO3AKIIO-
YEHUM.

@®opMaNbHBI METOJ SBJISETCS XOPOIIUM NPUOIIKEHHEM K TPaJUIIMOHHBIM MaTe-
MaTU4eCcKUM JoKazarenbeTBaM. O paznuuusx 1mo (GopMe W BOCHPHUSTHIO UX YEIIOBE-

KOM MbI yXe ckasanu. Ho ecTb M Apyrue cepbe3Hble Pa3ivuus, O KOTOPBIX IMHILIET
0. 1. Manus [9, c. 54-55].

a) Haoeocnocmo npunyunog. He TonbKo MaTeMaTHKa, 3aJ10)KEHHAs B CHICLIMAJIbHbIE
AKCHUOMbI TCOpPHHU MHOXECTB U apI/I(bMeTI/IKI/I HeaHo, HO aaxXe€ JIOTHKa A3BIKOB
TIEPBOTO TOPSIZIKa He ABISIETCs 00Ienpu3HaHHoi. B gactHocTH, mocie bpayspa!
OCIIApUBAETCS 3aKOH UCKIIIOYEHHOIO TpeThero. C 3TUX KpallHe KPUTUUECKUX MO3H-
LII/Iﬁ Hallln «JA0Ka3aTrcJIbCTBa» B JIYUIICM CIIy4acC BBIBOIAT 6GCCMLIC.HI/II_[y H3 JIXKH.
BbITh COBEpILIEHHO IITyXUM K 3TOW KPUTHKE MaTeMaTHK HE MOXKET ce0e MO3Bo-
JIUTh: BIyMBIBAsICh B HEe, CJelyeT Mo KpaifHell Mepe 0CO3HaTh, YTO CYIIECTBYIOT
00BEKTUBHO pa3IMYHbIC «CTEMECHU JOKA3aTeNbHOCTHY JI0Ka3aTeIbCTB.

6) Vpoenu ookazamenvnocmu. Kaxxnoe NpeasioXeHHOE JOKa3aTeNbCTBO anpoOu-
pyeTcs Ha IPUEMIIEMOCTh MaTeMaTUKaM1, HHOTa HECKOJIBKUX MoKoJeHui. [1pu
9TOM MOJUIC)KUT YTOYHEHHIO M CaMoO JIOKa3aTelbCTBO, U €ro pe3ynbrar. Yamie
BCETO JIOKA3aTeNIbCTBO SBIISIETCS OoJiee WM MEHEe KPaTKOM cXeMoi (opmaib-
HOTO BBIBOJA B MOAXOASMIEM s3blke. OJHAKO Kak yke ObIJIO OTMEUEHO, MHO-
IJa yTBepKJIeHHE P yCTaHaBIUBAETCS MOCPEICTBOM J0KA3aTelabCcTBA TOTO, YTO
JI0Ka3aTeNbCTBO P CyIIecTByeT. JTa Mepapxusl J0Ka3aTelIbCTB CYIIECTBOBAHUS
JI0Ka3aTeIbCTB B NMPHHIUIIE MOXET OBITh KaK YTOJHO BBICOKOW. MBI CHHUMaem
€€ C TIOMOIIBIO BBICIINX JIOTHYESCKUX WIIA TEOPETHKO-MHOKECTBEHHBIX MPHHITU-
OB, C KOTOPBIMH, OJTHAKO, MO)KHO HE cOTamarhcs. PaboThl 0 KOHCTPYKTHB-
HOW MaTeMaTHKe MEeCTPAT YTBEPKICHHSIMU THIA: «HE MOXKET HE CyIIECTBOBATh
QITOPUTMa, BBIYUCIIAIONIETO X» TaM, TJe KJIACCHYECKUH MaTeMaTHK CKa3ai Obl
MPOCTO «X CYIIECTBYET» WM, B KpaltHEM ClTydae, «X CyliecTByeT U 3 (HEKTUBHO
BBIYUCITM.

B) Owubku. OcoOEHHOCTH YeIOBEUYECKON NCUXUKU JenatoT (opMaibHBIE BBIBO-
Jbl TIPAKTUYECKU HE MOJAAIOIIMMUCS MPOBEPKE, NAXKE €CIU CONIACUTHCS, YTO
9TO WICANBHBIN BHJ I0Ka3aTeNbHOCTH. J[Ba 0OCTOSATENBCTBA NEHCTBYIOT B OHY
CTOPOHY C IyOuTenbHBIM 3PdeKkToM: (opMabHbIE BBIBOABI TOpas3lo UIMHHEE
TEKCTOB Ha apro; CKOPOCTh UX CO3HATEIBHOIO YTEHUSI YEIOBEKOM Topas/io HUXKE.

! TgiiT3en Bpaysp (1881-1966 rr.) — romnanackuii ¢punocod n MaremMaTk. IT0J0XKHI HAYaNo HOBO-
My HaIpaBJICHHIO B MaTeMaTHKE — HHTYHIIHOHU3MY. OH MOJBEPT COMHEHHIO HEOTPAaHWICHHYIO TIPHIIOKH-
MOCTh B MaTeMaTHYECKUX PACCYKICHUAX KIACCHYECKOrO 3aKOHA MCKITFIOUEHHOTO TPETHErO M KOCBEHHBIX
METO/IOB JIOKA3aTeIbCTRA.
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Hepenko noka3aTenbCTBO OAHOM TE€OPEMBI 3aHUMAET MATh, MATHAALATh U JaXe COT-
HHU CTpaHML. J{TMHA COOTBETCTBYIOIIUX (hOpPMaJIbHBIX BBIBOJOB HE IMOJAAETCS BOOOpa-
KCHHIO.

[TosToMy OTCYyTCTBHE OIMIMOOK B MaTeMaTHUECKON paboTe (ecau OHM HE OOHapyxe-
HI:I), KaK U B APYIruxX CCTCCTBCHHBIX HAyKaX, YaCTO YCTAHABJIMBACTCA IO KOCBCHHBIM
JaHHBIM: UMECT 3HAUYCHUEC COOTBETCTBUEC C O6I_]_[I/IMI/I OXHUIJaHUAMH, UCIIOJIB30BAaHUC aHa-
JIOTMYHBIX apIyMEHTOB B IPYTHX paboTax. Pa3misapiBaHue «I11oJ MUKPOCKOTIOM» OTJIENb-
HBIX YYaCTKOB JIOKA3aTelIbCTBA, JIaXKe PEIyTaIlus aBTOPa; CIIOBOM, BOCIPOU3BOIUMOCTD
B IMPOKOM CMBICJIE CJIOBA, HCIIOHATHBIC TOKa3aTCIbCTBa MOI'YT ChII'PaTb OYCHB IIOJIC3-
HYIO pOJIb, CTUMYJIUPYS IOUCKHU OOJIee JOCTYIHBIX PACCYKICHHMH.

Jlyammii cmoco6 B 4éM-TO pa3oOparbcs A0 KOHILA —
3TO HONPOOOBaTh HAYYUTH STOMY KOMIIBIOTED.

lonanvo Kuym

7.4 KomnbloTepHble gOoKa3aTenbCcTBa

3acmy’KUBAIOT OTJEJIBHOTO PACCMOTPEHMS J10KA3aTENIbCTBA C MOMOIIBIO KOMIIBIOTE-
pa. Ho npexae ueM roBopuUTh 0 KOMIBIOTEPHBIX JJOKA3aTeIbCTBAX, PACCMOTPUM HEKOTO-
pBI€ BOIIPOCHI MPUMEHEHUSI KOMIIBIOTEPOB B MaTeMaTHKe.

HcTopuss MaTeMaTHKU 1O KOMIBIOTEPHOM 3pbl COAEPKUT MHOTO NPUMEPOB TPYAO-
€MKUX BblYMCIeHU. HekoTopble BBIYMCIEHMSI CBOAMIUCH K CIOKHBIM U T'POMO3AKUM
npeodpazoBaHusIM (OpMYyIl, APYyTryue BBIYUCIECHUS UCIOIb30BaId HEOONbIINE GOPMYIHI,
HO TpeOOoBau BHINOJIHEHUS ONepaluid ¢ OOIBIIUM KOJTUYECTBOM LU B YUCIAX.

Benukuii Jleonapn Ditnep Obu1 HEMPeB30HAEHHBIM MacTepoM (hOpMalIbHBIX BbIKJIA-
JIOK ¥ TIpeo0pa3oBaHui, B €ro TpyJdax MHOTHE MaTeMaTudeckue GopMyIibl U CHMBOJIHKA
MOJTyYMJIM COBPEMEHHBINH BUJ (HAallpUMep, eMy MpHUHAJUIekaT 0003HAYEeHUs ISl e U ).
HarsinaeiMu mpriMepamMu MacTepcTBa Difiepa cityKaT ero BbIYMCICHHE CyMMbI 00par-
HBIX KBaJpaTOB U IMOJIy4eHHE HEOObIYaitHON (hOpMyIibl, CBA3BIBAIOLICH CyMMBI Je/UTe-
Jell HaTtypaibHbIX uMcen [2, c. 40-43, 112-122].

B XIX Beke o4eHb MHOTO BBIYUCIIEHUI OBLIO MpoOjeTaHo B acTpoHoMmuu. Harpu-
Mep, GhpaHIly3cKuil MaTreMaTuk YpOeH JleBepbe mMpOBOAMII TPOMO3JIKHE PACUEThl OPOUTHI
Henrtyna, ocHOBaHHbIE Ha AHATUTHYECKUX BBIYMCICHUSAX BO3MYILEHHON OpOMTHI YpaHa
(4TO M MO3BOJWIO OTKPBITH Hentyn).

Briewatnsgromye BbIYMCICHHUS C KapaHJAmIoM U Oymaroi mpozenan ¢paHily3cKun
actponom Yapinb3-EBrennii [lenone mis Beraucnenus opoutsl JIyHsl. OH BBIBET OKOJIO
40 000 dopmyn. Ha ux BeiBox norpedoBanocs 10 set u eme 10 ner yimsio Ha MpoBEpKy
¢opmyn. OxoHuarenbHast ¢opMmyna 3aHMMana 128 cTpaHUIl €ro KHUTH C pe3ylbrara-
Mu pabotel. [IpoBepka ero aHalIUTUYECKUX NMpeoOpa3oBaHUil ObUIO MPOBENEHA ABYMS
aMEpPUKaHCKMMM MaTeMaTUKaMH ¢ MOMoIIbl0 komnbiotepa B 70-e roapl XX Beka. Kom-
IBIOTEPY MOTPEOOBATIOCH IBOE CYTOK pPabOTHI.

bonbume ycunus TpaTuiau MaTeMaTWKM Ha ONPEAEIIEHUE YHCHIa T, BPYYHYIO BbI-
ymcisg 6onbiioe konudectBo Hudp. Tak, Hanmpumep, HAMIYUYIIHH pe3yibTaT K KOHILY
XIX Beka Obu1 monyueH aHrindanuHoM Buibsmom Illenkcom. On motparun 15 ner
JUIsL TOTO, 4TOOBI BEIYMCIUTH 707 1P, XOTs U3-3a OLIMOKHU TOJIBKO IMepBble 527 OblIU
BepHbIMU. OH ucnonb3oBan Gopmyrny Mauuna (Johm Machin, 1680-1751 rr.):
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T 4 arct ! —arct 1
T e P ET)
Ommbky lllenkca obHapyxun B 1944 rony @epriocon (D. E. Ferguson); oH cuuran

no gopmyie, mogo6Ho# popmyine Mruuna,

T 1 1
1° Jarctg 1 + arctg 20 + arctg
Ha HACTOJILHOM MEXaHWYECKOM KaJIbKYJISATOpE.

B nawane 50-X rofoB cTayiyd MOSBIATHCS MEPBbIE MPOTrPAMMBI, TPOU3BOAIINE Ya-
CTUYHO aHaJIUTHYecKHe BoluucieHus. B 1951 rony ¢ momomsto komnsrorepa EDSAC 1
ObLIO OTKPBITO HamOoJblIee u3BecTHOE mpocroe uuciao 180(2'%7 - 1)2 +1 ¢ 79 necs-
THUHBIMU [Hppamu. B 1952 rony maremaruku Omunbs Aptud u xoH ¢on Heliman
npojenanu OONbIINE BBIUYUCICHHS, CBSI3aHHBIE C AIUIMITHYECKUMH KPHBBIMH, Ha KOM-
neiotepe MANIAC. B 1953 roay Obuio moka3aHo, Kak ajJrOpUTMbl B TEOPUM TPYII
MOTYT OBITh PeaM30BaHbl Ha KOMIIbIOTEPE.

B 60-x romax XX Beka cTajM CO31aBaThCsl MEPBbIE CUCTEMbl KOMITBIOTEPHOW aj-
re6pbl. Cucrema KOMIBIOTEpHOI anreOpsl (computer algebra system) — nporpamma ams
BBITIOJTHEHUSI CUMBOJIBHBIX (MareMaTu4ecKux) BhIYMCIeHU. OCHOBHAs OIpenelnstonas
(YHKIIMOHAIBHOCTh TAKUX CHCTEM — 3TO OIEpalliy C BBIPAKEHUSIMU B CUMBOJIBHON (OpMeE.

[lepBbie cucTemMbl OB OTPAaHUYEHBI [0 CBOUM BO3MOXKHOCTSIM M IpeJHa3HAYaINCh
JUTSL KAKOM-TO OTIENBbHOM 00nmacTu MareMaTuku. CHUCTeMbl KOMITBIOTEPHOU anreOpbl 00-
IIero Ha3HauYeHHs (YHHBEpCAJIbHBIE) —3TO T€, B KOTOPHIX PEaJH30BaHBl OCHOBHBIC Ma-
TEMaTU4YeCKue aJrOPUTMBI U €CTh BO3MOXHOCTD TOJIH30BATENI0 CAMOMY CO37aTh HOBBIE
AJITOPUTMBI Ha SI3bIKE TPOTPAMMHUPOBAHUS CUCTEMBI.

B Hacrosiee BpeMsi IPUMEHSAETCSI HECKOJIBKO CHCTEM KOMITBIOTEpHOU anreOpbl 00-
niero HasHadeHuss. OTMETUM OJIHY U3 HHX.

Mathematica — cucteMa KOMIIBIOTEPHOH anreOpbl, UCMONB3YyeTCS BO MHOTHMX Ha-
YUHBIX, WH)XCHEPHBIX, MAaTEMaTUYECKUX M BBIUUCIUTEIbHBIX oOnacTsax. Cucrema Obl-
na 3agymana CtuBeHoM Bomnbsdpamom (¢u3uk, MateMaTuk ¥ OPOrpaMMUCT) U B Jallb-
HeiimeM paspaborana B xommanun Wolfram Research (Illammeitn, mrar MmimHo¥c,
CIIA). Hauano paspabotku — 1986 1.; mepBast Bepcust — 1988 r.; mocnennsisi 10-s Bep-
cust —2014 r. [12].

[Tpumenenne Mathematica no3BosisieT 3¢ (heKTUBHO BHIYUCIISITH MaTeMaTHYECKUE 00b-
€KThl, YTO MPOJIMBAET CBET Ha MCIIOJIb3yeMble MaTeMaTuueckue noHsTus. [lpuyem uc-
nosib3oBaHue Mathematica He TpeOyeT rTyOOKHMX 3HAHHMH MporpammupoBaHusi. Toibko
4eJI0BEK, [0 POAY CBOEH NEATEIBHOCTH UMEIOLIUM J€JI0 ¢ MaTEMATUYECKUMU BbIYHCIIE-
HUSIMH, TIIYOOKO MMOHUMAIOIIUN MX CHEIU(PUKY U MOTPEOHOCTH, MOT CO3AaTh MOJOOHBIN
POTPaMMHBIN MTPOTYKT.

1985

B maparpade 7.1 tmaBer 7, mpumep 7.4, MBI paccMaTpHBAIH 3ajady 00 ompese-
neHuu uucna R, obmacteit, obpasyembix n(n — 1)/2 xopaamu, KOTOpbIE COCAUHSIOT 71
(UKCUPOBAaHHBIX TOUYEK HA OKPYKHOCTH, TPHU MPEINOI0KEHUH, YTO HUKAKHE TPU XOPJIbI
HE TEepPEeCceKaloTCsl BHYTPU Kpyra. DMIUPUYECKU OBLIM YCTAaHOBIIEHBI 3HAUCHHS R, JUIs
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n=1,2,...,6—o3t0 uncna 1, 2, 4, 8, 16, 31. Mathematica MOXXeT OnpeIeTUTh 3aKOHO-
MEPHOCTB JTOMH MOCIEeIOBATEIHLHOCTH:

FindSequenceFunction[{1, 2, 4, 8, 16, 31}, n]

L (24 - 18n+23n* — 6n° + n*).

B Hacrosimiee Bpemsi pa3BUBaeTCs SKCIIEPUMEHTAIbHAS MaTeMaTHKA: OTKPBITHE HO-
BbIX MaTeMaTH4YecKUX 3aKOHOMEPHOCTEH MyTeM KOMIbIOTEpHOW 00pabOoTKU OOJIBIIOro
grcia npuMepoB. Takoll Moaxoj HE CTONb YOCIUTEICH, KaK KOPOTKOE J0Ka3aTelIbCTBO,
HO MOXET ObITh yOenuTenbHee JIUHHOTO, CIIOKHOTO JTOKA3aTeNIbCTBA U B HEKOTOPBIX
cilydasix BIOJHE IpuemiieM. B mponuiom AaHHYI0 KOHIEMIHUIO OTCTauBaiu U Jlpepap
IMo#ia [2, 13], u Jlakaroc' [14], yOexaeHHBIC CTOPOHHHMKH 3BPHCTHYECKHX METOIOB
¥ KBa3MAMITUPHUYECKOHN MPHUPOIBI MaTEMATHKH.

DKCIEpUMEHTAIBHON MaremMaTuke MocBsieHbl KHuru [15, 16]. Metoasl skcnepu-
MEHTaJbHOI MaTeMaTWKU B €CTECTBEHHO-HAyYHBIX JUCIMIUIMHAX, B MEPBYIO OYepeidb
B (U3HKe, MPUMEHSIOTCS U 000CHOBBIBatOTCS B KHHMre «HoBbIN Bux Hayku» CTuBeHa
Bonbsgpama [17].

KommbroTepsl MHOTIIA TO3BOJISIOT TOMYYUTh HE(POpPMaIbHBIE apryMEHTHI B IOJIB3Y
TOTO MJI MHOTO TIPENIOJI0KEHUS, @ HHOTIIA, HA00OPOT, ONPOBEPTHYTH Ka3aBIIAECS TPaB-
JOTIOZIOOHBIME THITOTE3bl. KOMITbIOTEpHBIC BEIYUCIICHHS TAK)KE TIOCTABIISIOT TIEPBUYHYIO
UH(OPMAIHIO, TO3BOJISIONIYI0 OOHApY>KMBaTh HOBBIC CBOWCTBA HM3y4aeMbIX OOBEKTOB
U BBIJIBUHYTH HOBBIE THITOTE3bI.

MOXXHO M KOMIBIOTEp HCIOJIB30BaTh 0OJ€e CYHIECTBEHHBIM 00pa3oM, a UMEHHO
TIOJTHOCTBIO MTOPYYHTh €My BECh IPOIIECC JI0Ka3aTeIbCTBA MATEMaTHIECKOTO pe3yabrara?

AXCHOMaTHUYECKUIT METON OTKPBIBAET JJISI 3TOTO HEKOTOpPbIE BO3MOXHOCTH. Dop-
MaJIbHOE JIOKa3aTesIbCTBO, B KOHEYHOM CUETEe, €CTh IMOCIEN0BATEIILHOCTE (POpMYI, TO-
JTy4aeMbIX U3 aKCHOM [0 YHUCTO CUHTAKCHYECKUM IpaBuiaM. [loaTomy B nmpuHIUNE A7
3TOTO MOYKHO HCIIOJIB30BaTh KOMITbIOTEp. HO OONBIIMHCTBO MOJE3HBIX MAaTEMATHUECKUX
TEOPHIA SIBIISTIOTCS HEPA3pEUIMMBIMH, T.€. IS TAKUX TEOPUH HE CYIIECTBYET aJITOPHT-
Ma, KOTOpPBIM Hamiesl Obl J0Ka3aTeiabCTBO Ui TEOpEeMbl. UTO KOMITBIOTEP MOXKET — 3TO
MOCTENICHHO B pe3yJIbTare Mpoliecca BHIYUCICHUS MOPOXKAATh BCE HOBBIE YTBEPKACHUS,
BBIBOJIUMBIC B JaHHOW (hOpMaJIbHOW CHCTEME, M 3TOT MPOLECC MOTEHIMAIBHO HUKOTIA
HE 3aKaH4YMBaeTCs. Tak Kak Mbl HE MOXKEM 3apaHee 3HaTh, BCTPETUTCS WM HET B 3TOM
NIepEUNCIICHIH MHTEPECYIONINA HAC Pe3yNIbTaT, Mbl HE MOXXEM PacCUMTHIBaTh M Ha II0-
CTpoeHue ero (hopMaIbHOIO JOKa3aTeabCTBa 32 KOHEYHOE BPEMS.

Tem He MeHee HEKOTOpbIE PYTHHHBIE YAacTH MOBCEAHEBHOW pabOThI MareMaTHUKOB
OYEHb XOTEJIOCh OBl OTHaTh KommbioTepy. Ho BOT TO, Kak 3TO caenarb, NMpencTaBiseT
cOOOH 3HAYMTENBHYIO TEXHUYECKYIO0 MpoOJIeMy, KOTOpas CBs3aHa HE TOJBKO C pa3BH-
THEM MAaTeMaTHKH W HCCIICAOBAHHUSMHU JIOTHUYECKUX TEOPHH, HO TAKKe M C Pa3BHTHEM
OTIPE/ICIIEHHBIX KOMITBIOTEPHBIX TEXHOIOTHH.

[TpubMU3UTENHHO JET NATHAIATH-BAAATE Ha3a ]l pa3BUTHE KOMIIBIOTEPHBIX TEXHO-
JIOTHH IOCTHUIJIO TAKOTO YPOBHS, KOTJIa CTAJI0 BO3MOXKHO BCEPhEe3 HA/IEATHCS HA CO3/1aHUE
CHCTEM, KOTOpbIE JeHCTBUTENLHO MOIIH OBl MOMOYL PabOTE MaTeMaTHKa MPH MOCTPO-
€HHU M MPOBEPKE MATEeMaTHYECKUX J0Ka3aTeIbCTB, TO €CTh (PaKTHUECKH B3STh Ha CeOs

"Mmpe Jlakatoc (1922-1974 rr.) — anrmiickuii pHnocodh BEHIepCKOTO MPOMCXOAKIECHHS.
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YacTh €0 MHTEJUIEKTyalbHOU paboThl. Ha maHHBIT MOMEHT 3Ta 00JIacTh OYCHBb OBICT-
PO pa3BHUBAETCs, U CYIIECTBYET OOMIbIIE AECATKA PA3IUYHBIX CUCTEM, MpeIHA3HAYEHHBIX
JUTSE aBTOMAaTUYECKOTO ¥ TOJTYaBTOMAaTHYECKOTO, TO €CTh MHTEPAKTHBHOTO, JI0KA3aTellb-
cTBa TeopeM. J[Jsi 3TUX CHCTEM MOSBWIIOCH cnenupuieckoe Ha3Banue theorem prover
(cuctema moucKa BIBO/IA, «IpyBep») [18].

[IpyBepsl fgensarcs Ha JBa Kiacca: aBTomaruueckue (automated theorem prover), ko-
TOPBIC UIIYT JIOKA3aTeIbCTBA COBEPIICHHO HE3aBUCHMO OT YeJIOBEKA, U MHTCPAKTHBHEIC
(proof-assistant = interactive theorem prover), KOTOpble B3aUMOJEHCTBYIOT C YeJIOBE-
KOM; OH TIOMOTAaeT KOMITBIOTEPY HAXOAUTh 3TU JIOKA3aTelbCcTBA. VIHTEpaKTHBHBIE CHUCTE-
MBI HanOoJee TMEePCIeKTUBHBI s (hOopMaTU3aIii PeabHBIX MaTeMaTHUeCKUX J0Ka3a-
TenbCcTB. Ha OCHOBE 3THX CHCTEM OBLTH YK€ MOITYYECHBI MOJHOCTHIO (POpMATN30BaHHBIE
JI0Ka3aTeNbCTBA IIEJI0T0 Psijia 3HAMCHUTHIX MaTeMaTHUECKUX PE3yJbTaToB.

Teopema YKopnana o kpusoit. Ecin J — mpocTast 3aMkHyTas kpuBas B R?, To R*\J
FMeeT JIBe KOMIOHEHTHI («BHYTPEHHIOI» M «BHEIIHIOIO») ¢ J B KauecTBe oOei rpa-
HuU1bl [19].

B 2005 roxy ObutM HE3aBUCHMO CO3[aHbI JIBa (OPMANIbHBIX J10Ka3aTelIbCTBA 3TOM
TeopeMsbl ¢ iomonibio npysepoB HOL Light u Mizar [20].

Teopema I'énens o Henonnore (cM. rmiaBy 2, maparpag 2.3). @opMann30BaHHbIE J10-
Ka3aTeNbCTBa 3TOW TeopeMbl ObLTH co3/1aHbl B 1986 romy ¢ momorkio cucteMsl Nqthm [21]
u B 2003 roay ¢ nomouisto cuctemsl Coq [22].

Teopema o pacripenenernu nmpocThix yncen [23]. beimo dpopmanuzoBaHo aBa U3BECT-
HBIX JIOKa3aTenbcTBa 3ToM TeopeMbl: B 2005 1. ¢ moMomibio npyBepa Isabelle u B 2009 1.
¢ nomomibio pyBepa HOL Light [24].

B mpenpinymux mpuMepax ObUIH MOMyYeHBI KOMIBIOTEPHBIE MOKA3aTeIbCTBA TEO-
peM, TSl KOTOPBIX ObUIH YK€ M3BECTHBI He(opMmaibHBIC JOKa3areabcTBa. Ho KoMIibio-
TEpBl YK€ TMPUMEHSIIOTCS W TaMm, Tje 0e3 HUX He yHaaeTcs MPOBECTH J0Ka3aTelIbCTBA.
Pacckaxkxem 00 mepBOM KpYNHOM pe3ylbTare, Ui J10Ka3aTelbCTBAa KOTOPOro ObUI MpH-
MEHEH KOMIIBIOTED.
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Teopema 0 4yeThbIpex Kpackax

Urto takoe TeopeMa o uyeThIpex kpackax? OHa mosiroe Bpemsi Obuta HEAOKa3aHHOM
MaTeMaTH4eCKOW TMIIOTE30M M COCTOsUIa B TOM, YTO KaKIYI0 KapTy Ha MJIOCKOCTH MOX-
HO PacKpacuTh MPaBUIBHBIM 00pa3oM B yeThipe mBeTa. «lIpaBuiIbHBIM 00pa3omM» —3TO
O3HaYaeT, YTO pa3HbIe CTPAHbI Ha ATOM KapTe, €CIM OHU UMEIOT OOIIMK y4acTOK IrpaHu-
1B, IOJDKHBI OBITH MOKPAIICHBI B pa3Hble 11BeTa. ECIM UCKITIOUUTh HEKOTOPBIE MAaTOJIOTH-
YEeCKUe CUTYyallud, TO XOPOIINe KapThl Ha TNIOCKOCTU B COOTBETCTBUU C ATOU TEOpEeMOit
0 YeThIpex Kpackax BCerla MOKHO PackpacuTh B YETHIPE 1IBETA.

BrniepBeie 3Ty runote3y BbICKa3asl OAMH JIIOOUTENb MareMaTuku no ¢pamuinuu ['ytpu
(Francis Guthrie) B 1852 1. IlepBbie goka3zarenbcTBa ObuH Tpeiokensl Kemmne (Alfred
Kempe) B 1879 . u Tomacom (Peter Thomas) B 1880 1. Uepes 10 net Obutn HaleHBI
OMOKK B 00OUX JI0Ka3aTeIbCTBAX.

OTa U3BECTHAs MaTeMaTHYecKasi TUI0Te3a OCTaBajach HEJ0Ka3aHHOM B TedeHue 6o-
aee cra jet. [lepBoe 10Ka3aTeNbCTBO 3TON IMIIOTE3bI OBLIO MOTYYEHO C MOMOIIBIO KOM-
IBIOTEPOB AMEPUKAHCKUMH MaTeMaThkamu AmnmneneM u XakeHoM B 1976 r. [25].

Amnmenp u XakeH CBEH JI0Ka3aTeNbCTBO ATOTO pesyibrara K mepedopy Oonee 1476
pa3NUYHBIX IpadoB M NPOBEPKHU JUII HUX HEKOTOPOTO YCIOBHS HAa KOMITBIOTEPE.

Camo cBenieHre Kk 6osee ThICSUM CllyyaeB ObIIO 1aJIeKO He TPUBUAIBHBIM U B 001IEM
3annMano 400 cTpaHull, T. €. 3TO OBLI OUYEHBb CIOXKHBIM MaTeMaTHYECKUN PEe3yNbTar, Co-
MIPOBOXKTAEMBIN €IIIe CI0KHBIM KOMIIBIOTEPHBIM TIepebopoM, norpedoBasmum 1000 ga-
COB MAIlIMHHOTO BPEMEHHU.

Kak mMaremarndeckoe cOOOIIECTBO OTHECIOCHh K TAKOMY J0Ka3aTenbCTBy? CoracHo
TPaJULMOHHBIM IPEICTaBICHUAM, POYHO yTBEpAUBIIUMCS B XX BEKEe, CMBICI OITyO-
JMKOBAaHHOTO JI0Ka3aTelIbCTBA HEKOTOPOM 3a/laud 3aKJII0YaeTcss B TOM, YTOOBI Ka) bl
MaTeMaTHK MOT MPOYECTh JI0KAa3aTesIbCTBO, OLCHUTh €ro 00OCHOBAHHOCTb, €CIH HYX-
HO — IIPOBEPUTH J0KA3aTeIbCTBO, BbICKa3aTh CBOM COMHEHUS U BO3PaKEHUS, €CIIM OHU
y Hero ecTb. TOJIBKO MOCIIE TOTO KaK OMyOJIMKOBaHHOE JJOKA3aTeIbCTBO MPOILIO 10100~
HO€ MCIIBITAaHHE CPEelId MaTeMaTH4YeCKOro COOOIeCTBa, OHO CUMUTACTCS OKOHYATENIHHO
MPU3HAHHBIM.

He Bce maremaruku mpu3HaId TEOpEMY O YEThIpeX Kpackax JOKa3aHHOM, Kak pas
U3-3a HCIIOJIb30BaHUS KOMITbIoTepa. Bo3paskeHus OblIN CiIeIyIoIIero poja.

Kak HaiiTh omubKy B J0Ka3aTenbCcTBE, MPOBEIEHHOM KoMmmbioTepoMm? Kak MOKHO
MOHATH TaKOe JI0Ka3aTeIbCTBO, OLEHUTh €r0 CMBICT U T€ CBSI3U, KOTOPHIE OHO BBISBISET
MEX]ly pa3IUYHbIMH CTOPOHAMH HCCiIenyeMoll Matemarndeckoit monenu? Pazobparbes
B JICTAJISIX 4yXKOU CIIOKHOW IIPOrpamMMbl IIPAKTUYECKA HEBO3MOXKHO. KoMIbroTepy mpu-
JETCSI IPOCTO JOBEPSITH.

Bo-nepBbIX, KOMIBIOTEp MOT J1aTh cOO MpH BBIYMCICHUSAX. Jlake ecnu pesyabrar
IIPOBEPEH HECKOJIBKO Pas3, 3TO JINIIb TOBBIIAET BEPOATHOCTD TPABUIIBHOCTH JOKa3aTelb-
CTBa, HO HE CJIEJIaeT ero aOCOIIOTHO HaJCKHBIM.

Bo-BTOpHBIX, B Ipolieccope W BCIIOMOTATEIbHBIX MporpamMmax (KOMOMISATOpe, OHuo-
JMOTEKaxX M T.T.) MOTYT COIEpKaTbes (M Jake HaBEpHsSKA COACpPXKATcs) OMIMOKU U He-
BO3MOYKHO TOJIHOCTBIO MCKIIIOYUTH MX BIIMSHUE HA MPaBUIBHOCTh TOKA3aTeIbCTBA.

W, HakoHell, caMoe IJIaBHOE: MporpaMMma, KOTopas Obljia HarucaHa Jjs MOUCKA WIIH
IPOBEPKH JI0Ka3aTeNbCTBA, TOKE MOXKET coepkarh omuOku. CTporo MareMaTHuecKu
yOeauTbcs B TOM, YTO OHA B IOJHOM MEpe COOTBETCTBYET clielU(pUKAIUU, HACTOIBKO
e CJI0KHO, KaK U IPOBEPUTH BPYUYHYIO BBIIIOJHEHHOE C €€ MOMOIIBIO J0Ka3aTelbCTBO
(2 BO3MOXKHO, U CIIOKHEE).
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U npobaembl ¢ 3TUM J0Ka3aTelbCTBOM JIEHCTBUTEIBHO HAYaJIUCh, HO OHU OKa3aJHCh
HE B KOMITBIOTEPHOM 4acTH, a B yelloBedeckoi. B joka3arenbcTBe ObUIM HaileHbl HENlO0-
yerbl. B Hagane 1980-x romoB Vippux IIMuaT uccnenoBan 10Ka3aTeabCTBO AMIeEns
U XakeHa U 0OHapy KW MPOMYCKH B MaTEeMaTHUECKOM 4acTH J10Ka3aTesIbCTBA.

B 1989 rogy Anmens u XakeH Hamedarajad JIOMOJHEHHOE M HCIIPaBICHHOE JOKa-
3aTeNbCTBO TeopeMbl [26]. Bece oOHapyskenHble [IIMuATOM NpOMycKkH BapuaHTOB OBLIU
yCTpaHEHbl, OBUIM UCTIPaBIICHBl U MPOYHE OMMOKH, HaliIeHHbIE APYTUMH MaTeMaTuKa-
mu. K 10kazarenbcTBy ObUT MPHUIIOKEH MOJTHBIN TEKCT MPOrPaMMBI.

Bcenen 3a 3TuM M3BecTHBIE CHENMANUCTHI 1o Teopuu rpados Pobeprcon, Canzepc,
Ceiimyp u Tomac, ynmpocTwin 10Ka3areabCcTBO Amnmelnss M XaKeHa U CBEIW 3Ty 3ajady
K nepebopy 633 ciayuaes, mpudeM UMM ObUT HaiifieH Oosiee 3(EKTHBHBIN 10 BPEMEHU
anroput™ nposepku ycinosus [27]. Tem He MeHee 6e3 MOMOIIM KOMITBIOTEpa TOOUTHCS
pelIeHus 3Toi MpoOIeMbl He YIaBaloCh.

W no-npekHeMy, OCKOJIbKY KOMIIBIOTEP Y4acTBOBAJ B 3TOM IIPOLIECCE, Y MAaTEMaTH-
KOB He OBLJIO J0BEpHs K MOIy4eHHOMY peleHuto. [locie aToro 3a feno B3sIMCh Crienua-
JUCTHI IO POPMAJIbHOM MaTeMaTuke, MOTOMY YTO OBLJIO MOHSATHO, YTO 3[€Ch KaK pa3 TOT
cilydail, Korza HoCTpOeHHE MOJIHOCTBIO (POPMaNN30BaHHOTO U MIPOBEPEHHOTO (KaK TOBO-
PAT B TaKHUX CIIydasiX, «BEpUHUIMPOBAHHOT0») JOKA3aTEIbCTBA TEOPEMbI MOXKET CIIaCTH
HOJIOKEHHE U YOCIHUTh BCEX B €€ KOPPEKTHOCTH. A TaKylO BepH(PUKAIIUIO MOKHO TaKKe
OBLIO cleNaTh TOJBKO C TIOMOIIBI0 KOMIIBIOTEPA.

B 2004 rony rpynna ¢paHIly3cKuX yueHbIX Moj pykoBoacTBoM JKopska [oHThe mos-
HOCTBIO (pOpMasin3oBasia ¢ MOMOLIBI0 CUCTEMbl MHTEPAKTHBHOIO moucka BeiBoga Coq
KOMIIBIOTEPHYIO YacTh Ha OCHOBE Jl0Ka3aTenbcTBa Pobeprcona u ero coasropos. Pabota
BKJIIOYaeT KaK BEPU(UKAIIMIO COJAEPIKATEILHOTO CBEIEHUS, TaK U KOMIIBIOTEPHOTO Iie-
pebopa. dakTudecku OblIa Hamcana BepudummpoBanHas B Coq mporpamma nepedopa
(1 He HyXHO ObLTO BBOIUTH 633 ciyyas ot pyku) [28].

[Ipexxne ueM o0CyaUTh HAIEKHOCTh KOMITBIOTEPHOTO JJ0Ka3aTelbCTBa, OCTAHOBUMCS
Ha HAJIe)KHOCTH YEJIOBEYECKOro JoKa3areiabcTBa. COBpEMEHHAsl MareMaTHhKa MepeKuBa-
€T KpU3HC NEPEYCI0KHEHHOCTHU: J10Ka3aTeNIbCTBA CTAJIM HACTOJIBKO JUIMHHBIMM U CJIOXK-
HBIMHU, YTO HM OJMH YYEHBII He B35 Obl Ha ceOs CMENIOCTh OJHO3HAYHO MOATBEPIUTH
WJIN OCIIOPUTH UX MpPaBUIbHOCTh. Hampumep, noka3arenbcTBO IBYX runore3 bepHcaiina
U3 TEOPUM KOHEYHBIX TPYII 3aHMMAET OKOJIO MATHCOT CTpaHuIl Kaxpaoe. [loHsaTHo, yTo
TaKOW JJTUHBI CIIOKHBIA TEKCT, KOHEYHO, MOXKET COJEPIKATh OLTHOKH.

YenoBek MOXKET MIPOUYUTATh UY>KOE JTOKA3aTEIbLCTBO U MIPOBEPUTH, IIPABHIIBHOE OHO
wii HeT. Ho ecnu BBl uMTaere yyKoe AOCTATOYHO JUIMHHOE JOKAa3aTeIbCTBO M B HEM
€CTh OIIMOKa, TO €CTh BCE IIAHCHI, YTO BHI ee He 3ametute. [louemy? B mepByro ouepenn
MOTOMY, YTO pa3 caMm aBTOp JOKa3aTeabCTBa CHENANl 3Ty OLIMOKY — 3HAYMT, OHA ICHUXO-
Jorudecku obocHoBaHa. To ecThb OH HE MPOCTO Tak ee chesal, Mo CIy4alHOCTH — ATO
B IIPUHIUIIE TAKOE MECTO, IJIe TUIIUYHBIM YEIOBEK MOXET CJeNaTh TaKylo OIIHOKy. 3Ha-
YUT, U BBl MOXKETE CJIeNaTh Ty K€ CaMyl0 OLIMOKY, YUTasi 3TO MECTO U COOTBETCTBEHHO
€€ HE 3aMETHUB.

U BoT ¢ 3T0M npoOieMoit — HailTh OMKOKY B 3alIMCAHHOM JIFOIbMU MaTeMaTH4eCKOM
TEKCTE, — CTAHOBUTCS BCE TPYJHEE CIPABUTHCS, @ MHOTJA U BOOOIIE HEBO3ZMOKHO — 3TO
cepbe3Has mpobiaeMa COBPEMEHHOM MaTeMaTHKH.
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Hackonbko HameXHBI KOMIIBIOTEPHBIE JoKa3zarenbcTBa? JI. Bexemumies!' cuuntaer,
YTO JOCTAaTOYHO HAJIeKHbI. [IpuBeneEM ero aprymeHTsl.

1. CreneHp HaEKHOCTH 3aBUCUT OT MPYyBEpPa, €ro uHTepderica 1 BHYTpEHHEH ap-
XUTEKTYpPbl. AOCOTIOTHOW HAASKHOCTH (TIO TEIOMY PSAy HE 3aBUCAIINAX JIPYT
OT JIpyra MpU4MH) HE TapaHTUPYEeT HU OJuH npyBep. HecMoTps Ha 3TO, B 11€710M
KOMIIBIOTEPHBIE JOKA3aTeJIbCTBA HAMHOIO HAJAEKHEE BCETO OCTAIBHOIO.

2. WneanpHOE TeXHWUYECKOE PEIlIEHHE OCHOBHIBAETCs Ha mpuHImIe Ae bpeitna (de
Bruijn), KOTOpBI COCTOUT B CIEIYIOIIEM.

e B ocHOBe mnpyBepa JIEKHT JIOTH4YeCKoe AApO — (popMasbHas akcuoMaruye-
CKasg CHCTE€Ma, B KOTOPOHM 3alMCBIBAIOTCS JIOTHYECKHE BBIBOABI. Jlornmue-
CKO€ PO JOJDKHO OBITH 0003PUMBIM — JJOCTATOYHO MAJbIM U MPOCTHIM.
Hammpumep, axcuomaruka Ileano u Llepmeno—@peHkens yaoBIETBOPSET
3TOMY YCJIOBHIO.

e [IpyBep — KOTOpBIN B MPUHIUIE MOXKET OBITH CKOJIb YTOJHO CIIOXKHOH CH-
CTeMOH, — B pe3yJibTare paboThl KOHCTPYUPYET SBHBIM (popMabHBINA BBI-
BOJI B SI3BIKE CBOETO Spa.

e Bepuduxkarop (He3aBHUCHUMO OT MpyBepa) NPOBEPSET KOPPEKTHOCTh TaHHO-
IO BBIBOZIA HA COOTBETCTBUE MPABUIIAM SAPA.

e [lpocrora sigpa rapaHTUpyeT MPOCTOTY Bepudukaropa. boiee Toro, xax-
JIBIA JKENTAIOIIUKA MOXKET caM HalHcaTh CBOM COOCTBEHHBIN BepH(UKATOP
U yOenuThCs B KOPPEKTHOCTH KaXKJIOTO KOHKPETHOTO (POPMAIBHOTO JTOKA-
3aTebCTBA.

3. HanmexHOCTh 0Ka3aTenbCTBa ONPEAENAETCS TOJBKO HAJEKHOCTBIO sIpa U Be-
pudukaropa. OcTaibHble YacTU NMpyBepa HE BIUSIOT Ha MPaBUIBLHOCTDH JOKa3a-
TEIbCTBA. Takoe MOCTPOECHUE CUCTEMBI JACT JIYYIIyI0 FapaHTHIO0 HAJIEKHOCTH,
yeM J1100ble APYTHe METONbl, B TOM YHCJE TPaIUIMOHHOE «PYy4YHOE» JI0Ka3a-
TEJIBCTBO TEOPEM.

Jlnst popManbHOro J0KazaTeabcTBa TeOpeMbl 0 yeThlpex kpackax JK. [oHThe ¢ koi-
JeraMy Bepu(pHUIMPOBAIH KaK COJAEPKATEIbHYIO YacTh J0KA3aTeIbCTBA, CBEICHHUE K IIe-
pebopy, Tak U (HopMaIbHO JO0Ka3aldu KOPPEKTHOCTh aJIFTOPUTMa TOM MpOrpammbl, KO-
TOpasi OCyILeCTBIIANIa nepedop. B 3ToM ObU10 NpUHIUNHMATIBHOE OTINYUE UX PAOOTHI OT
IPEIBbIIYIINX JOKa3aTeIbCTB ATONH TEOPEMbI: KOMITBIOTEPHOE BbIUKCIIEHHE ObLIO CHa0Xe-
HO KOMITBIOTEPHBIM K€ JI0Ka3aTeIbCTBOM €ro KOppeKTHOCTH. KoHeuHo, 3T0 OblI ycmex,
OTOMY 4TO (hopMasibHbIE BepU(UIIMPOBAHHBIE MAaTeMaTUYEeCKHE J0KA3aTelbCcTBA UMe-
10T TOpa3o OOJIBIIYIO0 HAJIEKHOCTh, YeM JIH000€ CKOJIBKO-HHOYIb 00bEMHOE JOKa3aTeb-
CTBO, IIOJY4E€HHOE YEJIOBEKOM.

Taxum 06pazom, TeopeMy O YEThIpEX KpacKax, IMPH BCEH ee rPOMO3IAKOCTH, MOKHO
CUUTATh HA JTAHHBI MOMEHT OJIHUM W3 HauOoJee TIIaTeJbHO MPOBEPEHHBIX U HAJEKHO
YCTaHOBJIEHHBIX MAaTEMaTUYECKUX PE3YNbTaToB [29].

!le murpuesnu bexnemumes (p. 1967 r.) — poccuiickuii MaTeMaTHK, JOKTOP (H3MKO-MaTeMaTH-
YyeckHuX HayK. FiMeet paboThl B 00yacTH MaTeMaTHYeCKON JTOTHKH.
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’G‘ KoHTpornbHbIe BOonpock! Mo rnase 7/

[1]

[2]

[3]

[4]

[5]

[6]

[7]

[8]

1.

VY MareMaTukoB-po(eCCHOHAIOB MHOTJA MPH JO0Ka3aTeNIbCTBE KAKUX-TO TEO-
peM BcTpeuaetcs (paza «IIPEeanoIoKAM I TPOCTOTH. UTO ATO O3HAYaeT:
a) aBTOp MOXKET clieJaTh TO, YTO TpedyeTcs, u 0e3 yNpoIIeHHs, HO IaIuT YUTa-
Tesist; 0) aBTOp JOJDKEH ObUT YIPOCTUTH 3aady, YTOObI OH CaM MOT €€ PELIUTh?

[MonpoOyiite pazoOparbcs, B 4eM 3aKIIOUAETCS OIMIMOKA MPH JIO0Ka3aTeIbCTBE
cousma: «Enunnia — camoe 00bII0E HATypaIbHOE YHCIION.

3. B ueM 3akirouaeTcss MaTeMaTu4ecKasi HHAYKIHS 10 OCTPOEHUIO?

O uem roBoput Teopema AeTyKIUuu?

Kakne dopmbl moka3aTensCTB HE UCHONB3YIOTCS MPH KOMIBIOTEPHBIX JO0Ka3a-
TeIbCTBaxX?
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[NnaBa 8

AJITOPUTMbI 1 BBIYMNCITUMbIE ©YHKLUNA

YnoOcTBa — 3TO BOMPOC KU3HU U CMEPTH
MaTeMaTHISCKON TUCIIUILIINHEI.

Braoumup bocc

8.1 lNoHAaTMe anropmntma n HedopmarsbHas
BbIYUCIMMOCTb

[Ton anzopummom monmMaercsi criocod mpeoOpa3oBaHMs MPEACTABICHUS WHQOP-
Marun. Cl0Bo «algorithmy — IpON30IIIO OT HMEHH allb-XOPe3MH — aBTOpa H3BECTHOTO
apa0bckoro yyeOHMKa 110 MaTeMaTHKe (OT ero0 MMEHHU MPOU30ILIHN TAKKE CI0Ba «aaredpay
U «Jiorapupm).

VHTYUTUBHO TOBOpS, aJrOPUTM — HEKOTOpoe (hopMasibHOE MpEANUCcaHue, AeHCTBYS
COITIACHO KOTOPOMY, MOXKHO TTOJIyYUTh PELICHUE 3aaqH.

AJNTOPUTMBI THIMYHBIM 00pa30M PEMIAOT HE TOJBKO YacTHBIC 33Ja4H, HO U KIIACCHI
3a1ad. [lognexanue pemeHnto YacTHbIC 3a/1a4M, BBIICIIEMbIC IO Mepe HaJ0OHOCTH W3
paccMaTpuBaeMoro Kiiacca, OIpeessiioTcs ¢ MOMOIIbIo mapaMeTpoB. [lapamerps! urpa-
IOT POJIb UCXOAHBIX JAHHBIX JUIS alrOPUTMA.

OcHOBHbIE 0COOEHHOCTH AJTOPUTMA

Onpeoenennocms. Ancopumm pazobusaemcs Ha omoenvbHvle wacu
(amanvi), Kaxcowlll U3 KOMOPLIX 00NHCEH ObIMb NPOCMBIM U JIOKAILHBIM.

Beoo. Ancopumm umeem nekomopoe (Ovimb MoOdicem, pagHoe HY0)
YUCTIO BXOOHBIX OAHHBIX, M. €. BeIUYUH, 3A0AHHBIX eMy 00 HAYAId pabombl.

Bb1600. Ancopumm umeem OOHY UNU HECKOIbKO BbIXOOHLIX BEIUYUH,
m. e. 8eIUYUH, UMEIOWUX BNOIHE ONpedeleHHoe OMHOUleHUEe K 8X0OHbIM
OAHHBIM.
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Jemepmunuposannocms. [locne svinonnenus ouepeono2o wiaza anco-
PUMMA 0OHO3HAYHO ONpedeNeHo, 4mo Oelams Ha Cledyloujem waze.

OOparute BHUMaHUE, YTO MbI HE TpeOyeM, YTOObI allTOPUTM 3aKaHYMBAJI CBOIO pa-
00Ty 1151 TFOOBIX BXOIHBIX JAHHBIX.

[TpuMepb! arOpPUTMOB IIMPOKO U3BECTHBI: U3y4aeMbIe B IIIKOJIE TIPABUIIA CIIOKEHHS
Y YMHOXKEHHS JICCSITUYHBIX YHCEJT WIH, CKaXXEM, allTOPUTMBI COPTUPOBKH MAacCCHBOB. J[yis
QITOPUTMHUYECKU pa3pelInMOil 3ajja4M BCeTria MMEETCsl MHOTO Pa3JIMYHBIX CIIOCOOOB ee
pELICHHUS, T. €. Pa3IUYHbIX aJTOPUTMOB.

JlaHHOE 37eCh OIpeAeIeHNe AITOPUTMA HE SBISIETCS, KOHEYHO, CTPOTUM, HO OHO
WHTYUTHBHO KaXXETCs BIIOJHE ONpeneieHHbIM. K coxkaleHHto, Uil PelIeHUs HEKOTO-
PBIX 3a7a4 HEe CYNIECTBYET arOPUTMa. YCTAaHOBJICHUE TaKuX (aKkTOB TpeOyeT BBEACHUS
CTPOTOTO MOHATHS ANTOPUTMA.

Msl Oynem paccMaTpuBaTh aJTOPUTMBI, UMEIOLIUE JIENI0 TOJIBKO C HATypaJbHBIMH
yrcaaMu. MOXXHO J0Ka3arh, YTO 3TO HE SABISETCS MOoTepei OOIHOCTH, TaK KaK 0ObEKThI
Jpyrod MPHUPOABI MOXKHO 3aKOAMPOBATh HATypalbHBIMU 4HciaaMu. s monb3oBateneit
KOMIIBIOTEPOB TaKO€ YTBEPIKJICHHE JTOJHKHO OBITh OUEBUIHBIM.

IIycmo N oboznauaem mnodcecmso namypanvhoix ducen {0, 1,2,...}.
Obvexmul, kKomopvle Mbl Oy0em paccmampusamo, OyOym QyHKYusmu
¢ obnacmoio onpedenenus Dy C N¥ (k — yenoe nonoscumensioe wucno)
u ¢ obnacmoto suavenuti Ry © N. Taxue ynkyuu 6yoem nasvieamo k-
mecmuvimu yacmuunvimu. Cnoeo «4acmuyHasy OO0NHCHO HANOMHUMD
0 mom, umo gynkyus onpedenena na noommoxcecmee N* (komeuno,
6 wacmuom caydae modxcem Ovimo Dy = N¥, mozoa gynxyus nazvisa-
emcsi 6cr00y onpeoeneHtoll).

Ha3zosem k-mecmuyro ¢hynxyuio f': Nt > N evruucaumoii, eciu cyuec-
meyem aneopumm A, eé vluucagiowuii, m. e. maxkou aneopumm A, umo:

1. Ecnu ma 6x00 aneopumma A nocmynui 6ekmop X =
= <X1, X2,..., X> u3 Dy, mo eviuucnenue 0014CHO 3aKOHUUMb-
€51 NOC/e KOHeUHO20 YUCILA Wa208 U ebloams f(X).

2. Ecnu na 6x00 aneopumma A nocmynun eekmop X, e NpuHao-
nexcawuil oonacmu onpeoenenust Dy, mo aneopumm A nuxozoa
He 3aKaAHYUBAEMCSL.

Heckonbko 3aMedanmii 1o MOBOLy 3TOTO ONPEICIICHHUS.

1. TloHsTHE BBIYMCIMMOCTH ONpEAessieTcs 3/1eCh Uil YaCTUYHbIX (pyHKIMi (0obna-
CTBIO OIIPENETICHUS KOTOPBIX SBIIAECTCS HEKOTOPOE IOAMHOXKECTBO HATYypPaIbHOIO
psana). Hampumep, Hurne He omnpeneneHHas QyHKIUS BbIYMCIUMA, B KauecTBe A
HAJ0 B3STh NIPOrpaMMy, KOTOPasi BCETIa 3allUKINBACTCA.

2. MoHO ObLTIO OB H3MEHHUTH OTIPEIEIICHHE, CKa3aB Tak: «eciu f(x) He ompee-
JIEHO, TO JINOO aNTOpUTM A HE OCTAaHABIMBAETCS, JTMOO OCTAHABIMBACTCS, HO
HUYETO HE IevaraeT Ha BbeIxoAe». Ha camoM nene ot 3Toro Hu4ero Obl HE H3-
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MCHHJIOCH (BMeCTO TOTO, YTOOBI OCTaHaBJIMUBAThCs, HUYECIO HE HalrcyaraB, ajaro-
pPUTM MOXKCT 3aI_[I/IKJ'II/IBaTLC}I).

Bxonmamu 1 BBIXO1aMU aJITOPUTMOB MOTYT OBITh HE TOJBKO HaTypajbHbIE YUCIIA,
HO ¥ JIBOMYHBIE CTpoKH (cioBa B andasure {0, 1}), KOHEUHbBIE MOCIIEIOBATENb-
HOCTH CJIOB U BOOOIIIE JI00bIE, KaK TOBOPST, KKOHCTPYKTUBHBIE OOBEKTHI».

MHOXeCTBO BBIYHMCISEMbIX (DYHKIMH MBI HE OTOXIECTBISEM C MHOXXECTBOM
«TPAKTHYECKH BBIYUCISAEMBIX» (DYHKIWH, TaK Kak HE HAKJIaJbIBaeM Ha Tep-
BOC MHOKECTBO HHUKAaKWX OTPAaHMYCHHM, CBS3aHHBIX C COBPEMEHHBIMHU BBIUHMC-
JUTENbHBIMA MalIMHAMH. XOTS KaXKJI0€ BXOAHOE HATypaJlbHOE YHUCIIO JIOJIKHO
ObITh KOHEYHBIM, TEM HE MEHEe He IPEIoyaraeTcsi BEepXHss I'paHHIa pazMme-
pa 3TOro ymucia, Tak, HalpuMep, KOJIMYeCTBO LU(p yuciaa MOXKeT ObITh OOJIbIle
YHUCla MEKTPOHOB BO BeeneHHON. TOYHO Tak jke HET HUKAKOW BEPXHEW I'paHU-
bl HAa YMCIIO IIarOB, KOTOPBIE MOXKET CHIEIaTh aITOPUTM JUIsl KOHKPETHBIX X U3

00macTu onpeeacHus.

PaccmarpuBast TEOpUIO aIrOPUTMOB, MBI MOKEM CCBIIATHCS HA IIPOrPAMMUCTCKHN
OTIBIT, TOBOPSI 00 aJrOpUTMax, MpOrpamMmax, MHTEPIpEeTaropax M T.JA. DTO MO3BOJSET
HaM WTHOPHUPOBATh J€Tajld MOCTPOCHMs TE€X WU HMHBIX aJITOPUTMOB IIOJ TE€M IIPEIJIO-
rOM, YTO YUTATENIb MX JIETKO BOCCTAHOBHUT (WM XOTs Obl moBepuT). Ho B HEKOTOpBIX
Cllydasix 3TOrO HEIO0CTATOYHO, MO3TOMY MbI COOMpaeMcs JaTb CTPOroe OIpelesieHHe
HOBOT'O MHOX€CTBa (DYHKIIMI1, KOTOPOE B HEKOTOPOM CMBICIIE OyJeT COBMAaTh C MHOXE-
CTBOM BBIYMCIMMBIX (pyHKIMHA. MBI gagum aBe (GopManu3alui MOHATHS BBIYUCIUMON

byHKIUH.

8.2 YHacTn4HO peKkypcuBHbIe OYHKLN

MpbI MO3HaKOMUJIUCH ¢ HE(OPMaTbHBIMHU OINpEIeICHH-
AMU ajroputMa U BbruuciauMmon ¢ynknuu. Ho nms mare-
MaTU4YECKOTO U3Y4EHHUs 3TUX MOHATUN BBIYUCIUMOCTD Clle-
nyet ¢popmanusoBarb. B 30-¢ rogel XX Beka u mo3xe Obl-
JI0 TPEAJIOKEHO HECKOJIBKO TOYHBIX OIPEIEICHNUN MOHATHS
aJIropuTMa M BeIMUCIUMOM ¢yHkimu. Onumniem noaxox I'é-
nenst u Kimmun! (puc. 8.1), npemioxkennsiii umu B 1936 T.

OcHoBHas ujes COCTOsIa B TOM, YTOOBI TTOJIYYUTh BCE
BBIYHCIUMBIE (PYHKITUM W3 CYIICCTBEHHO OTPaHUYEHHOTO
MHOXKeCTBa 0a3UCHBIX (DYHKIUN C MOMOIIBIO MPOCTEHIIINX
AJITOPUTMHYECKUX CPEJICTB.

MHOXeCTBO uCxX0OHbIX (HYHKITUN TaKOBO:
e nocrosaHas ¢yHkuus 0(x) = 0;
e ojHOMeCTHast QyHKIUS ciaenoBanus s(x) = x + 1;

e (yukuus npoexkuuu pri, 1 <i <k, pri(x) = x;.

Puc. 8.1 — Ctusen Kinuuu

'Cruen Koyn Kimuan (1909-1994 rT.) — aMepHKaHCKMI MAaTeMATHK, JOTHK.
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HerpuBuanbHble BEIYUCIUTENbHBIE (PYHKIIUN MOKHO MOJIY4YaTh C MOMOIIBIO KOMIIO-
3ULUH (CYNEpIO3UINN) yKe UMEIOUINXCS (QYHKIHMA. DTOT crocod sIBHO alropuTMuye-
CKHH.

1. Omepartop cymepno3uimu. [0BOpAT, 9T0 k-MecTHas GyHKuus f(x) momyde-
Ha C TIOMOIIBIO CYIEPIIO3UIIMU U3 M-MECTHONH GYyHKIUH Q(Vi, Va,..., V) U k-

MeCTHBIX QYHKIHHA g(x), g2(x),..., g.(x), ecmu f(x) = cp(gl(x),gz(x),...,
gn(x)).

Bropoii (Heckonbko Ooliee CIOXKHBIN) crmoco0 IeHCTBYET Tak.

2. MpumuruBuas pexypcus. [lpu n > 0 u3 n-mectHoit Qyukumu f u (n + 2)-
MecTHOW (yHKuuM g crpoutcst (n + 1)-mecTHast QyHKIHS /4 1O CICIYIOIICH
cxeme:

o h(x,0)=f(x),

o h(x,y+1) :g(x, v, h(x, y))
[Tpu n = 0 mosny4yaeM (@ — KOHCTaHTA):

e 1(0)=a;

o n(y+1) :g(y, h(y))

I[Ba YHOMHHyTHX cnoco6a IIO3BOJIAKOT 3aJdaTb TOJIBKO BCIO,Z[y OHpCI[eHeHHHG
¢bynkiun. YactuaHo-onpeaesaeHHble (YHKIUN OPOXKAAIOTCS ¢ IOMOIIBIO Tpe-
TBETO TéaesieBa MeXaHn3Ma.

3. Oneparop MUHMMM3AIMU. JTa ONEPAIMs CTAaBUT B COOTBETCTBUE YACTHYHOU
dyskmn 2 N1 > N wactianyio dyukmumio h: N* - N, koTopas onpenensercs
Tak (x = <xq,..., X>):

e oOnacte ompemenenust D), = {x | cymectByer x;.1 > 0, f(x, x41) = 0
U <X, y> € Dy 17151 BCEX Y < X1 }3

e /(x) = HaMMeHbIIIee 3HAYCHUE Y, IPH KOTOpoM f(x, y) = 0.

Oneparop MuHAMHA3aUMH oGo3HawaeTes Tak: h(x) = w[f(x,») = 0]. Ouesusmo,
4TO JaXKe eCNM f BCIOMY ONpEeieHO, HO Hurae He obOparmaercs B 0, TO uy[f(x, y) =
= O] HHTJIE He onpejierneHo. ECTeCcTBeHHBIH My Th BRIYUCICHHS /(X) COCTOHT B TOACYETE
3naueHus f(x, y) mociemosarensHo it y = 0, 1, 2,... 10 Tex mop, moka He Haimercs
v, obpamaromiee f(x, y) B 0. DTOT anropuT™M HE OCTaHOBHUTCS, eciu f (X, y) HUTIE HE
obparmraercs B 0.

B o6mmx geprax posb oreparopa MHUHHMH3AI[MHA COCTOUT BO BBEJCHHUHU (DYHKIIHHA,
3aJIAHHBIX «HESIBHO». KpoMe TOro, MUHUMHU3AIINS TTO3BOJISIET BBOIUTE B BEIYHUCIICHUE T1C-
pebop 0OBEKTOB ISl OTHICKAHHS 00BbEKTa B OECKOHEUYHOM cemeiicTBe. BakHO OTMETUTD
JIBe 0COOCHHOCTHU OIeparopa MHHHUMHU3AIHH.

Bp160op MUHHMAIBHOTO YHCHa y, i KoToporo f(x, y) = 0 tpebyercs mis obecre-
YEHUSI OHO3HAYHOCTH (PYHKIHMH .

O6nacth omnpeesieHust GyHKIMHU /: Ha IEPBBII B3IIS IPEICTABIACTCS HCKYCCTBEH-
HO CY)KCHHOI1: ecnu, ckaxkeM, f(x, 1) =0, a f(x, 0) He ompexneneHo, Mbl cuntaeM (yHK-
1uio /1(x) HeonpeaeaeHHo, a He paBHOM 1. [IpydyrHA 3TOTO COCTOUT B XKETaHHU COXpa-
HHUTh MHTYUTHBHYIO BBIYUCIUMOCTh (DYHKIIUH /1.
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Bce ¢ghynkyuu, komopule MOMCHO NOMYUUMb U3 OASUCHBIX PYHKYUL 30
KOHeYHOoe YUCTIO WA208 MONbKO C NHOMOWbIO MpPeX YKA3AHHbIX MeXaHUu3-
MO8, HA3bIBAIOMCS YACMUYHO PeKypcueHvimu. Eciu dhynkyus nonyua-
emcs 6clo0y onpedelienHas, mo mo2oa OHA HA3bleaemcsl 00ujepeKyp-
cuenoii. Ecnu ¢ynkyus nonyyena 6e3 mexanuzma MUHUMUIAYUU, MO
8 IMOM ClIyyae oHa HA3bIBAEMC RPUMUMUEHO PEKYPCUBHOIL.

JIro0yr0 MPUMHUTHBHO PEKyPCUBHYIO ()YHKIIUIO MOYKHO BBIYHCITHTH C TIOMOIIBIO ITUK-
7Ja B GopMe for, Tak Kak BEPXHIOIO I'PaHUILy JUIs YMCIa TMOBTOPEHUH MOXKHO YKa3aTh
3apanee. Oneparop MUHUMH3AIKU MO3BOJISIET ONUCaTh (DYHKIMU, KOTOPbIE HENb3s BbI-
YUCIIUTH 32 3apaHee OrPaHMYCHHOE YHUCIO WUTEepaIMid, A BBIYMCICHUS UX 3HAUYCHUN
TpeOyercs Uk B hopme while.

MoxHO Jerko mokasats [1, ¢. 28], uTo BBeieHHEe (PUKTUBHBIX IEPEMEHHBIX, a TAKXKE
NepECTaHOBKA M OTOXIECTBIICHHE MTEPEMEHHBIX HE BBIBOAT 32 TPEICIbI Kilacca MpUMH-
THUBHO PEKYPCHUBHBIX (DYHKIIMH W Kjlacca YaCTUYHO PEKYPCHUBHBIX (YHKIHI. DTO TpoIe
BCET0 OOBSCHUTH HA MIPUMEPAX.

BBenenne GQUKTHBHBIX MepeMeHHbIX. Ecin g(x1, X3) — IPUMHUTHBHO PEKYPCUBHASI
Gyt u f(x;, x2, x3) = g(x1, x3), T0 f (X1, X2, X3) — IPUMHUTUBHO PEKYPCHBHAsS (PyHKIIHSL.

IepecranoBka nmepemennnix. Eciu g(x;, x,) — IPUMUTHBHO PEKypCHBHAs (yHK-
st ¥ f (x;, x1) = g(x1, X2), TO f €CTh Takke IPUMUTUBHO PEKYPCHBHAsI (yHKIIHS.

OTtoxaecTBieHne mepeMeHHbix. Eciu g(xi, X3, X3) — IPUMUTHBHO PEKypCHBHAS
bynkums u f(xy, x2) = g(x1, x2, x1), T0 f (X1, X2) €CTh TakKe NPUMHTHBHO PEKYpPCHB-
Hast QYHKLUS.

PaccMoTpuM npuMepsl YaCTUYHO PEeKYypPCHBHBIX (QYHKIUH. Bee 3Tu npumMeps! 1 MHO-
ro Ipyrux MOKHO Haiitu B [1, 2].

Mpumep 8.1 -+ oo

Mpumepbl pekypcnBHOCTHU

Cnoorcenue 08yx uucen

sum: <x, y> —> x+J.

OTa QyHKIHMS ABISCTCS OOLICPEKYPCUBHOW B CHITY IPUMUTHUBHOMN PEKypCHU

sum(x, 0) = pri(x) = x,

sum(x, y+1) = s(sum(x, y)) =sum(x, y) + 1.

Cuuras M3BECTHBIM YACTHYHYIO PEKYPCHBHOCTH (DYHKIMH Sum, JIETKO YOEIUTHCS
C MOMOIIBIO IPUMHUTHBHOM PEKYPCUH U KOMITO3UIINH B YACTHYHOM PEKYPCUBHOCTH (DYHK-
A (X1, X2,..., X,) > X] + X2 +... +X,.

Vmnooicenue osyx uucen

prod: <x, y> — xy.

Hcronb3yeM MPUMHTHBHYIO PEKYPCHIO

prod(x, 0) =0(x) =0,

prod(x, y + 1) = sum(prod(x, y), x).
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CuuTasi U3BECTHBIM YACTUYHYIO PEKYPCHUBHOCTh (DYHKIUU prod, JETKO YOEIUThCS
C TIOMOIIBI0 IPUMUTHBHOW PEKYPCUU U KOMITO3UIIMU B YaCTUYHON PEKYPCHBHOCTHU (hyHK-
A (X1, X0, .0y Xp) = X1 "X+ oov X

Yceuennoe svruumanue 1

O(x)=x-1, ectm x > 0,

5(0) = 0.
Ota (QyHKIUS TPUMUTHBHO PEKypCHUBHA, AEHCTBUTEIBHO,
0(0) =0=0(x),

O(y+1) =y = pra(<x, y>).

Veeuennas pasnocmo

X+y=X-Yy,€CIux 2y,

x+y=0,ecmux<y.

Drta QyHKIHS TPUMHTHBHO PEKypPCUBHA, CHCTBUTEIBHO,
x+0=x,

x+(+1)=08(x+y).

Mooynv paznocmu

x—yl=x-y, ecmux >y,

x—y|=y-x, ecmu x < y.

Dta QyHKIHSA IPUMHTHBHO PEKYPCUBHA B CUITY CYIIEPIO3HUIMN
=y =(x=y)+(=x).

Daxmopuan

JleficTBUTENBHO,

0'=1,

v+ D) =prod(y!,y+1).

min(x, y) — HaumeHnblUee U3 Yucen X u y.

B cuy cyneprozummu: min(x, y) = x + (x + ).

3unax wucaa

sg(x) =0, ectu x = 0,

sg(x) =1, ecmm x> 1.

B cuny pexypcun

sg(0) =0,

sgly+1)=1.

rm(x, y) — ocmamox om Oenenus y Ha x, eciu x £ 0, u y, ecau x = 0.
B cuity pekypcun U Cyneprno3uinm

rm(x, 0) =0,

rm(x, y+1) =pr0d(s(rm(x, y)), Sg(‘x—s(rm(x, y))‘))

HCHOJ’IB3y§I (I)YHKI_[I/II/I, AJIL KOTOPBIX YIKE YCTAHOBJICHO, YTO OHU ABJIAKOTCA YaCTUYHO
PCKYPCHUBHLBIMHU, MBI IMOJTy4YacM BCC HOBBIC U HOBBIC YaCTUYHO PCKYPCUBHBIC q)yHKI_II/II/I
Cy1ecTByIOT KPUTEPHH, KOTOPBIE MO3BOJISIOT YCTAHOBUTh YACTUUHYH PEKYPCUBHOCTD
cpa3y aJist oOUPHBIX Ki1accoB GYHKIUH (CM., Harpumep, [2, c. 135-150]).

Hcnonb3yst MUHEMU3AIHIO (L-0TIepaTtop), MOXKHO TOJIYy4aTh YaCTUYHO OIPEJEIICH-
Hble (YHKILIUU U3 BCIOAY OMpeAeSIeHHBIX (QyHKIHIA.
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ITyctb f(x, y) ecTh 4aCTUYHO peKypcuBHast GyHKIWs |x —)?|, Torma g(x) = pty[f(x, y) =
= 0] — HE BCIOy ompenencHHas QyHKIus:

g(x) = Vx,

€CJIM X €CTb TOYHBIN KBAJAPAaT, U HEONIPEACICHHA B IPOTUBHOM CIIy4ae.

Takum 00pazoM, TPUBHAIEHO HCITOB3YS [L-OTIEPATOP BMECTE C CYTIEPIIO3UIINEH H pe-
KypCHel, MOXKHO TIOCTPOUTH 00JIbIle (DYHKIIUH, HCXOSI M3 OCHOBHBIX, Y€M TOJBKO C I10-
MOIIBIO CYTEPIO3UIMU U PEKYPCHH (TaK KaK 3TH ONepaluy NOPOXKJIAI0T U3 BCIOLY OIpe-
JeneHHbIX (QyHKIMHA Bcrogy ompenenenHbie). CyIiecTBYIOT, OJHAKO, U OOIIEepeKypCUB-
HbIE (BCIOAY OTpeneeHHble) QYHKIUH, I TOCTPOCHUS KOTOPBIX HEJb3s1 000MTHCH 63
MUHHMHU3AIHH.

[MpuBenem mpumep (yHKIMH, HE SBISIOMICHCS MPUMUTHBHO PEKYPCHBHOM, XOTSI
Y BBIYUCITUMON B HHTYUTHBHOM CMBICIIE.

OmnpenenuM nociaenoBaTeNbHOCTh oOgHOMeCTHBIX (yHkimid F,: N — N, n € N, cre-
TYIOIIAM 00pa3oMm:

Fo (X) =X+ 1,

Foa(x) = F,,(F,,(. LFL(1).. )) (F, moBTopsieTcs x + 1 pa3).

[Moatomy F(x) =x+2, F5(x) = 2x + 3, F3(x) =23 - 3,

2

F4(x) =22 -3 (GamHsa u3 x + 3 JBOWKM) U T. 1.
Nmeem crnenyroniye cBoMCTBa:

1) st kaxxmoro n GyHKumst x — F,(x) sBISIETCS IPUMHUTHBHO PEKYPCUBHOM;
2) Fu(x)>0;

3) Fu(x+1)>F,(x);

4) F,(x)>x;

5) Fu(x) 2 F,(x+1);

6) Asl KaKIOW k-MECTHOW MPUMHTHBHO PeKypCHBHON (yHKImU f(x1, Xo,. .., X;)
CYIIECTBYET TaKoe 7, uTo F, MaXopupyer f, T.e.

S(x1, x50y xp) <F,,(max(x1, X2, xk))

JJI1 BCEX X1, X2,. .., Xk,

7) dyukumst A(n, x) = F,(x) He ABIsIETCS MPUMUTHBHO PEKypCUBHOM [3, ¢. 53] (oTa
(GyHKIUS M3BECTHA Kak yyHKuus Axkkepmana').

OyHKIUI0 AKKEpMaHa MOYKHO ONPEJEINTh U B TPAAULIMOHHOMN 3aIUCH:
o f(0,y)=y+1,

'Bunsrensm ®punpux Akkepman (1896-1962 IT.) — HeMelKuii MaTEMATHK U JIOTHK.
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o f(x+1,0)=f(x, 1),
° f(x+1,y+1):f(x,f(x+1,y)).

H0311Hee MBI IPUBCIAEM JOBOJBI B IIOJL3Y HpaBlIOHOJIO6HOCTI/I TOT'O, YTO ITOHATHEC

YAaCTUYHO PEKYPCUBHON (YHKIMHM €CTh TOYHBIM MareMaTH4eCKUi SKBUBAJIEHT WHTYH-
TUBHOHU uaeu (3PPEKTUBHO) BHIYUCIUMON (PYHKIUH.

8.3 MawwuHbl TelopuHra

PaccmoTpuMm erie onuH cnoco0 omnpeneneHus: BBIUMCIUMBIX (QYHKIUH, clenys B U3-
noxenuu [4, c. 12-14]. @opmynupoBKa, BEIpaXeHHas B TEPMUHAX BOOOpa)kaeMoil BbI-
YUCIUTEJBHON MalluHbl, OblIa JJaHAa AHIJIMHCKUM MaTeMaTHKOM AJiaHoM ThIOpHHTOM
B 1936 1. ['1aBHast TpyIHOCTh NpPU HAXOXKJIEHUH ATOTO OMNpeiesieHus Obljia B TOM, YTO
TeIOpUHT UCKaN €ro 10 CO3/1aHusl PEAbHBIX MU(POBBIX BHIYUCIUTENbHBIX MamuH. [1o-
3HaHWE 10 OT aOCTPaKTHOTO K KOHKpeTHOMY: (poH Heiiman Obul 3HaKoM ¢ paboToit
Teropunra, u cam TeIOpHHT TIO3/IHEE CHIIPaAJl BAOXHOBIISAIOILYIO POJIb B Pa3BUTUU BBIUHUC-
JUTENBHBIX MaIIHH.

Ha nedopmanbHOM ypoBHE MBI MOXKEM OITMCHIBaTh MAaIIMHY ThIOpHHTa KaK HEKHM
YepHBIN SAMIHUK C TIEHTOH. JIeHTa pa3OuTa Ha YeiiKy, 1 KaKas siueiika MOXKET COEPKaTh
nyctoil cumBoin 0 nmbo Hemyctoil cumBon 1. JIeHTa moTeHnuanbHO OecKoHeyHa B 00e
CTOPOHBI B TOM CMBbICIIE, YTO Mbl HMKOT/Ia HE MPHUAEM K €€ KOHIy, HO B JIto00e Bpems
JIMILb KOHEYHOE YHUCIIO SYEeK MOXKET ObITh HEMyCcThIM. B Hauase jieHTa Colep KUT 4uc-
Ja BXOZa, B KOHILIE — YUCJIO-BBIXOJ. B mpomexyTouHOoe BpeMs JICHTa HUCIONb3yeTCs Kak
IIPOCTPAHCTBO MAaMSATHU ISl BEIYUCIICHUS.

Ecnu MBI OTKpOeM YepHBIN AIUK, TO 00HAPYKHUM, YTO OH YCTPOEH OYEHb MPOCTO.
B 106011 MOMEHT BpeMeHH OH MOKET 0003peBaTh JIUIIb OAHY AYeiKy maMsTH. YCTpOi-
CTBO COJICPIKUT KOHEYHBIN CIUCOK MHCTPYKIUN (MU COCMOsAHUIL) §o, 1, - -» §n. KaKnas
MHCTPYKIUS MOXKET YKa3aTh /1Ba BO3MOJKHBIX HAIIPABJIEHUS NEHCTBUI; OJHOTO HY’KHO
NpUACPKUBATHCA, €CIIM HAa 0003peBaeMoil siuelike JieHThl Haxoautes 0, a Ipyroro— ec-
v TaM Haxoautces 1. B mo0om ciydae cremyrorniee 1eiMcTBHE MOXKET COCTOSATh M3 TaKHX
TpeX TUIOB AJIEMEHTAPHBIX IIAroB:

e CHUMBOJ (BO3MOXXHO, TAaKOH e, KaK CTapblil) MUILIETCs Ha 0003peBaeMoil siueiike
JICHTBI, IPU 3TOM HPEABIAYLINI CUMBOJ CTUPAETCS;

e JICHTA CABUIaeTCs Ha OJIHY SA4YEHKYy BJIEBO WJIH BIIPABO;

® YKa3bIBAETCs CIEAYIOUIas HHCTPYKIHSL.

Taxum 006pazoM, CIIUCOK MHCTPYKIUI OmNpezensieT HEKOTOpYyo (PyHKIHUIO Tepexo/a,
KOTOpasi 0 TJaHHOW MHCTPYKLUHU U 0003peBaeMOMY CHMBOJTY YKa3bIBa€T TPU KOMIIOHEH-
TBI TOTO, YTO HYXXHO Jenarb. Mbel MOkeM (hopMalin30BaTh 3TH HJIEH, B35SB B KauecCTBE
MamuHbl ThIOpUHTA 3Ty (YHKIUIO epexoaa.

Mawuna Torwopunza —smo ¢ynxyus M, makas, umo 051 HEKOMOPO2O
HAMYPALHO20 YUCIA N 0ONACHb ONnpedeneHus. SMOU QYHKYUU ecmo
noommodicecmeo muoxcecmsa {0, 1,..., n} x {0, 1}, a obnacme 3naue-
Hutl ecms noomHoocecmeo muoocecmea {0, 1} x {JI, IT} x {0, 1,..., n}.
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Hanpumep, mycts M (3, 1) = <0, JI, 2>. Tlongpa3ymeBaeMblii CMBICT 3TOTO COCTOHT
B TOM, YTO KaK TOJIbKO MallIMHA JOWJET 10 WHCTPYKIMHU g3, @ HA 0003peBaeMoi sueiike
HamucaH cUMBOJ 1, oHa qoimkHa crepeTh | (octaBisis Ha siuelike (), mepeBUHYTH JIEH-
Ty TaK, 4TOObl 0003peBacMoOi AYECHKOM CcTana jeBasi COCeqHss sdeika OT TOH, KoTopas
0003peBanace, U MEPEUTH K CIeMyolIeii HHCTPYKIMK ¢,. Ecmu M (3, 1) He ompenerne-
HO, TOTJIa KaK TOJbKO MalllMHA JOWJET 10 MHCTPYKIMU g3, @ Ha 0003peBacMoi sueiike
HalKuCcaH CUMBOJI 1, TO MalllMHA OCTaHABIUBAETCS. (DTO €IMHCTBEHHBIN IIyTh OCTAHOBKH
BBIYHCJICHUS. )

Takast monpa3symeBaeMasi HHTEpPIIpETaIsl HEe BKIIOYeHA B (hOpMaIIbHOE OIpe/iesiCHHe
MalvHbl ThIOpUHTa, HO OHAa MOTHBHPYET M IOJICKa3bIBaeT (OPMYIUPOBKHU BCEX CIEAY-
IOUIUX ompeaeneHuil. B yacTHOCTH, MOXKHO ONpEIENUTh, YTO O3HAYaeT AJI MAallHHBI
M mepenBrkeHUe (32 OIWH IIIar) OT OIHOW KOH(Urypaluu a0 Apyroi. Ham He Hy»X)HO
371eCh AaBaTh (POPMATBHBIX OMPEACTCHUN, TaK KaK OHU SBISIOTCS MPOCTHIMU IEpeBO/Ia-
MU Halmx He(OopMalbHBIX HIIEH.

BxonHble U BBIXOJHBIE JaHHbBIE —3TO CTpoukd u3 1, paszgenenusie 0. [lyctp <n>
Oyner crpoukoit u3 1 aymunel n + 1. Torma

<n>0<n>0...0<p>

NoJy4yeHO KoMOuHaImel k& ctpouek u3 1, kaxnaasa otaeneHa ot apyroi 0.
HaKOHCI_[, MBI MOXXEM OIPEACITIUTDL BEIYUCIIUMOCTD.

Ilycmo Dy C N — obnacme onpedenenus k-mecmmoii ynkyuu f:
Dy — N. ®@ynxyus [ nasvieaemcs eviuucaumoi no Teropunzy, eciu
cywecmgyem mawuna Tetopunea M, maxas, umo kax moavko M Ha-
YyUHAem ¢ UHCMPYKYuU go, 0003pesas camoll 1esblii CUMBOL CIPOKU

<> 0<n>0...0 <p>,

(6Cs1 OCMANbHASL HACMb IeHMbl NYCMa), Mo2oa.

o ccmu f(ny, ny,..., ny) onpedeneno, mo M, 6 KoHye KOHYOS,
ocmanosumcsl, 0003pesas. camvili 1esblli CUMBOL CMPOKU
<f(ni, ny,..., ny)>, npu 3mMom 4acme, HAXOOSWAACS CNPABA
om 3moi CmpoyYKu, NYCmasi,

o ccau f(ny, na,..., ny) He onpedeneno, mo M nukoz2oa ne ocma-
HABIUBACMCAL.

3aMeTUM, 4TO UMeeTcsl OECKOHEYHOE MHOXKECTBO MAallWH ThIOpUHTA, JJIS KaKIOM
BBIYMCITUMON (QyHKIMM cBosA. bornee Toro, muis 1000i BEIYMCIUMON (YHKIIUH UMEETCs
0ECKOHEYHOE MHOXKECTBO MAIIWH ThIOPHHTA, BBIYUCISIOMUX 3Ty (QYHKIHIO.
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IToctpoum mammHy ThiOpuHTa, BBIYMCISAIONUIYIO CYMMY 7] + Mp. 3amaauM (QyHK-
o M cnemyronmmM oopasom:
M(0, 1) =<1, 11, 0>;

M(0,0) =<1, 11, 1>;
M(1,1) =<I1,1I, 1>
M(1,0) =<0, JI, 2>;
M(2,1) = <0, JI, 3>
M(3,1) =<0, JI, 4>;
M(4,1) =<1, J1. 4>

M(4,0) =<0, I1, 5>.
[TocmoTpuMm, Kak mpoucxonut cioxkenue 1 + 1. B Tekymeit ctpoke ciMBOJIOB 000-
3peBaeMbIﬁ CHMBOJI BBIACIICH.

Homep Texkymas crpoka KommenTapuii
HHCTPYKLIMH CHMBOJIOB
0 0710110 I
0 0170110 POXOKJEHHUE Yepe3 MEPBOE CIIAracMoe
0 0110110 3aroyiHEHUE POMEXKYTKA
1 0111110 I
1 0111110 POXOXKJEHHE Yepe3 BTOPOE CIaraeMoe
1 0111110 Konen Broporo cinaraemoro
2 0111110 Crupanue 1
3 0111100 Crupanue Bropoi 1
4 0117000
4 0171000 JIBM>KEHME Ha3al
4 0711000
4 0111000 OcraHoBKa
5 0711000

MBI JOJDKHBI 3aMETHTh, YTO MHOTHE JIETalM HAIIero ONPENeIeHUs] MamuHbl Thio-
pPHHTa 10 HEKOTOPOH CTeneHH NMpOHu3BOJIbHBEL. Eciau Obl ObuI0 Oosee OIHOW JICHTHI, TO
KJIacC BBIYMCIMMBIX (PYHKIMIA OocTancs Obl HEM3MEHHBIM, XOTSI HEKOTOPbIEe (PYHKIIH MOT-
71 OBl OBITH BBIYMCIIEHBI O0siee OBICTPO. AHAIOTHYHO, MBI MOIJIM OBI JIOMYCKaTh OOJIbILE
CUMBOJIOB, ueM O 1 1, mim e y Hac MorJia Obl OBITh JICHTa, OECKOHEYHAs TOJIBKO B OJTHY
CTOPOHY OT Ha4aJbHOM TOYKH, BMECTO MMEIoNIeHcss OECKOHEUYHOH B 00OMX HarpaBie-
HUsIX. HU OHO M3 3THMX M3MEHEHWH HE 3aTparmBaeT Kiacca BBIYMCIMMBIX (YHKIIUI.
Uro AeHCTBUTENBHO CYIIECTBEHHO B ATOM ONPEACICHUN — ATO Pa3pelieHHe MPOU3BOIIb-
HO OOJIBIIIOTO KOJMUYECTBA MaTepualia [yl 3allOMHUHAIOIIEr0 yCTPOHCTBA U MPOU3BOJIEHO
JUTMHHBIX BBIYHCIICHUI.
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8.4 Tesuc Yepua

3a nocnennue 70 et ObUIO MPEII0AKEHO MHOTO Pa3IMYHbIX MaTeMaTHYECKUX YTOY-
HEHUW WHTYUTUBHOTO TIOHATHS aJiropuT™Ma. J[Ba M3 3THUX MOAXOA0B MBI pazodpanu. Ile-
pPEUMCIINM HEKOTOpHIE JAPYTUe albTepHATHUBHBIE CIOCOOBI, KOTOpPbIE MpeAarajuch cie-
JYIOIUMU aBTOPaMU:

o JlamOna-ucuucnenune Yépua [5] — mpexacrapiseT kiacc (YaCTMYHBIX) (QyHKIUI
(A-ompenenumeble (pyHKIMN), KOTOPBIA XapakTepu3yeT HeGopManibHOE TOHSITHE
BBIYUCITUMOMN (DYyHKIIUH.

o [¢nenb—I06pan—Kimuu. O6mepeKkypcuBHbIe PYHKIMH, ONIpEIeICHHbIE C TTOMO-
IIbI0 MCYUCIIEHUS PEKYPCUBHBIX ypaBHEeHUi [2, ¢. 261-278].

o [loct. ®yHKIMH, ONpeensieMble KAHOHUYECKUMH J€IyKTUBHBIMU CUCTEMaMH [ 3,
c. 66-72].

e MapkoB. dyHKIMY, 337aBacMble HEKOTOPBIMU AJITOPUTMaMH (HM3BECTHBIE IO
Ha3BaHUEM «HOPMAJIbHBIE aJITOPUTMBI») HaJl KOHEYHBIM asihaBUTOM [6].

o Illenepacon—Crepmxuc. MHP-Bbrunciumsbie pynkmun [3].

Mesx 1ty 3TUMH 1T0JIX0/1aMU (B TOM YHCJIE€ U IByMsI pACCMOTPEHHBIMH BBIILIE) UMEIOT-
(61 6OHBH_II/IC pa3quH;1; KaX(HBIﬁ 13 HUX UMECT CBOU HpeI/IMyH_IGCTBa JJI COOTBGTCTByIO-
IIETO ONHUCAaHMs BBIYUCIUMOCTH. CleayIouInil 3aMedaTesIbHbIi pe3yJbTar MOoJIy4YeH yCu-
JIMSAMH MHOTHUX HCCIIeTOBaTeIICH.

@ Teopema 1 (ocHoBHOU pesynbrar) [3, c. 57]. Kaxngoe u3 BbIeymno-
’ MSHYTBIX YTO‘IHCHI/Iﬁ BBIYUCIMMOCTH NPUBOAUT K OAHOMY U TOMY K€
%é KJIACCy BBIYMCIUMBIX (DYHKITHIA.

Bonpoc: Hackonpko Xopomro He)OpMAITbHOE U UHTYUTUBHOE MTOHITHE BBIYUCIUMOMN
(GYHKIIUU OTPaKEHO B PA3IMYHBIX (DOPMATBHBIX OMTHUCAHUSIX?

Ueépu, TertopuHr 1 MapkoB, KaxIblil B COOTBETCTBUU CO CBOMM MOJIXOJOM, BBIJBHU-
HYJU YTBEPXKJACHHE (TE3HC) O TOM, YTO KJIACC OMPEICICHHBIX UMM (PYHKIIMI COBITa/IaeT
¢ HepopManbHO OMpPENETICHHBIM KJIACCOM BBIUMCIMMBIX (YHKIHA. B cHily OCHOBHOTO
pe3ysbTara BCEe 3TU YTBEPXKIACHUS JIOTUYECKH dKBUBAJIEHTHBI.

A.Yépu ObLT MEePBBIM, KTO OCO3HAN, YTO OJTHO KOHKPETHOE U, Ka3aJ0Ch ObI, BEChbMa
CIIELIMAIBHOE OMpPEAEICHUE MOXKET aJIeKBaTHO OTpa)kaTh OCHOBOIOJATAIOINIEee MOHATHE
anroput™a. Ha3zanue «mesuc Yépua» Tenepb NPUMEHSAETCS K TUM U aHAJOTUYHBIM UM
YTBEPKICHUSIM.

Te3uc Yépua. Unmyumusno u HeghopmaibHo onpeoeneHHblll K1acc 8bl-
YUCTUMBIX QYHKYULL coenadaem ¢ KIACCOM YACMUYHO-PEKYPCUBHBIX

@yHkyuil.

3H€CB MBI BCTPETUIIUCHE C TaAKUM PCAKWUM B MAaTCMAaTHKC O6’beKTOM, Kak Te3uc. Yto
e 3To Takoe? DTo He Teopema, oo Te3uc Yépua He MMEeT JoKa3aTeNbCTBA. JTO HE TH-
nore3a, u00 OH U HE MOXET OBITh JJOKa3aH. JTO JIa)Ke HEe aKCHOMa, KOTOPYIO MbI BOJIBHBI
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NPUHUMATh WM He NpuHuUMarh. Bcé 310 Tak u3-3a Toro, uro tesuc Yépua HE sABISETCS
TOYHBIM MaTeMaTHYECKUM YTBEP)KJICHHEM, HOO OH CBSI3bIBACT CTPOTO€ MOHITHE BBHIYKC-
JUMOCTHU C HECTPOTUM MOHSATUEM BBIYUCIMMOCTU B UHTYUTUBHOM CMBICIIE.

Te3uc ckopee sBiSeTCS yTBEPKIACHHUEM, KOTOpOE MPUHUMAETCS Ha Bepy, NMpUUYEM
Bepa MOJKPEIUISIETCA CIEAYIOINMMU apryMenTamu [3, c. 75-76]:

o DyHIaMEHTANBHBIA pE3yJbTaT: MHOTUE HE3aBUCHUMbIE MHBAPUAHTHI YTOUHEHUS
MHTYUTUBHOTO MOHATHS BBIYUCIMMOCTU IPUBEIN K OAHOMY U TOMY K€ KJIacCy
GbyHKIMH.

e OOmuMpHOE CEeMEHCTBO BBIUMUCIUMBIX (DYHKIMH NPHUHAIJICKUT 3TOMY KIaccy.
KonkpeTrHble QyHKIMH, pacCMOTpeHHbIe B maparpade 8.2 miaBsl 8, 00pas3yroT
UCXOJHYIO YacTh 3TOTO CEMENCTBA, KOTOPYIO MOXKHO PacHIMPATH 10 OecKoHeu-
HOCTH MeToJIlaMU 13 maparpada 8.2 r1aBbl 8 uiu 60Jiee MOIIHBIMU U CJIOKHBIMHU
METOAAMH.

e HuxTo enie He Hamiea GyHKIIHIO, KOTOPYIO MOKHO ObUIO MPU3HATH BEIYUCIUMOI
B HE(OPMAJILHOM CMBICTIE, HO KOTOPYIO HEJNb3sI ObIIIO OBl IOCTPOUTD, UCTIONIB3YS
OZIMH U3 (OPMATBHBIX METOIOB.

...Haiitu 3amayy —He MeHbIIasg pajocTb, YeM
OTBICKaTh PELICHHE.

Tomac oe Kyuncu

— O70 )¢ npobnema ben benanens. Kaxnocrpo
e JI0Ka3al, 4YTo OHa He MMeeT peuleHus. . . Kak
e UCKaTh pellieHus, korga ero Het? beccmbic-
JHIA KaKas-To. . .

— BeccMbicinma — uckath pemieHue, ecii OHO
M TaK ecTh. Pedb WaeT o TOM, Kak MOCTyHarh
C 3a/1aueii, KOTOpasi pelICHUS HE UMEET.

A. u b. Cmpyeayxue.
Toneoenvnux nawunaemcs 6 cyb6bomy

8.5 HekoTopble anropuTMMYeCKn HepaspeLlnmble
npobrnemsbl

Pemenue Bonpoca o ToM, 00J1a4a10T JIM HaTypajibHbIE YHCIA JAaHHBIM CBOIICTBOM, SIB-
JSIeTCs YacTo BCTpeyaroleiics 3aadeit MmareMaruku. [1ockonbKy cBoicTBa Uncena MOXXHO
BBIPA3UTh C TIOMOILBIO TOAXOASILEr0 IPEIUKaTa, TO PEIIEHUE 3a/Jaul CBOIUTCS K BbIAC-
HEHUIO TOTO, SIBJIAETCS JIM JAaHHBIA NPEIUKAT paspemiumsvim WK HET (T. €. CyLIeCTBYET
JHM aJTOPUTM, KOTOPBIA MO3BOJMII OBl pacrio3Harh, SIBISETCS JH MPEIUKAT NCTUHHBIM
WIN JIOXKHBIM; cM. Tlaparpad 5.1 maBsl 5). 3aaa4n ¢ IPOU3BOIBHBIMU YHUBEPCYMaMH BO
MHOTHUX CITydasix MOKHO nepedopMyaupoBaTh B BUJE 3aJa4 ¢ HaTypaJbHBIMHU YHCIIaAMH,
€CJIM UCIIOJIb30BaTh MOIXO/AIIEe KOUPOBaHUe. B KOHTEKCTE pa3peliMMOCTH PEIUKaThI
4acTO HA3bIBAIOTCS NPOOIEeMamMu.

HMes TOUHOE OIpeeIeHNne BEIYUCIUMOCTH, YAAJIOCh 10Ka3aTh, YTO HEKOTOPBIE MPO-
6nembl HepaszpemuMbl. Kak Mbl yxke 3HaeM (riaBa 6, Teopema 11), Anonszo Yépu noka-
3aJ1, YTO HE CYLIECTBYET aJlTOPUTMa, KOTOPBIN AJis 1H000i (OpMYJIbI JIOTHKH MPEAUKATOB
yCTaHaBIIMBAET, OOIIe3HAYMMa OHA WU HET.
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(VG
@ Teopema 2. IIpobnemMa 0CTaHOBKU HEpa3pernma.

%é .................................................................

OTOT pe3ynbTar, 10Ka3aHHbIM BIEPBbIE HE3aBUCUMO APYT OT Jpyra ThropuHrom (uc-
MoJb3ys MauHbl ThiopuHra) 1 Y€puem (¢ moMoIIpo 1amM01a-uCUUCTICHHS) TOYHO (op-
MYJIHMpYETCS B CIELYIOIIEM BHUJIE.

He cymecTByeT HUKaKoro o0Iiero ajaropuTMa, mo3BOJISIONIEr0 YCTAaHOBUTh, OCTaHO-
BUTCS JIM HEKOTOpas KOHKpETHasi MmporpaMma (Ha JitoOOM SI3bIKE MPOrpaMMHPOBAHUA),
3alyIIeHHas TociIe BBEACHUS B HeE€ HEKOTOPOTO KOHKPETHOro Habopa AaHHBIX. CMBICT
ATOTO YTBEPKACHUSA I TEOPETUYECKOTO ITPOrPaMMUPOBAaHUS OYEBHJIEH: HE CYLIECTBY-
€T COBEpPILEHHO OOIEro MEeTo/a MPOBEPKH MPOrpaMM Ha HaJIM4YHe B HUX OCCKOHEYHBIX
IIUKJIOB.

C ucronp30BaHUEM aHAJIOTMYHBIX U MOTy4YeHBl U CIEAYIOUIUE PEe3YJIbTaThl O He-
paspemnMocTy. He cymiecTByeT HUKakoro oOLIero alropuTMa, mo3BOJISIIOIIETO YCTaHO-
BUTH, BBIYUCIISECT JIM HEKOTOpask KOHKpETHas MmporpaMma (Ha JII0OOM s3BIKE MpOorpam-
MHUPOBAHUS) NMOCTOSHHYIO0 HyneBylo (yHkmmio [3, c. 110]. To e camoe crpaBeasuBo
U JUIA 1000 Jpyroil KOHKPETHOW BhIYMCIMMON (GyHKIMU. M Kkak ciencTtBue, MOXXHO
YTBEPXkAaTh, YTO BOIMPOC O TOM, BBIYUCIISAIOT JIU JIBE JIaHHBIE IPOTPaMMBbI OFHY U TY e
OJTHOMECTHYIO (DYyHKIMIO, TaKKe Hepa3pemuM. TeM cambIM MOTy4aeM, 4To B OOJacTH
TE€CTUPOBAHUS KOMIIBIOTEPHBIX IPOIPaMM Mbl UMEEM NPUHLUIUAIBHBIE OTPaHUYEHUS.

JAuno¢aHTOBbLI YPaBHEHUS

Iycts p(z1,. .., Z,) — MOIMHOM C LEIBIMH KO (UIIMECHTAMU THITA

p(z1, 25) = 2 — dz123 + 32.

JnodantoBsl ypaBueHus p(zi,.. ., z,) = 0 Moapa3yMeBatOT pelICHUE B HEIBIX YHC-
nax. IlepBbIM nuO(aHTOBBIE YpaBHEHUS CHCTEMAaTH3HPOBAN M H3YyYWJI TPEUECKUil Ma-
tematuk [lnodaHT B TpeTheM Beke Hamied 3pbl. Hibke mpuBOIUTCS NMpUMEpP CHUCTEMBI
TMO0(aHTOBBIX ypaBHEHUI:

6w +2x* -3 =0,

S5xy-z2+6=0,

w—w+2x-y+z-4=0.
Bort eme ogun npumep:

6w +2x* -3 =0,
5xy-z2+6=0,
w—w+2x-y+z-3=0.

Pemienriem nepBoil CUCTEMBI ABISIETCS, B YACTHOCTH, CJIEYIOIIEE:
w=1,x=1,y=2,z=4,

TOTZIa KaK BTOpas cucTeMa BOOOIIE HE MMEeT pelieHus. B camom ferne, cyas 1o mnepBo-
My ypaBHeHmo, YUCJIIO y IOJIDKHO 6I)ITI) YETHBIM, Cy21${ 110 BTOpOMy ypaBHeHmo, qUucJio
Z TaKKe JIOJKHO OBbITh YETHBIM, OHAKO 3TO MPOTUBOPEUYUT TPEThEMY YpaBHEHUIO, MPH-
4eM IpH JIF0OOM W, TIOCKOJIBKY 3Ha4€HHE Pa3sHOCTH W? — W — 3TO BCEIJa YETHOE YHUCIIO,
a YucJIo 3 HEYETHO.
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Co Bpemenu Jlnodanta cienuagnucTbl 0 TEOPUHN YHCET HAILIU PEIIEHUS OTPOMHO-
r0 KOJIMYEeCTBa TUO(AHTOBBIX YPAaBHEHUN U YCTAHOBHIIM OTCYTCTBUE PELICHUN Y MacChl
JIpYTUX ypaBHEHUi, OJHAKO IIPHU 3TOM JJIs Pa3HBbIX KJIACCOB YPAaBHEHWM WM Jaxe OT-
JENIbHBIX YpaBHEHUN MPUXOIUIOCH H300peTaTh CBOM 0COOBIH METOI.

B 1900 romy na IlapmkckoM MeXAyHapOJHOM MareMaTH4ecKkoM KoHrpecce [la-
BUJ ['Mnp0epT BRICTYNMI C JIOKJIAJ0M, B KOTOPOM Mepedncini 23 Haubosee CIOoXKHBIE,
110 €r0 MHEHUIO, HE PELICHHBIE Ha TOT MOMEHT MaTeMarndeckue rnpoodiaemsl. B 10-ii mpo-
O1eme mpezIarajJoch HAlTH YHUBEPCAJIbHBIN METO/ AJIs pacliO3HABAHUS Pa3pelIMMOCTH
TO(GaHTOBBIX YPaBHEHHIH.

[Tocne 20-meTHUX yCUIMI MHOTHX MaTe€MaTUKOB COBETCKUI Maremaruk FO. Marusi-
cesnd B 1970 rony mokasadn:

@ Teopema 3 (orpunarensHoe pemenune 10-it mpoGnemsl ['manOepra).
.w CymectByer Takoil monuHoM P(x|, X»,..., X;), 9TO HEPa3peHIMMOCTb

%é ypaBHEHUS

P(x1,x2,...,x)-y=0

0 Xy, X2,..., Xy HPU JHOOOM TOJOXKUTEIBHOM J aJrOPUTMUYECKH
HEIpoBepsieMa.

JIJist TaKMX TTOJIMHOMOB MOXKHO yKa3aTh CIICAYIOIINE 3HaYEHUsT (CyMMapHOii) cTerme-
HH 7 ¥ YMCTIa m TepeMeHHBIX x: (n =9, m ~ 1,6- 107), (58,4), (38,2), (32,12), (24,36),
(19,2668).

1. Tlouemy MeaMIMHCKHE U KyJIHMHApHBIE PELENTHI BO MHOTHX CIIy4yasix HEJb3s pac-
CMaTpUBaTh KaK aJroOpUTMbI?

2. Tlokaxwure, uto ¢yukims rm(x, y) u3 maparpada 8.2 miaBsl 8 AEHCTBUTEILHO
BBIYHCIIAET OCTAaTOK OT JIEJICHUS.

3. CymecTByeT U NPUMUTUBHO-PEKYPCUBHAsT (QYHKIMS AJIs1 BHIYUCICHUS HETIOJ-
HOT'0 4aCTHOTO MPH JEJIEHUN C OCTAaTKOM HATypaJIbHbIX 4HCel?

4. Tes3uc Y€pua roBopUT 0 BRIYUCIUMBIX (QyHKIMIX. CripaBejIMBO U aHAJIOTHY-
HOE yTBep:KJeHHE 00 anroputmax?

5. CymiecTByeT JIn Kakoe-HUOY/b OTpaHUUEHHOE MHOXKECTBO MPOrpamMM, I KOTO-
pBIX MpobiieMa OCTAaHOBKU pa3penrnma’
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[naBa 9

CNOXXHOCTb BbIYUCITEHNMN

[IpyMeHeHne MareMaTUKU BO MHOTHX MPHIIOKEHUSIX TpeOyeT, Kak MpaBUiI0, UCTIOIb-
30BaHUs Pa3IUYHBIX AJITOPUTMOB. [ pelleHrns MHOTMX 3aJad HETPYAHO NPUAYMAaTh
KOMOWHATOpHBIE AJITOPUTMBI, CBOJSIIMECS K MOJIHOMY nepebopy BapuantoB. Ho 31ech
BCTyHaeT B CWIy pas3linuue MEXJy MaTeMaTHKod M MH(OpPMATHUKOH: B HMH(pOpPMATHKE
HEJI0OCTATOYHO BBICKA3aTh YTBEPXKACHUE O CYIIECTBOBAHUU HEKOTOPOTO OOBEKTA B TEO-
pUM U JlaXKe HEeOCTaTOYHO HAMTH KOHCTPYKTHUBHOE J0Ka3aTelbCTBO 3TOro (akxrta, T.e.
anropuT™M. MBI OJKHBI YUUTBIBaTh OIPAHMYEHUS, HAaBA3BIBAEMbIE HAaM MHPOM, B KO-
TOPOM MBI KHBEM: HEOOXOJMMO, YTOOBI PEIICHHE MOXXHO OBLIIO BBIYUCIUTH, UCHOIB3YS
00beM MaMsTH U BpeMsi, IpUeMIIEMbIE ISl YeTOBEKa U KOMITBIOTEPA.

Ecnu nana 3amada, kak HailTh Juist e€ pemieHus: 3GQGEeKTUBHbBIN anroputm? A eciu
aJITOpPUTM HAWJEH, KaK CPaBHUTH €0 C APYTMMM QJITOPUTMAaMU, PEIIAOIIMMHU Ty K€
3anauy? Kak oneHuTh ero kadyecTBo? BoIpochl Takoro poga MHTEPECYIOT U IPOTrPAMMU-
CTOB, U T€X, KTO 3aHMMAETCS] TEOPETUUYECKUM HCCIIEJOBAHUEM BBIYMCICHUM.

9.1 AcumnTtoTn4yeckmne obo3HavyeHusa

BBeznem B mepByto odepens 0003HauUEHHE, CBSI3aHHOE ¢ aCUMITOTHYECKOM OIEHKOM
¢GyHKIMA. X0TS BO MHOTHX CIy4asX 3TH O0OO3HAa4YEHHsI MCHOJIB3YIOTCS He(opMasibHO,
MOJIE3HO HayaTh C TOUYHBIX omnpeneneHuit (cm. [1] wnm [2]).

[Tycts manbl aBe GyHkuuu f(n) u g(n) HATypaIbHOTO apryMEHTa 71, 3HAYCHHSIMH
KOTOPOTO SIBJISFOTCS TIOJIOKUTEIBHBIC ICHCTBUTENbHBIC YKCia. [0BOPAT, 4T0 QyHKIHUS g
Mmadicopupyem GyHKImIO [ (Wm «f pacTeT He ObICTpee g»), €CIHU CYIIeCTBYET JEHCTBU-
TEJBHOE TOJIOKUTEIILHOE YUCIIO ¢ M HATYPAILHOE YUCIIO 7y, Takoe, uto f(n) < cg(n) mis
BCcex n > ng. Ecmu g maxopupyer f, 310 00o3Hauaercs Kak f(n) = O(g(n)) CumBon
O(g(n)) uynTaeTcs kak «O onbuwoe om g(n)»; IPU 3TOM TOBOPSAT, uTo f (1) UMeeT 1o-
pstmok O Gombiioe ot g(n). Takke rOBOPAT, YTO GYHKIMS g ABIACTCSA aCHMITTOTHYCCKH
BEpXHEH OICHKOH /I QYHKIUU f .
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Hpyrumu cinoBamu, f = O(g) o3navaet, yto otHoureHue f(n)/g(n) orpannueHo
CBEpPXY HEKOTOPON KOHCTAHTOM.

[Tposepum, uto (1/2)n? —3n = O(n?). CornacHo ONpeeNeH o Halo yKa3arh MoJio-
KUTCJIBbHYIO KOHCTAHTY ¢ U YUCJIO ng Tak, 4TOOBI HEPABCHCTBO

— —3n<cn?
2

BBINOJHSIIOCH IS BCEX 11 > ny. Pasnenum Ha n?:

~-><ec
2 n

BunHo, 4T0 11 BBIOJIHEHHS] HEPABEHCTBA JOCTATOYHO MOJIOXKHTH ¢ = 1 / 2ung=1.

[MokaxeMm, uto 6n° # O(n*). B camoM Jene, MycTh HAaWIyTCS TakKHe C M My, YTO
6n® < cn? nast Beex n > ny. Ho torma n < ¢/6 st Bcex n > ng, 9TO HEBO3MOXKHO.

Ormpenienenue O( g(n)) npesnonaraet, uto GyHkuuu f(n) u g(n) aCUMITOTHYECKA
HEOTPHIATENbHBI, T. €. HEOTPHIATEIbHBI ISl JOCTATOYHO OONMBLINX 3HAYCHHH 7. 3ame-
THM, YTO €CJIH f ¥ g CTPOTO MOJOKHUTEIBHBI, TO MOKHO HCKIIIOUHUTH 71 U3 OMPEICICHHS
(M3MEHHB KOHCTAHTY € Tak, YTOOBI JJIsl MAJIBIX 71 HEPABCHCTBO TAK)KE BBITIONIHSIOCH).

OTBICKHMBasi ACHMITOTHYSCKH BEPXHIOK OICHKY JUIS CyMMbI, MBI MOXEM OTOpachI-
BAaTh YICHBI MEHBIIETO TMOPSIKA, KOTOPBIC MPHU OONBIIUX 7 CTAHOBATCS MAJBIMU 10
CPaBHEHHIO C OCHOBHBIM CJIaracéMbIM. 3aMETHUM TaKXke, 4YT0 KOID(UIMECHT P cTapuiem
4JICHE POJIH HE UrpaeT (OH MOXKET MOBIHATH TOJIBKO Ha BBIOOP KOHCTAHTHI ¢). Hampumep,
paccMoTpuM KBaaparudnyio ¢yukuuio f(n) = an’* + bn + d, tne a, b u d — HeKOTOpbIE
KOHCTaHTHI U a > 0. OTOpackiBas WieHbl MIAIINX MOPAIKOB U KOAPPHUIUEHT NPH CTap-
eM uiieHe, HaxoiuM, 4to f(n) = O(n?). YtoGbl yoemuThes B 5TOM HOPMAIBHO, MOKHO
TOJIOKUTD ¢ = 3 x max(a, b, d) u ny = 1.

VIIoMsiHEM BaXKHBINA YaCTHBIM Cilydail ucroib3oBanus O-o6o3nauenuii: O(1) 060-
3HAYaeT OrPAHUYCHHYIO CBEPXY (DYHKIIUIO.
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O6Go3nadenne O(-) MOXKHO CUMTATh AHAIOrOM <. AHAJOTH JJIS > M = TaKkkKe Cy-
mecTBytoT: f(n) = Q(g(n)) (f pacter He MemneHee g, C TOYHOCTBHIO JI0 KOHCTAHTBHI)
o3Havaer g(n) = O(f(n)),f(n) = @(g(n)) (f ¥ g UIMEIOT OMHAKOBBIN MOPSIIOK POCTA)
o3Havaet 4o f(n) = O(g(n)) ug(n)= O(f(n))

Paboras ¢ cumBonamu O, Q u ©, MBI IMEEM JIeJI0 C 0OHOCMOPOHHUMU PABEHCTBA-
MU — 3TH CHMBOJIBI MOTYT CTOSITh TOJIBKO CIIpaBa OT 3HAKA =.

Otnomenue «O OomnpIoe» 11t GyHKIUH 061a1aeT peIeKCHBHOCTBIO M TPAH3UTHB-
HocThiO: f(n) = O(f(n ), f(n) = O(g(n)) ug(n) = O(h(n)) Bieuer f(n) = O(h(n))
OueBHIHO, TAKUE K€ CBOMCTBA y OTHOWICHWI f(n) = Q(g(n)) uf(n) = G)(g(n)), H
THOCJIe/IHEE ellle CHMMETPUYHO.

Paccmorpum otHomeHHe «O OOINBIIOE» ISl CPABHEHUSI aCHMITTOTHYECKOTO POCTa
KOHKPETHBIX (YHKIIHHA.

JUTsl TIONIOKUTEIIBHBIX IIENBIX YHUCET 7 M § CICAYIOIIYI TEOPEeMy MOXHO J0Ka3aTh
MeTo0M HHAYKIMH. CIpaBeNTHBOCTD YTBEPIKIACHHUS TEOPEMBI TS TOTIOKUTEIBHBIX Pa-
[IMOHAITBHBIX YUCEN 7' U § MOYKHO TI0Ka3aTh, HE UCIIOJIB3Ysl JTOTapHU(MBI.

IGT @ Teopema 1. Ecnu r 1 s — IeHCTBUTENbHBIC YUCHa, 7 < § U 1 > 1, Torma
n" < n*. CnenoBarenbHo, n” = O(n®).

S em commaremo, o). T

Hokazamenvcmeo. @ynkuust In(x) — Bo3pacTaromiasi, mo3ToMy @ < b TOraa U TOIBKO
torna, xoraa In(a) < In(b). Orcrona n” < n* Toraa u TONBKO TOrAa, Koraa In(n") < In(n*),
4TO, B CBOIO OYepe/lb, BBIMOJIHACTCS TOIJIA U TOJBKO Toraa, korma rin(n) < sln(n), T.e.
TOT/Ia ¥ TOJIBKO TOT/Ia, KOT/IA #* < §, IOCKOJBKY In(n) st n > 1 — BeTMYHMHA MOJIOKUTEIBHAS.

Crienyrolie TeOpeMbl MOKa3bIBAKOT, YTO CBOMCTBO (PYHKIMH UMETh MOPSIOK 0( g(n))
3aMKHYTO OTHOCHUTENBHO OTIEPAIfii CIIOKCHHUSI U YMHOKCHUSI Ha YHCIIO.

@6 .......... ........... :O’ ......... : ......... e
O

Hokazamenvcmeo. To onpenenenwnto, f(n) < cg(n) At HEKOTOPOTO MOJIOKUTEIBHO-
IO JICHCTBUTEIHLHOTO YHCIIA ¢ U BCEX 1 2 ng. [loaTOMY

kf (n) < ckg(n)

ﬁa Teopema 3. Ecau f(n) = O(g(n)) u h(n) = O(g(n)), 10 (f + h)(n) =

O

Hokazamenscmeo. 110 onpeneneHuro, s HEKOTOPOTO MOCTOSHHOTO k ¥ HEKOTOPOTO
tiesioro uuciaa m; umeeM f(n) < kg(n) mnst Bcex n > my. OnATh Xe O ONpe/eIIeHHIO,
JUISL HEKOTOPOTO MOCTOSIHHOTO / M HEKOTOPOTO EJIOT0 Yrciia ny uMeeM h(n) < lg(n) ms
BCEX 11 > my. Ilycts m = max(m;, my). CneqoBareabHo, st BCEX 1 > m
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£ () + h(n) <hg(n) +Ig(n) = (k + Dg(n)
u (f +g)(n) = Og(n)).

Hokazamenscmeo. 1o onpeneneHunro, st HEKOTOPOTO MOCTOSHHOTO k i HEKOTOPOTO
enoro 4yucia m; umeeM f(n) < kg(n) mns Bcex n > my. OIATh e HO ONpEIeCHHIO,
JUISL HEKOTOPOTO TIOCTOSTHHOTO / ¥ HEKOTOPOTO IETI0T0 Yucia m, umeeM h(n) < le(n) mis
BCEX 11 > my. Ilycts m = max(my, my). CienoBarenabHo, st BCEX 1 > m

S (n) xh(n) < kg(n)le(n) = (KI)g(n) x e(n)
i (f x g)(n) = O(g x €)(n).

Crnenyromasi TeoOpemMa yCTaHaBIMBAET MAKOPAHTY JUIsl IIOJMHOMA.

Jlokazamenvcmeo.

g+ am+ag) <

p(n) < |agn* + ax_1n

(B cunmy HepaBeHCTBa TpeyronbHUKa: |4 + B| < |4| + |B|)
<agn®| + |ag_ " Y| + ...+ |ain| + |ao| =

= |agn* + a1 |n* =+ .+ |ay|n + |ao] < (o Teopeme 1)

<agn® + |a|n* + .+ ag |t + |aoln® = (Jag| + lar| + . .. + |a1] + |ao|)n*

Lokazamenvbcmeo. CnenyeT HEMOCPEICTBEHHO U3 PAaBEHCTBA

log, (n)

102, 1) = og, (b)

‘I@ Teopema 7. TIycTh n — HeoTpHLaTenpHoe nenoe uncio. Torna n < 2" n,
%’éw cnenoBarensHo, n = O(2").

. 0
Lokazamenvbcmeo. Bocnionb3yemcest uHaykuuen, umes g n =0, 0 < 2° = 1. Jlomy-
k
cTUM, 4TO k < 27, TOorna
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k+1<k+k<2F+2k=0k1

U, IO UHAYKIUH, 1 < 2",
Crenyrorire TeOpeMbl Jal0T OTBET Ha BOIIPOC O TOM, KaKhe (PYHKIIUA MOTYT BBICTY-
nath B POJIM MaKOPAHT JUISl APYTUX (YHKIIHHA.

i)
@ Teopema 8. JIns uenbIx yucen a, 6onpmx eauHunpl, log, (n) = O(n).

%oé .................................................................

JToxazamenvcmeo. CornacHo TeopeMe 7 MMEET MEeCTo HepaBeHCTBO 7 < 2. [Tostomy
log,(n) < log,(2") = n u log,(n) = O(n). Hockonbky mo Teopeme 6 umeeM log, (1) =
= O(logz(n)), TO 110 TPaH3UTHBHOCTH mony4aeM log, (n) = O(n).

@ Teopema 9. IlycTh n — HEOTpHUIIATENBHOE LIETO€ YKUCIIO, TOTAA 1! < 1" U,

.w crenoBarenbHo, n! = O(n").

%é Teopema 10. Ilycts a > 1 1 n — HEOTpHULATEIBHOE LIETOE YUCIIO, TOTAA
log,(n!) <nlog,(n) n, cnenosarensuo, log,(n!) = O(nloga(n)).

Briaromapst BBEICHHON CHMBOJIMKE MBI MOYKeM 3aMeHuTh 7n?+3n+1 Ha ©(n), npene-
Operast OCTaJIbHBIMH CJIaraeMbIMU. BOT HECKOIBKO OOIIUX MPaBUII TAKOTO POJA 3aMEH:
1. TlocTosiHHBIE MHOXHTEITH MOKHO OITycKarh. Hanpumep, mn® + en® MOXHO 3ame-
HUTD Ha 7.
2. Jlio6as SKCTIoHeHTa pacTeT OhicTpee modoro nmonuaoma. Tak, Hanpumep, 2" pac-
tet GeicTpee 1n'000,
3. JIro6oit moauHOM pacteT ObicTpee Jitoboro snorapudma. Hampumep, n (1 naxe
\/n) pacrer Osictpee (logn)3.
[TokaxkeM Tenepp, KaKk Mbl MOXKEM HCIIONIb30BaTh O-0003HAYCHHS VISl OLICHKY KOJIH-
4EeCTBA OIPEAEICHHBIX IEUCTBUM B aJITOPUTMAX.

OnpenenuM 4uciao apuPMETHISCKUX OTIEPAINiA, HEOOXOIUMBIX JIJISl CJIOKEHUS JIBYX
MaTpuil.

[TycTp MaTpulbl UMEIOT pa3Mmepsl mx k. Toraa anroputm cinoxxenus marpul A+B8 = C
MOKHO omnucarh Ha [lackane cienyromum ob6pazom:

fori:=1tomdo

forj:=1to k do
Cli, jl:=All,jI + B[, ]I;

Kak BuguM, ciioeHue BBINOJIHAETCS I KaXA0ro i U Kaxaoro j. [lockonbKy i mpu-
HUMaeT m 3Ha4eHUH, a j MPUHUMAET k 3HAYCHWI, TO BBIMOJHACTCS mk omepainuil cio-
xenust. [Tycts n = max(m, k). Torma 9ucio BBITOMHIEMBIX apUPMETHIECKUX OTePAIlHii
umeeT mopsiaok O(n?).
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OmnpenenuM 4ucio apupMETHUECKUX OTepaIii, HEOOXOAUMBIX ISl YMHOXKEHUS IBYX
MaTpuil.

[Tycts marpuubl 4 U B uUMeOT pasMepsl m X p U p x k cooTBeTcTBeHHO. Toraa
aNropuT™M yMHOXKeHHA martpull A x B = C moxHO onmcarbk Ha Ilackane cnemyromum
obpazom:

fori:=1tomdo

forj:=1to k do
begin
Cli.j]:=0;
fors:=1topdo
Cli, j1:=CIij] + Ali,s] * Bs, I;
end,

[TockonbKy s MpUHHMMAET 3HA4€HHsI OT | 0 p, TO BBINOJHAETCSA p ONEpalui Clo-
JKEHUS U p olepauuil yMHOXKeHus. BennuuHa s m3MensieTcss ot 1 10 p 1 KaxzIoro i
U KaXXJI0T0 j, TIOATOMY § Ipoderaer 3HaueHus oT 1 1o pmk pa3. Takum oO6pa3om, BBIOI-
HseTCa mkp omepanuil CIOKEHHS U CTOJIBKO XKe omepanuil yMHoeHus1. CieoBaTesbHo,
BCEro BBINONHsCTCs 2mkp onepanuii. [Tycts n = max(m, k, p). Toraa 4uciio BBIMOJIHSC-
MBIX apU(pMETUUECKUX omeparuii umeet nopsamaok O(n?).

CpaBHHMM KOJIMYECTBO OTEpaIii, KOTOpoe TpeOyeTcst Uil HEMOCPEICTBEHHOTO BBbI-
YUCIICHUS 3HAYEHHS] MHOTOWIEHA TPAIUIMOHHBIM CIIOCOOOM U 110 cxeMe [opHepa.

[ycts Tpebyercst Beraucauth p(c), e p(x) = a,x" + a,_1x""' +... + a1x + ap. Ecim
p(c) BBIUHCISIETCS HEMOCPEACTBEHHO, TO JUIs Hozcyera ¢ TpebyeTcst BHIMONHUTD k — 1
onepanuii ymHoxenust. Eiie ofiHa oreparnusi Hy>KHA Ui YMHOXEHUSI Ha dj, TaK YTO
BBIUKCIICHHE a;xF Tpedyer k omeparmii ymHOxkeHus1. Takum 00pa3oM, Hy>KHO BBIIOJHHUTH
1+2+...+n=n(n-1)/2 ymuoxenuii. Jlyist TOoro 4T00bI HANTH CyMMy 7 + | CllaraeMmbix,
TpeOyeTCsl BBITIOJHUTD 71 CIIOKEHHH, TaK YTO 00IIee YUCIIO apu()METHUCCKUX OTeparuii
pasuo n(n —1)/2 + n u umeer nopsimok O(n?).

[Ipy BBIYMCIEHHH TOAMHOMA dux* + azx® + arx? + a;x + ap mo cxeme T'opHepa Mbl

NepENHChIBAEM TIOJIMHOM B BHIE X - (x- (x~ (agx + az) + az) + al) + ap W 3aMedaeM, 4To
BBIpPKEHHE BKIIIOYAET YETHIpE ONEpaliy YMHOKEHHS M YETHIPE ONepalvy CIOXKEHUS.
OueBuaHO, B 001IEM ciydae

p(x) =x-(x-(...(x~(a,,x+a,,_1)+an_2)+...a2)+a1)+a0

BKJIFOYACT 7 OTCPALMil CIIOKEHUSI U 1 Onepaimii yMHOXKeHus. Takum o6pasom, obiee
YUCI0 apUPMETHUECKHUX ONepaluii paBHO 21 1 uMeeT mopsinok O(n).
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9.2 ANroputMbl U UX CINOXHOCTb

Krnacc onHOpOAHBIX BBIUMCIUTENBHBIX 33/1a4 MbI OyZeM Ha3bIBaTh npoodiemoil (Tax-
K€ HCIIONIb3YETCsl MOHATHE «Maccoeasn 3adauay Ui «adcmpaxkmuan 3aoauay). nnu-
BUJyaJbHbIE clydau MpoOsieMbl 0 Mbl OyJ1eM Ha3bIBaTh YACHIHBIMU C/IyUasAMu 1poodiie-
MBI Q. MBI MOXXeM, HallpuMep, TOBOPUTH O IMpoOiieMe YMHOXEHHsI MaTpull. YacTHble
CJIydad 3TOi MpoOJIeMBbl CyTh Mapbl MaTpHIl, KOTOPBIE HYKHO MEPEMHOKHTB.

bonee ¢opManbHO MBI MPUHHUMAEM CIEAYIONIYI0 a0CTPAKTHYIO MOJENb BBIYHCITH-
TeNbHOM 3aiaun. AOCTpakTHas 3ajlaya €cTh MPOU3BOJIbHOE OWHApHOE OTHoleHHe
MEXy DJIEMEHTaMM JABYX MHO)KECTB — MHOXKECTBA yC106Uil (WM BXOAHBIX JaHHBIX) [
Y MHOXECTBa peutenuit S. Hanpumep, B 3ajaue yMHOXKEHUSI MaTPULl BXOAHBIMU JJaHHbI-
MU SIBJIIOTCSI 1BE€ KOHKPETHBIE MAaTPULIbI-COMHOKUTENH, @ MaTPHULIA-IIPOU3BEACHUE SABIIS-
eTcs peuieHreM 3a/1aud. B 3aade moucka Kpardaiero myTu MEX.y AByMs 3a1aHHBIMU
BEPIIMHAMU HEKOTOPOTO HEOPUEHTHPOBAaHHOTO rpadal G = (V, E) ycnoBuem (dreMeH-
TOM /) SIBIISIETCSl TPOWKA, COCTOsIAs U3 Tpada U AByX BEpIIMH, a pelleHHeM (3JIeMeH-
TOM ) — [MOCIIEI0BATEIBHOCTD BEPILIUH, COCTABISIOMINX TpeOyeMblil myTh B rpade. [lpu
3TOM OJIMH 3JIEMEHT MHOXECTBa / MOXET HaXOAUTHCA B OTHOIIEHUU () C HECKOJIbKH-
MU 3JIEMEHTaMU MHOXKECTBa S (€CiM KpaTyalIiux IMyTeil Mexay JaHHbIMU BEpLUIMHAMU
HECKOJIBKO).

Hawm OBl X0Ten0Ch CBA3aTh C KaXKIbIM YaCTHBIM CIy4aeM MpoOiIeMbl HEKOTOPOE YHC-
JI0, HAa3bIBAEMOE €0 PA3MePOM, KOTOPOE BbIpaxasio Obl Mepy KOJIMYECTBA BXOJHBIX JaH-
HbIX. Hanpumep, pazMepom 3a1aun yMHOXKEHHSI MaTPHUI] MOXKET ObITh HAaUOONbIINH pa3-
Mep MaTpHIl-COMHOXHuTene. Pasmepom 3amaun o rpadax mMoxeT OBITH YHCIIO pedep
JTaHHOTO Tpada.

Pemienue 3aa4n Ha KOMIIBIOTEPE MOKHO OCYLIECTBIIATD C IIOMOLIBIO PAa3IUYHbIX aj-
roputMmoB. [Ipexae yem mojgaBaTh Ha BXOJ aJlTOPUTMA UCXOJHBIE TaHHBIE (T. €. AIIEMEHT
MHOXeCTBa /), HaJl0 T0TOBOPUTHCS O TOM, KaK OHU NPEACTABISAIOTCS «B MOHITHOM JUIS
KOMIIbIOTEPA BUAE»; MBI OyleM CUMTaTh, YTO MCXOAHbIC JaHHbBIC 3aKOAMPOBAHBI MOCIE-
JIOBaTEIbHOCTBHIO OUTOB. POPMATILHO TOBOPS, Hpedcmagienuem SIEMEHTOB HEKOTOPOTO
MHOXecTBa M HazbIBaeTcsi 0ToOpakeHue e u3 M BO MHOXECTBO OHUTOBBIX CTpoK. Ha-
npumep, HatypanbHbie uncna 0, 1, 2, 3,... 0OBIYHO MPEACTABISIIOT OMTOBBIMU CTPOKAMU
0, 1, 10, 11, 100,... (mpu 3Tom, Hampumep, e(17) = 10001).

@OukcUpoBaB TNPEACTABICHUE JaHHBIX, MBI IpeBpaliacM abCTPaKkTHYIO 3aaady
B CMPOKOGYI0, JJi1 KOTOPOM BXOAHBIM JIaHHBIM fBJISIeTCS OUTOBasl CTPOKa, MpEICTaB-
JISFOILAst UICXO/THOE TaHHOE aOCTpaKTHOM 3a7a4u. ECTeCTBEHHO CUMTATh pa3MEpoOM CTpPO-
KOBOMW 3aJ1aul JIJIMHY CTPOKH.

byoem cosopums, umo aneopumm A pewsaem cmpoxogyio 3adauy 3a
epems O(T (n)) eciu Ha 6XOOHOM OAHHOM OUMOB0U CMpPOKU Onu-

Hbl N aneopumm pabomaem epems O(T (n)) Byoem naszvisamo oyen-

Ky O(T (n)) ACUMRMOMUYECKOU 6PEMEHHOU CILOHCHOCMbBIO ANI20PUM-
ma A.

'O rpadax cmorpure, Hampumep [3].
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B kxauecTBe BpeMeHHOW OLIEHKH pabOThl aJIfOPUTMa BMECTO OOIIETro Yucia IIaros
MBI MOKEM TIO/ICYMTHIBATh YUCIIO IIarOB HEKOTOPOTO BH/A, TAKMX KaK apU(PMETHUECKHE
OTIepaluy MpU anreOpandyeckux BBIUMCICHHUSX, YHCIO CPAaBHEHUH MPH COPTUPOBKE MIIH
YUCJIO OOpaIIeHud K aMsTH.

MOo’KHO MOAYMaTh, UTO KOJIOCCAJIBHBINA POCT CKOPOCTH BBIYMCIICHUN, BBI3BAaHHBIN I10-
SBJICHUEM HBIHEIIHETO MOKOJICHUS KOMITBIOTEPOB, YMEHBIIUT 3HaY€HUE 3PPEKTUBHBIX
anroputMoB. OHaKO MPOUCXOAUT B TOUHOCTH IIPOTUBOIOJIOKHOE. Tak KaK KOMIIBIOTE-
pBl paboTaroT Bce ObICTpee M MBI MOXKEM pellaTh Bce OOJNbIINE 33Ja4H, UMEHHO CIOX-
HOCTb aJITOPUTMA OIIPEJENSIET TO YBEINYEHUE pa3Mepa 3ajau, KOTOPOE MOXKHO JOCTUYb
C YBEJIMYCHHEM CKOPOCTH MAIIUHBI.

Crnenys [4], paccMoTpuM 3TO Gosiee monpoOHo. JlomycTuM, y HAC €CTh MTh ajro-
puT™MOB A, A, ..., As C BpEMEHHBIMH CIOXKHOCTSIMU cooTBeTcTBeHHO: O(n), O(nlogn),
o(n?), 0(n3), 0(2").

[Tyctp enunuieit BpemMeHu OyzneT 1 MC M MyJIbTUIUIMKATUBHBIE KOHCTAHTHI B TOYHBIX
OIICHKaX BPEMEHHOW CJIOKHOCTH BO Bcex aiaropurmax pasHbl 1. Torma amroputm A,
MokeT oOpaboTtarh 3a 1 ¢ Bxoxm pasmepa 1000, B To BpeMs Kak A5 — BXOJ pa3Mepa He
6onee 9. B tabnune 9.1 npuBeneHbl pa3Mepbl 33/1a4, KOTOPbIE MOXKHO PELIMTh 3a 1 c,
1 MuH 1 | 9 KaXXIpIM U3 3TUX MATH aJTOPUTMOB.

Tabmuma 9.1 — ['panuIer pa3mMepoB 3ajad, ONpeaesieMble CKOPOCThIO POCTa CIIOKHOCTH

MakcuMaJdbHBIH
ACHUMIITOTHYECKAA
AJIropuT™m pa3Mep 3aaa4u
BpeMeHHasl CJI0KHOCTh
lc 1 MuH 1y
Ay O(n) 1000 | 6 x 10* | 3,6 x 10°
A O(nlogn) 140 4893 | 2,0x10°
As O(nz) 31 244 1897
Ag O(n3) 10 39 153
As 0(2") 9 15 21

[Ipeanonoxum, 4To ciemyoliee MoKoJeHne KOMIbIoTepoB OyneT B 10 pa3 OvicTpee
HBIHEITHero. B Tabmuie 9.2 moka3aHo, Kak BO3pacTyT pa3Mephl 3ahad, KOTOPBIC MBI
CMOXKEM PELIUTh Onaroaps 3TOMY YBEJINYEHUIO CKOPOCTH.

Tabmuua 9.2 — DPPexT AecATUKPATHOTO YCKOPEHHUS

ACHMITOTHYECKAS MaxkcuMaJIbHbIN pasMep 3a1a4u
AJIropuT™m
BPEMEHHAas CJ0XKHOCTD | 10 YCKOPEHHUS | MOcJIe YCKOPeHUs
A] O(l’l) S] 1051
[Ipumepno 105,
42 O(nlogn) % U1 OONIBIINX Sy
A3 O(l/lz) S3 3,1653
A4 O(l/l3) S4 2,1554
As 02" Ss S5 +3,3

3amMeTuM, 4TO I alropuTMa As JECITUKPAaTHOE YBEJIWYEHUE CKOPOCTH YBEJINYH-
BaeT pa3Mep 3aJa4d, KOTOPYI0 MOYXKHO PEIINTh, TOJBKO HA TPH, TOTNA KaK ISl aJIrOpHT-
Ma A3 pa3Mep 3a1auu Oosee yeM yTpauBaeTcCs.
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Bmecrto a¢ddexra yBenuueHUs: CKOPOCTH pacCMOTPUM Ternepb 3P (eKT mpuMeHeHus
Oonee neiictBeHHOro anroputma. BepHemcs k Tabnuie 9.1. Ecau B kauecTBe OCHOBBI
JUISl CpaBHEHMS B3SITh | MHH, TO, 3aMEHSIsl alrOpUTM A4 alrOPUTMOM A3, MOXKHO pe-
IIUTH 3a/1a49y B 6 pa3 OOJbIIyI0, a 3aMeHss1 A4 Ha A, MOXKHO PEIIUTh 3a/1a4y, OOJIBIITYIO
B 125 pa3. OTu pe3yabrarsl IPOU3BOIAT Topas3io OoJbllee BIeUaTIeHUE, YeM JIByKpar-
HOE€ yJy4IlIeHHE, JTOCTUTaeMoe 3a CYET JIECATUKPATHOTO yBEIHUYeHUs ckopocTu. Ecmu
B Ka4eCTBE OCHOBBI JUIsl CPAaBHEHUS B3ATh | 4, TO pa3jMuue OKa3bIBacTCs €Ille 3Ha4YM-
TenbHee. OTCIOIa MBI 3aKJIFOYAEM, YTO aCUMIITOTHUYECKAsl CKOPOCTh aJrOPUTMA CIIYKUT
BO)XHOM Mepoil KauyeCTBEHHOCTH alrOpUTMa, NMPHUUYEM TaKod Mepoi, koTopas oberiaeT
CTaTh ellle BayKHEE MPH MOCIEAYIONIEM YBEINYCHUN CKOPOCTH BBIYUCICHHMN.

HecMoTpss Ha TO, YTO OCHOBHOE BHUMAaHHE 3A€Ch YAEISETCS MOPSAKY poCTa Be-
JMYUH, HAJ0 TMOHUMATh, YTO OOJBIINI MOPSJIOK CIOKHOCTH AJITOPHUTMA MOXET UMETh
MEHBIIYIO0 MYJIBTUIUIMKAaTUBHYIO MOCTOSHHYIO, YEM MaJblii MOPSAJOK POCTa CIOKHOCTH
Ipyroro ajaroputma. B Takom ciyuyae airoputm ¢ OBICTPO pacTylled CIOKHOCTHIO MO-
JKET OKa3aThCsl MPEAINOoYTHUTENbHEE JUIS 33/1a4 ¢ MajbIM pa3MepoM — BO3MOXKHO, JaxKe
JUTSL BCEX 3a/1a4, KOTOpPbIe HAC UHTEPECYIOT.

9.3 CnoxHocTb 3aaad

Cnostcnocmo  3a0auu — 3mo  ACUMNIMOMUYECKAs 6PEMEHHAA  CNOdMNC-
HOCmb Hauxyvuieco aicopummad, u3eecmnoco ons ee PpeULeHUsl.

OCHOBHOH BOIIPOC TEOPHUHU CIIOKHOCTHU: HACKOJIBKO YCIEIIHO WM C KaKOW CTOUMO-
CTBIO MOXeET OBITh pelleHa 3agaHHas npoOiema (0?7 Mbl HE UMeeM B BHJy HHMKAKOTO
KOHKpETHOTro anropurMa pemenus (). Hama nens — paccMOTpeTh Bce BO3MOXKHBIE all-
TOpUTMBI pemieHus ( U MOMBITaThCcs CHOPMYIUPOBATh YTBEP)KICHUE O BBIYUCIUTEINb-
HOM CIIO)KHOCTH, BHYTpEHHE npucymeid (. B To BpeMs Kak BCAKHM aJrOpuT™M A s
O naer BEPXHIOK OLICHKY BEJIMYMHBI CIOKHOCTH (J), HAC MHTEPECYET HIDKHSSA OLICHKA.
3HaHUe HIKHEN OLIEHKH MPEICTaBIsAeT UHTEPEC MaTeMaTHYEeCKH U, KPOME TOT0, PyKOBO-
JUT HAMHU B MIOUCKE XOPOILIUX AJTOPUTMOB, YKa3bIBas, KaKHe MOMBITKU 3aBEJOMO OyayT
0e3yCIeIIHBI.

Bvicmpuimu sBAAIOTCS TUHEHHbBIE aJTOPUTMBI, KOTOPBIE 001aJat0T CII0KHOCTBIO TO-
psiaka O(n), T1€ n— pa3MepHOCTh BXOMHBIX JAHHBIX. K JMHEHHBIM alropuTMaM OTHO-
CUTCS IIKOJIBHBIN aJTOPUTM HaXOXKJCHHSI CyMMBI JECATUYHBIX YHCEN, COCTOSIIUX U3 7
u ny 1u¢p. CaoxHOCTE 3TOro anroputma — O(n) +ny ). EcTh anroputmbl, KOTOpbIE OBICT-
pee JIMHENHBIX, HAPUMEP aJITOPUTM JBOMYHOTO MOMCKA B JUHEWHOM YIIOPSI0OUYEHHOM
maccuBe umeet ciaokaoctb O(logn), rae n — JiMHA MaccHBa.

Jpyrue XopoIo U3BECTHBIE aJITOPUTMBI — JIEJICHHAE, U3BICUEHUE KBAJAPAaTHOIO KOp-
HSl, pellIeHNe CUCTEM JIMHEHHBIX YpPaBHEHUH M JIp. — MOMaJaroT B Ooyiee oOLIMil Kiacc
NOJIMHOMUAJIBHBIX aJITOPUTMOB.

Ionunomuanvhoim anzopummom (AIM aITOPUTMOM MOJIMHOMHAIBHON BpEMEHHOMN
CJIOKHOCTH, MJIM aJITOPUTMOM NPUHAUIEKALUM Kiaccy P) Ha3bIBaeTCs alrOpUTM, y KO-
TOPOTO BPEeMEHHasI CIIOKHOCTh paBHa O(nk), riie k — MONOKHUTENBHOE 1EI0e YUCI0. AJl-
TOPUTMBI, JI BPEMEHHOU CIIO)KHOCTH KOTOPBIX HE CYIIECTBYET TaKOM OLIEHKH, Ha3bIBa-
I0TCSl 9KCHOHEHYUAIbHBIMU, Y TAKHE 33/1a4U CYUTAIOTCS mpyoHopeuiaembvimu. Ilonsatue



9.3 CnoxHocTb 3apav 223

MOJMHOMHUAJIBHO pa3pelIuMoi 3aa4y MPUHITO CYUTATh YTOUHEHUEM HJEH «IpaKTHye-
CKH pa3permuMoii» 3aaaun. YeM oOBsICHAETCS Takoe coramieHue?

Bo-nepBbIX, Hcmonb3yemMble Ha NMPaKTHUKE MMOJIMHOMMAIbHBIE AJITOPUTMBbI OOBIYHO
NeHCTBUTENBHO paboTaloT JOBOJIBHO ObICTpO. KOHEYHO, TPpyAHO Ha3BaTh MPAaKTUYECKH
paspemmmoii 3aaqy, koropast Tpedyer Bpemeru ©(n!9). OnHako MOIMHOMBI TaKOH CTe-
NIEHU B peajbHbIX 3aJjadyaxX MOYTH HE BCTPEUAIOTCS.

Bropoii aprymMeHT B 110J1b3y pacCMOTPEHMS KJIacca NOJTUHOMHUAJIBHBIX aJITOPUTMOB —
TOT (akT, YTO 0OBEM 3TOrO Kjacca HE 3aBUCHT OT BbIOOpa KOHKPETHON MOJETU BBIYMC-
JeHu# (U1 TOCTAaTOYHO MIMPOKOTO Kiacca moxeneit) [S]. Hampumep, kmace 3amgad, ko-
TOpbIE MOTYT OBITH PEIIEHBI 32 MOJUHOMUAIBHOE BpEMs Ha MOCIJIE0BATEIbHON MallliHe
¢ Mpou3BOJIbHBIM A0cTynoM (RAM), coBmagaeT ¢ KjiaccoM 3ajad, MOJTMHOMHUAIBHO pa3-
pemnMbIX Ha MamuHax Teropunra. Kimacc Oyaer Tem ke u 1y MoJieneil mapajuiebHbIX
BBIUNCIIEHUH, €CJIM, KOHEUYHO, YUCIIO MIPOLECCOPOB OTPaHUUYEHO MOJMHOMOM OT JUIMHBI
BXOJ1a.

B-TpeThux, Kiacc MOJIMHOMHAIBHO Pa3pelIMMbIX 3a/1ad 00JalaeT eCTeCTBEHHBIMU
CBOMCTBaMHU 3aMKHYTOCTU. Hampumep, KOMHO3HILIMS JBYX MOJMHOMHAIBHBIX alTOPUT-
MOB (BBIXOJl MEPBOTr0 AJITOPUTMa MOJAETCS Ha BXOJ BTOPOIO) Takke paboTaeT Moju-
HOMHaNbHOE BpeMsi. OOBACHSAETCS 3TO T€M, YTO CyMMa, IPOM3BEACHUE M KOMITO3HUIIMS
MHOTOYJIEHOB CHOBA €CTh MHOT'OYJIEH.

ITpuBeneM npuMeps! KiacCU(UKAILMK 331249 110 UX CIOKHOCTH.

Kuaace P

e PaccoprupoBarh MHOXeCTBO U3 1 unced. CIIOXKHOCTh MOBEACHUS B CPEIHEM
nopsiika O(nlogn) mis Geictporo anropurma Xoapa [1, c. 198-219].

e HaiiTu »>iinepoBslii MK Ha rpade u3 m pedep. B cury Teopemsl Diinepa Mbl
UMeeM HEOOXOIMMOE U JIOCTaTOYHOE YCIIOBHE JUIS CYIIECTBOBAHHUS JUIepoBa
[IMKJTa U POBEPKA 3TOTO YCIOBHS €CTh alroput™ mopsiaka O(m).

e 3anaua [Tpuma—Kpackana. Jana naockasa cmpana u 6 neti n 2opooos. Hyosicno
CoeouHums 8ce 2opooa meneQOHHOU C8A3bI0 MAK, 4mobsbl odwas OnuHa meie-
Gonnvix nunul 6vi1a MunumanvHou. B TepMuHax teopuu rpados 3anada [lpu-
Ma—Kpackana BeIISIUT creayromuM oopaszoM: Jau epag ¢ n eepuunamu,; oau-
nwl pedep zadanvl mampuyei (d[i, j), i,j = 1,..., n. Hatimu ocmognoe oepego
MUHUMATbHOU ONUMbl. JTA 3a/a4a PelIaeTcsi ¢ MOMOIIbBIO JKaJHOTO alropuTMa
cnoxxnoctu O(nlogn) [1, c. 644-661].

e Kparuaiimuii myTs Ha rpade, cocTosieM U3 # BepliuH U m pedep. CloxHOCTh
anropurma O(mn) [2, c. 105-120].

e CBs3HBIE KOMIIOHEHTHI rpada. Onpenesnsorcs NOAMHOXKECTBAa BEpPIIMH B Ipa-
(e (cBA3HBIE KOMIIOHEHTHI), TaKHe, YTO JBE BEPIIMHBI, NMPUHAIJIESKAIIUE Of-
HOM M TOM € KOMIIOHEHTE, BCEraa CBsS3aHbl 1lenoykod nyr. Ecim n — konuye-
CTBO BEPIINH, & M — KOJIMYECTBO pedep, TO CIOKHOCTE anroputMa O(n +m) [6,
c. 364-365].

e brictpoe mpeobpasosanne Pypoe [2, ¢. 61-74], Tpebyromee O(nlogn) apud-
METHYECKHX ONepalui, — OJUH U3 Haubojee 4acTo UCIOb3yEeMbIX alTOPUTMOB
B Hay4HBIX BBIYMCIICHUSX.

e YmHOoxeHue nenbix yucen. Anroput™ lllénxare—IlITpaccena [4, c¢. 304-308].
Cnoxnoctb anroputma nopsiaka O(nlognloglogn). OTMeTnM, 9TO MIKONBHBIH
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METOA Ui YMHOXKEHHUS JIByX A-pa3psIHBIX YHCET MMEET CIIOXKHOCTb MOpsIKa
o(n?).

e YmuHoxenue marpuil. Anroputm Iltpaccena [2, c. 60] uMeeT CI0KHOCTh MOPSI-
ka O(n'°¢7) st yMHOKEHUS IBYX MaTpHIl pasMepa i x n. OUeBHIHBINA aJropuT™
uMeeT mopsiaok ciaoxkuoctu O(n?).

e Tecrt Ha mpocToTy HarypanbHOro uucia. AnroputM AKS (Arpasan, Kaiin
n CakceH — aBTOpBI anroputMma, [7, c. 228-242]) uMeeT CI0KHOCTh MOpsAKa
O(log”” n), Tae n — KOMHMYECTBO LUPP B YHCIIE.

Kuaacce E: 3a1aum, 3KCIIOHEHIHAJIbHBIE 110 PUPOAE

K sKkCnOHEHIIMAIBHBIM 3a/1a9aM OTHOCSITCS 33/1a4H, B KOTOPBIX TpeOyeTcs IOCTPOUTH
MHO>KECTBO BCEX IMOJMHOXECTB JAaHHOTO MHOXKECTBA, BCE MOJIHbIE MOArpadbl HEKOTOPO-
ro rpada uim e Bce MOoAIepeBbsl HEKOTOPOro rpada.

CymiecTByeT Macca IpUMEPOB 3aJ1ay ¢ HKCIIOHEHIMAJIbHOM cl10xkHOCThI0. Hanpumep,
4T06BI BhIUHCTHTH 2(2) 1S 331aHHOTO HATYPANBHOTO k, HAM TOJBKO JUIS 3AITHCH KOHEU-
HOTO OTBETa MOTpebyeTrcs okoino 2 maros (Tae 7 — 4ucio mudp B ABOMYHOI 3ammucH k),
HE TOBOPS J1a)K€ O CaMOM BBIYMCIICHUH.

3agaum, He monajawinue HA B Kjaacc P, nu B Kiaacec E

Ha npaxTuke CymiecTBYIOT 3a/lauyi, KOTOpbIE 3apaHee He MOTYT OBITh OTHECEHBI HH
K OZIHOMY M3 PacCMOTPEHHBIX BBILIE KJIAcCOB. XOTSA B MX YCJIOBHUSAX HE COIEPIKATCS
SKCIOHEHIUANbHbIE BBIYMCICHHS, OJJTHAKO JIJI1 MHOTHX M3 HUX JI0 CHX TIOp HE pa3paboTaH
3¢ eKTUBHBIH (T. €. MOJTMHOMUAIBHBIN) alNTOPUTM.

K sTomy Kkitaccy OTHOCSTCS Cleayolne 3a/1auu:

e 3a7a4a O BBHINIOJHUMOCTH: CYIIECTBYET JIM ISl JAHHOW OylieBCKOi (hopMyIbl
TaKoe pacripeielIeHe UCTUHHOCTHBIX 3HAU€HUi, YTO OHa UMEET 3HAUEHUE «HC-
TUHAY;

e 3anaya xkommuBosbkepa (KommuBoskep xoueT oObexarh Bce ropoja, moObIBaB
B K&XJIOM POBHO IO OJTHOMY pa3y, U BEPHYThCS B TOPOJ, U3 KOTOPOTO HAyaTro
nyTemiecTBue. M3BeCTHO, YTO Tepee3n u3 ropoaa i B ropox j crout c¢(i, j) pyo.
Tpebyercs HAWTH MyTh MUHUMAIIEHOW CTOUMOCTH. );

e peuieHre AMO0(AHTOBBIX CHCTEM YPaBHEHHU;
® COCTaBJICHUE PACIUCAHUM, YUYUTHIBAIOUINX OINPEACIICHHBIE YCIOBHUS;

e pa3MelIeHre O0CTYKHBAIOIINX IIEHTPOB (TeIedOoH, TEIECBUACHNUES, CPOYHBIC CITY K-
6BI) AJI1 MaKCUMAJIbHOT'O YHUCJIa KIIMCHTOB IIPU MUHUMAJIBHOM 4YHCJIC LICHTPOB,

e oONTUMaJbHAS 3arpy3Ka €eMKOCTH (PIOK3aK, Moe31, Kopalib, caMoET) MpU Hau-
MEHBIIICH CTOMMOCTH;

e ONTHUMAalbHBIN packpoil (Oymara, KapTOH, CTaJbHON NpPOKAaT, OTJIMBKH), OMNTH-
MU3alUsl MapuIpyTOB B BO3IYIIHOM MPOCTPAHCTBE, MHBECTHLIUN, CTAaHOYHOTO
napka;

e (akTopuzaLus — pa3iokKEeHUEe HaTypaJIbHOTO YWCiIa Ha MHOXHUTENH [7, c. 254-
288].

3aMeTHM, YTO BCE 3TH 3aJ1aul BECbMa Ba)KHbI C TOUKH 3peHMs npuioxeHui. I1oaro-
My 3HaHHE TOTO, YTO MOJUHOMHUAIbHBIE AJITOPUTMBI JIJIsl HUX HE HaWJEHbI, IOMOTYT He
TPaTuTh BpeMs Ha Oe3ycrenrHble NOUCKH TOYHBIX 3((EKTUBHBIX aITOPUTMOB, a COCpe-
JOTOYUTH YCUIMS Ha CO3/1aHUM NPUOIMKEHHBIX WM 3BPUCTUYECKUX aJTOPUTMOB.
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. Ocranercs nu cnpaBeanuBoil Teopema 6, ecnu cumBoia O 3aMEHMTH CHMBO-

oM ©?

. Mycte dynkimu [, g u h takosel, uto f = O(h) u f = ©(g). Cnenyer nu u3

ATOTO PABEHCTBO g = h?

. Hycte G(n) = A(n, n), tne A(n, x) — byHkuust Akkepmana u3 maparpaga 8.2

miaBbl 8 U f(n) — NpOU3BOJIBHAS NPUMHUTHBHO-PEKYpcHBHas (QyHKimsa. Crpa-
BeunBo s otnowenue f (n) = O(G(n))?

. IlonuHOMUANBHO pa3pelIUMyIO 3aJady MPUHATO CYUTATh IIPAKTUYECKHU paspe-

IMMO» 3amadeii. UeM 00bsICHAETCA TAKOE comlalieHue?

. K KaKOMY KJIACCY 3aAaa4 OTHOCHUTCH 3aJiada pPAacCIiO3HaHUS MPOCTOTHI HATypalib-

HOTo yucia?

Kopmen T. Anroputrmsl: moctpoenune u ananu3 / T.Kopmen, Y.Jleisepcon,
P. Pusect. — M. : MIITHMO, 2001.— 960 c.

Hacrynta C. Anroputmsl / C.[lacrynra, X.Ilanagumutpuy, V.Basupanu. —
M. : MITHMO, 2014. —320 c.

Annepcon [l. JIuckpernas matemaruka u komOunaropuka / JI. AHnepcon. — M. :
Bunbesmc, 2003. — 960 c.

AxoA. TloctpoeHne ¥ aHamu3 BBIYUCIUTENBHBIX alropuTMoB / A.Axo,
JIx. Xonkpodt, [Ix. Yneman. — M. : Mup, 1979. — 536 c.

Karneng H. Beruncnumocts. BBeneHune B TeOpui0 pPeKypCHBHBIX (DYHKIUH :
nep. ¢ aur. / H. Katnena. — M. : Mup, 1983. —256 c.

Peitaronsn 3. KomOuHaTopHble anropuT™bl. Teopust ¥ MpakTHKa : Mep. ¢ aHrl. /
9. Peltnronsa, FO. Huseprenst, H. Jleo. — M. : Mup, 1980. —478 c.

Kpannann P. Tlpocteie uncna: Kpunrorpadudeckne M BBIYUCIUTEIBHBIE ac-
nektsl / P.Kpsnpamn, K. Ilomepanc. —M. : Kuwxknsiii nom «JIMBPOKOM»y,
2011.—664 c.



3AKIKOHEHWNE

Oto yueGHOe mocolue, Mo CyTH, SBISETCS BBEICHUEM B MareMaTHYECKYyIO JIOTHKY.
Ecnu Bel B nanpHeifiemM CBs3bIBacTe CBOIO MPO(ECCHOHANBHYIO AEATENbHOCTD € Mpo-
IrpaMMHUPOBAaHUEM, TO HAJI0 IPOUYECTh JOMOIHUTEIBHYIO JINTEPATYPY.

MOXHO pEKOMEHI0BaTh CIEAYIOINE KHUTH:

1. Henetiona H. H. Ilpuxnannas noruka : yue6. mocodue. 2-e u3., UCTp. U JOI. —
Hosocubupck: M3a-so HoBocu6. yH-Ta, 2000. — 512 c.

OTa XOpOoIIO HaNWCaHHAs KHHUTa JaeT MIHMPOKUH 0030p TeX JOTHYECKUX obiactei,
KOTOpBIE SBIISIOTCSI HEOOXOIMMBIMU B COBPEMEHHON MH(OPMATHKE M IIPOrpPaMMHPOBAHHH.

2. Kopmen T., Jleizepcon Y., Pusect P. Adroputmsel: nocTpoeHue u aHaius. — M. :
MIIHMO, 2001.—960 c.

Ecnu BBl XOTUTE MO3HAKOMHUTHCS C COBPEMEHHBIMU alTOPUTMaMH, TO 3TO KHUTa
OyZieT OueHb TOJIe3HA.

3. Xodurranrep . I'énens, Dmep, bax: ata 6eckoneunas rupisaaa. — Camapa: Uz,
nom «baxpax-M», 2001. — 752 c.

4. bparko 1. Anroput™sl HCKycCTBEHHOr0 MHTEIIeKTa Ha si3bike PROLOG, 3-e 3.
nep. ¢ anm. — M. : U3, nom «Bumnesamey, 2004. — 640 c.

JIBe mocneaHne KHUTH HeOOXOUMBI TeM, KTO HHTEPECyeTCs pa3IudHbIMH BOIIpOCa-
MU HUCKYyCCTBEHHOT'O MHTEJUIEKTA.

Kemnaro ycnexa!

B. M. 3103bK0B



[TIOCCAPUM

Abcontomuvim oononHeHuem MHOXKECTBA A Ha3bIBA€TCS MHOKECTBO 4 BCEX TeX dJle-
MEHTOB X, KOTOpPbIE HE MPUHAIJIEKAT MHOXKECTBY A.

Aumucummempuynoe omuouwienue. OTHOLIEHUE P HA MHOKeCTBE X Ha3bIBaeTCs aH-
TUCUMMETPUYIHBIM, €CITH IS JIIOOBIX X, y € X U3 Xpy H ypX CIEAYeT X = .

beckoneunoe muooicecmeo — takoe MHOXKECTBO X, UTO CyIIECTBYET B3aUMHO OJIHO-
3HAYHOE COOTBETCTBUE HA KAKOE-IM0O IMOIMHOXKECTBO Y C X.

Buvinonnumasn ¢Gopmyna JOTMKH BBICKAa3bIBAaHUN — 3TO Takas ¢opmyna, A KOTO-
poii cyliecTByeT MHTEpIpeTalus, B KOTOPOil 3Ta popMyia UCTUHHA.

Buiuucnumvie gynxyuu.
Hasosem k-mectHyto GyHkimio f: N - N ewiuuciumoii, €cim CymecTByeT aaro-
pUT™ A, €€ BBIYUCISAIONINH, T. €. TAKOH aIITOPUTM A, UTO:

e Ecimu Ha BXxox anroputma A NOCTYIMJ BEKTOP X = <X|, Xp,..., X;> M3 Dy, TO
BBIYMCIICHHUE JIOJDKHO 3aKOHUMTHCS IIOCJIE KOHEYHOIO YMCja IIaroB M BHIIATh

J ().
e Ecnu Ha BX0Ox anroputMa 4 MOCTYIHII BEKTOp X, HE MPHUHAMISKAIINNA 00JIacTH
onpenenenus Dy, TO aIrOpuT™M A HUKOTJA HE 3aKAHYUBAETCA.

Jeodyxmusnas cucmema Kakoro-IuOo s3bIKa BBIACISAET Cpeau BceX (Gopmyl Te, Ko-
TOpBIE OOBSBISIOTCS AOKa3yeMbIMU. OOBIYHO JOKAa3yeMOCTh 3aJaeTCsi MHAYKTUBHO MPHU
MOMOIIIM aKCMOM Y TIPaBUJI BBIBOJIA.

Jluzvionxyus. BeickaspiBaHue «A4 WM B» Ha3bIBaCTCs IU3BIOHKIIMEH BBICKAa3bIBAHHUI
A u B n ob6o3Hauaercs A V B.

Jlokazamenbcmeo — 3TO pallMOHATBHBIA JIOTHUECKUNA MEPEeXo OT MPUHATOW TOUYKHU
3peHus (MPEaNnOChUTKH) K TOMY PYOexKy, rie ee HeoOXoauMo 000CHOBATh WIIH MOATBEP-
JUTH (BBIBOT).

HUmnnuxayus. BeickazpiBaHUE «ecliu A, TO B Ha3bIBaeTCSd UMILUIMKAIIUEH BBICKA3bI-
Bauuii A u B u obo3Hauaercs A O B.

Humyumugnoiii npunyun abcmpaxyuy 0O3HaYaeT, 4TO «IH000€ XapaKTepUCTUUYECKOE
CBOMCTBO A (x) ompeensier HEKOTOPOE MHOKECTBO X, @ UMEHHO MHOYECTBO TEX U TOJb-
KO TEX MPEIMETOB X, JUIsi KOTOPBIX BBIITOJIHEHO CBOUCTBO A (X)».
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Humyumuenwoiii npunyun ob6vemnocmu 03Ha4aeT, 4YTO «KMHOXKeCTBa A U B cuuTarorcs
PaBHBIMU, €CIIM OHU COCTOSIT U3 OJTHUX U TEX K€ DJIEMEHTOBY.

Komnoszuyueii omnowenuit p € X xY u ¢ C Y xZ Ha3pIBa€TCs OTHOLIEHUE (pop C X x
x Z, Takoe, u4to o p = {<x, z> | x € X, z € Z u cymectByeT y € Y, Ui KOTOPOTO <X, }> €
epu<y, z>eq@}.

Konvronkyus. BeickassiBanue «4 1 B» Ha3pIBaeTCsl KOHBIOHKIIMEH BhICKa3bIBAaHUM A

U B u 0603Hauaerca A&B.

Jlocuxka — Hayka 00 aHanM3e J0Ka3aTeiabCTB, APTYMEHTOB M YCTAHOBJIEHUM IMPUHIIM-
0B, HA OCHOBAaHUM KOTOPBIX MOTYT OBITH C/I€IaHbl Ha/IeKHBIE PACCYKIACHUS.

Mamemamuueckas noeuxa — JIOTHKA 110 npeaMeTy, MaTeMaTruKa 1o METOdY.

Mnoxcecmeo — He onpenensiercs: HopManbHO, MOKHO MPEACTABIATH Kak JH000e co-
OpaHue OIpeNIeleHHbIX U Pa3IMUYUMBIX MEXIY CO00I0 00BEKTOB, MBICIMMOE KaK €IMHOE
1enoe. OTU 0OBEKTHI Ha3bIBAIOTCS 21eMeHmamu MHoJcecmsa S.

MOWHOCI’}’lb KoHmunyyma — MOITHOCTb MHOXCCTBA IleICTBPITG.HBHBIX YHUCCII.
n-mecmroe omuoutenue — Nporu3BOJIbHOC MHOXKCCTBO YIIOPAAOYCHHBIX 71-OK.

Obpamnoe omnowenue. Ilycts p € X xY ects oTHOmeHue Ha X x Y. Torma oOparHoe
orrotenne p~! Ha ¥ x X IUIsl OTHOIICHHS P OTIPEeNSIETCs CIEeAyIomuM obpasom: p~! =
={<y,x>|xeX, yeY u<x,y>€p}.

Obveounenuem MHOXKECTB A U B Ha3bIBaeTCI MHOXKECTBO A U B, BCce 3JIEMEHTHI KO-

TOPOTO SIBIISFOTCS STIEMEHTaMH MHOXecTBa A win/u B.

Onposeporcumasn HopMmyIa JOTUKHA BBICKa3bIBAHUA — TO Takasi popmyrna, Il KOTO-
poii cyliecTByeT HHTEpIpeTalusi, B KOTOPOil 3Ta popMyIia J0xkKHa.

OmuocumenvHbiM 0onoiHeHueM MHOXKECTBa A 10 MHOKeCTBa X Ha3bIBAETCS MHOXKeE-
cTBO X\A BCEX TeX IEMEHTOB MHOKECTBa X, KOTOPbIE HE MPHHAIICHKAT MHOKECTBY A.

Omnowenuem p MHOXKECTB X U Y Ha3bIBAETCS MPOU3BOIBHOE HOOMHONMCECMBO TIPSI-
MoOro npousBeaeHus X x Y.

Omuowenue npunaonexcHocmuy — He omnpezensercs (opMaabHO, TOBOPSAT, YTO 00b-
€KTBI, COCTaBIISIOIINE MHOKECTBA, IIPUHAMJIEKAT» ITOMY MHOXKECTBY.

Ommuowenue yacmuurno2o nopsoka Ha MHOXKeCTBe X — 3TO pedekcuBHOE, TpaH3U-
TUBHOE U aHTUCUMMETPHUYHOE OTHOILLIEHUE HA MHOXKECTBE.

Omuowenuem 3K8ugarleHmHocmy Ha MHOXeCTBe X Ha3bIBaeTCsl pedIeKCUBHOE,
CUMMETPUYHOE U TPAH3UTUBHOE OTHOLIEHUE P HA MHOXKECTBE X .

Ompub;aHueM BBICKA3bIBAHUS A HA3bIBACTCS BBHICKA3LIBAHHE —lA, KOTOPOC UCTUHHO
TOrga U TOJIBKO TOrJa, Koraa A JIO)KHO, U JIOXKHO B MIPOTHUBHOM CJIy4dac.

Ilapaooxc — paccyxieHue 1100 BbICKa3bIBaHUE, B KOTOPOM, NOJIb3YSCh CPEJICTBAMH,
HE BBIXOAAIIMMU (II0 BUAMMOCTH) 332 PAMKU JIOTUKHU, IPUXOAST K 3aBEIOMO HEIpHUEMIIe-
MOMY pe3yibTary, 0ObIYHO K MTPOTHBOPEUHIO.

Ilepeceuenuem MHOXKECTB A U B Ha3bIBaeTCd MHOXKECTBO A N B, 3IEMEHTHI KOTOPOIO
SBIISIFOTCS SJIEMEHTaMU 000MX MHOXeCTB A u B.
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IloomHodscecmeo — MHOXKECTBO A €CTh MOJMHOXKECTBO MHOXKeCTBa B (0003HauaeTcs
A € B), ecnu KaxIblil 2J1eMEHT A €CTh 3JIeMEHT B; T.€. eciiu x € A, To x € B.

Ipunyun mamemamuyeckou UHOYKYUU.
[Tycts P(n) — CBOWCTBO HATYpalbHBIX YHCEN, BHIPa3UMbIX B Teopuu EA.
Ecmn

(1) Bemonueno P(0) u
(2) s kaxmoro k > 0 u3 P(k) cnenyer P(k + 1),

TO 175t Kaxkaoro n > 0 crpaBennuBo P(n).

B MaremMarHueckod HWHIYKIHH MMECTCS UHOVKMUGHbIN Oa3uc — yTBEPIKACHHUE, YTO
CBOWCTBO BBIMOJHEHO JJIsi CAMOTO MaJeHBKOTO M3 PAacCMaTPHBACMBIX YHCEI, H UHOVK-
mueHwlil wiaz — 0OOCHOBaHKE TIEPeXojia OT YKCNa 71 K 9uciy 7 + 1.

IIpomueopeyue — hopMyIa JOTHKH BBICKA3bIBAHUH, KOTOPask JIOKHA BO BCEX MHTEP-
IpeTanusx.

PCZSHOMOM/}HOCWIb — JABa MHOXXCCTBA HA3bIBAOTCS PaBHOMOIIHBIMHU, CCJIIU MCKIAY HU-
MU MOXHO YCTAHOBUTHL B3aMMHO OJHO3HAYHOC COOTBCTCTBUC.

Pasnocunvrvie popmynvt — popmyinsl A u B Ha3bIBaIOTCS pasHOCUIbHBIMU, €CIT 3TU
(bopMyITBl IPUHUMAIOT OJUHAKOBbIE HICTUHHOCTHBIC 3HAYCHHUS B JIIOOOH MHTEPIIPETALIUH.

Pe(ﬁﬂGKCuBHOe omHouieHue — OTHOIICHUC P Ha MHOXCCTBC X HaswIBaeTCs pe(bneK-
CHUBHBIM, C€CJIN OJIA 000r0 371eMenTa X € X BBITOIHAETCS XpPX.

Cemanmuueckas cucmema, WIA TMPOCTO CEMaHTHKA, KAKOrO-JIMOO SI3bIKAa BBIIEIA-
eT cpeau Bcex (opMyr 3TOTro s3bIKA T€, KOTOpPbIE OOBSBIIAIOTCS UCTUHHBIMH; TOBOPST
TaKXe, YTO UM MpHUNUCHIBatOTCs 3HaueHust M. [t 3Toro 0ObIYHO UCTIONB3YETCSl UHTEp-
IpeTalys MPaBUIbHBIX BBIPAXKEHUN SA3bIKA.

Cummempuyeckas pasnocmv A A B — cOCTOUT U3 AIIEMEHTOB, KOTOPbIE MPUHAJIEKAT
POBHO OJJTHOMY M3 MHOXECTB A U B.

Cummempuunoe omHouieHie — OTHOLIEHUE P HA MHOXKECTBE X Ha3bIBA€TCS CUMMET-
PUYHBIM, €CIIU JUIA JIIOOBIX X, y € X U3 XpY CIEIyeT VPX.

Crnoosicnocms 3a0a4u — dTO ACUMIITOTHYECKAS BPEMCHHAas CJIOKHOCTH HAWJIYUIICTO
aJiropuTtMa, U3BECTHOIO JIA €€ PCIICHUA.

Coghusm (om epey. sophisma — ynoska, 6vl0yMKa, 201080J10MKA) — MHUAMOE JIOKa3a-
TEIbCTBO, B KOTOPOM OOOCHOBAHHOCTH 3AKTIOUCHHS KAXKYIIAsICsl, MOPOKIACTCS YUCTO
CyObEKTHBHBIM BIICUATIICHHEM, BBI3BAHHBIM HEJOCTATOYHOCTHIO JIOTUYECKOTO HIIU Ce-
MaHTHYECKOTO aHan3a.

CHéMHOQ MHOIHCecneo — MHOXKECTBO, paBHOMOH_IHOG MHO)KCCTBy HaTypa.HI:HLIX qu-
cen N.

Taémonocus — HopMyna JOTMKH BBICKa3bIBAaHHM, KOTOpas UCTUHHA BO BCEX MHTEP-
IpeTanusx.

Tezuc Yépua — HTYUTHBHO M HE(DOPMAIBHO OMpPENEIECHHBIN KIACC BBIYMCIMMBIX
(GYHKIMI COBMAAAET C KJIACCOM YaCTHYHO PEKYPCHBHBIX (YHKIIHH.
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Ipanzumuenoe omuouieHue — OTHOIIEHUE P Ha MHOXKECTBE X Ha3bIBACTCSA TpPaH3U-
TUBHBIM, €CIIU JUIS JIIOOBIX X, ¥, z € X U3 Xpy U ypz CIEAYeT XPZ.

@opmanvras meopusi T cuuTaeTCsl ONPEACICHHOM, €CIN:

® 33J]aHO HEKOTOPOE CUCTHOE MHOXKECTBO A CHMBOJIOB — CUMBOJIOB Teopuu T'; KO-
HEYHBIE MOCIIEI0BATEIIFHOCTH CUMBOJIOB TeOPHH 1 HA3BIBAIOTCS 8bIPANCCHUAMU
~ sk
teopun T (MHOXKECTBO BBIpaXKeHUH 0003Ha4aoT yepes A );

* o
e uMeeTcs MOAMHOXKeCTBO F ¢ A BeIpakeHmid Teopuu T, Ha3bIBaEMBIX (hopmyna-
mu teopuu T

® BBIJICTICHO HEKOTOPOE MHOXKECTBO B C F (popmyi, Ha3bIBAEMBIX aKCUOMAMU TEO-
puun T;

e uMceTCs KOHEYHOE MHOXKECTBO {Ri, R,,..., R, } OTHOIIEHHI MexTy hopmyna-
MU, Ha3bIBAEMBIX npasuiamu 6vl600a. [lpaBuiia BbIBOAA MO3BOJSIOT IMOIYYaTh
M3 HEKOTOPOTO KOHEYHOTO MHOXKECTBA (hOPMYIT JIPYroe MHOXKECTBO (POPMY.L.

Dynxyus (UM omobpadcenue) — oTHoleHue f Ha X x Y Ha3bIBaeTcs GyHKUMEH (MIu
oroOpaxenuem) u3 X B Y u obo3Hauaercs yepes f: X — Y, ecnu ans Kaxaoro x € X
CYIIECTBYET €IMHCTBEHHBIN JIEMEHT ) € Y, TakoH, 4To <x, )> € f.

Yacmuuno pexypcuenvle @yHkyuu —Bce (YHKUUH, KOTOPHIE MOXXHO MOJIYYHUThH W3
0a3uCHBIX (PYHKIMHA 32 KOHEYHOE YMCIIO 1IaroB TOJBKO € TIOMOIIBIO CYTIEPIIO3UIINH, TPH-
MUTHUBHON PEKYPCUM U MUHUMHU3ALUU.

Dkeusanenyus — BRICKa3bIBaHHE «A4 TOrAa M TOJLKO TOINa, Korga B» Ha3bIBacTCs
SKBUBAJEHIMEN BBICKa3bIBaHuil 4 U B u o0603Hadaercs 4 ~ B.
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